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Let (a,) be a given sequence. The bracket function transform (s,) is defined by

5, = Z [le%]ak. (1)

k=1

Let S(x) denote the formal power series of the sequence (s,), that is,
S(x)= Z s,x".
n=1

H. W. Gould [2] pointed out that

S(x) = T—%ia lf )

The aim of this paper is to study the effect of the terms —-— and x" in (2). We replace these

lx’l n o

and x™ and find the coefficients of the modified series.

terms with the powers
t p (1 )r 3 (1 Vl).}' b

First, we study the effect of the term 1-. If the term -1 is deleted from (2), that is, if

16 =3a, ®

then 7(x) = (1-x)S(x) and, consequently,

v g

{see [2], Eq. (8)). More generally, let

x
T(x)= R reR. 5)
(1— x)’ Z‘ -
What are the coefficients of T(x)?
Let (¢) = £e27) ' ¢R. Then
> (ﬁ) x¥"=(1+x)° )
n=0

(see [1], Eq. (1.1)). Thus,

Z( 1)( r+1) ' )
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It is known (see [2], Eq. (5)) that

{1__x)(11_xk)zi[n—;k]xnzg([n/k]+l)x”_ ®)

n=0

Combining (7) and (8) and applying the Cauchy convolution, we obtain

(- x)rl(l _ xk) = i [go (—l)i(—r;L 1)[’1 —f;- k D x". )

n=0

For the sake of brevity, we write

Clnk,r) = g(— 1)"("I.+ 1)["‘—;&"—} (10)

Now we use (9) in finding the coefficients of 7(x) in (5). In fact,

T(x)= iakxk = iakxkiC(n, k,r)x"
p= ( ) i

1
1 1_ x)r(l—x n=0
= ZakkaC(n—k, k,r)x"* = Zx”Z Cn—k, k,r)ay,
k=1 n=k =1 k=1

which shows that the coefficients of 7(x) in (5) are
tn=ZC(n—k, k,r)a,, €8))
k=1

where C(n—k, k,r) is as defined in (10). Note that

(i) if r=1, then C(n—k,k,r)=[n/k], and thus ¢, =s,, which is the bracket function

transform (1),
(i) ifr=0,then C(n—k, k,r)=[n/k]-[(n—1)/k], and thus (11) reduces to (4).

Second, we study the effect of the term —. If the term — is deleted from (2), that is, if

1-x 1-x
1 < n
T(x)=——Y ax", (12)
I-x:3
then
=2 a. (13)
k=1
More generally, let
1 < x"
T(x)= a , seR. 14
0= 15 2 oy (14)

What are the coefficients of 7(x)?
By (6) we obtain

m:(l+x+x2+m)(l—(_ls)xk+(_2‘g)x2k—---) =
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=(1+x+-~-+xk'1)+(1—(_ls))(xk+xk“+-~+x2k'l)
+(I_(—ls)+(~2s))(xzk TS . L N
—;}(mf( o ))

Applying Equation (1.9) of [1], we obtain

1 [n/k]+s) ,
==y Z( [/ k] ) 1
We can use this formula in finding the coefficients of 7(x). In fact,
=k o k([nlk]l+s) ,
0= 2 ey Z( [/ k] )
= [n/k]+s-1 & o ([n/k]+s-1
§ kz( [n/k]-1 ) ;x Zl( [n/k]-1 )"k’

which shows that the coefficients of 7(x) in (14) are
_N([nlkl+s-1
_kgl( (n/k]-1 a,. (16)
Note that
() if s=1, then (7iF")=[n/k], and thus #,=s,, which is the bracket function
transform (1),

(i) if s=0, then ("741°7") =1, and thus (16) reduces to (13).

Third, we study the effect of the term x". Let

0 n
T(x)——l—— 4, rez". (17)
I-x 1-x
Then, by (8),
T(x) =) a,x —)(1 Zak * Z ([n/ k]+1Dx"
- S (8)
Z x* Z([(n ) k]+1)x™* =Y x" > ([n/k]-1+1)a,,
k=1 n=tk n=t k=1
which shows that the coefficients of 7(x) in (17) are
[n/t]
=Z([n/k]—t+1)a,c‘ (19)
k=1
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Note that if # =1, then #, = 5, which is the bracket function transform (1).
What is the effect of deleting the term x” in (2), that is, what are the coefficients of

1 & 1
T(x)=——> a
(x) l_x; e

? (20)
Proceeding in a way similar to that in (18), we obtain the coefficients of 7(x) in (20) as

([n/k]+1)ak=sn+a, 2D

M

i =

n

=
1l

1

provided that the series X7, a, is convergent and its sum is equal to a.
Finally, we note that the three cases (5), (14), and (17) could be treated simultaneously. In
fact, let

1 x"
T(x)= -> a, —, r,seR,teZ”. (22)
(I-x) nz=1 (I-x")
Then
(/1]
t,= Y Cn—tk, k,r,s)a, (23)
k=1
where

> -1y~ -i)/k
cessa-g )

This can be proved in a similar way to the above three cases. For the sake of brevity, we omit the
details here.
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