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This article will develop a method to test divisibility of arbitrary natural numbers by certain 
fixed natural numbers. The well-known tests for divisibility by 3, 9, and 11 will be obtained as 
special cases of the theorem. Note that all the variables in the following theorem are integers. 

Theorem; If (s, 10) = 1, t = 10-1 (mods), n = £^=0 l®kak, and m - 1^=0 tr~kak, then s\n <=> s\m. 

Proof: We will expand n and use standard congruence properties: 

n = I0rar + W~lar_x + • • • +10^ +a0, 
n = I0rar + Wlar_x + "' + l0al+a0 (mods), 

I0~rn = ar +10"1ar_1 + ••• + I0l~ral + 10_ra0 (mod5), 
(ICT1)^ = ar + lO"1^.! +-..- + (lO-1)"-1^ + (KT 1 )^ (mod 5), 

fr« = /w(mod,s). 

Now r = 10"1 (mod5) => 10/ = l(mods) => j|(10^-1) =>zs = lOt-1 for some Z G Z . Hence, 
I0t~zs= 1, which implies (s, 0 = 1-

The statement /rn = m (mod 5) allows us to conclude that s\ n => s\m; with the additional fact 
that (s, t) = 1, we can conclude that s\m=>s\n: 

Remark: This theorem generates a divisibility test for any natural number s that is relatively prime 
to 10. The practicality of the test comes into play for s with an associated t value close to 0. 

Divisibility Tests for Specific Natural Numbers 

1. Let $ = 3. Then r = 10_1 (mod 3) allows us to choose f = 1. Hence, 3\no3\m, where 
m = Xr

k=0ak 

2* Let $ = 9. Then r = 10_1 (mod 9) allows us to choose t = l. Hence, 9\no9\m, where 

3« Let 5 = 11. Then t = 10"1 (mod 11) allows us to choose t = -l. Hence, 11 \n<=> 11 \m9 where 
m = Er

k=0(-l)r-kak. 

4. Let s = 19. Then t = 10"1 (mod 19) allows us to choose t = 2. Hence, 19\n <=> 19|m, where 

k=o2 ak-

5. Let 5 - 7 . Then t^lO'1 (mod 7) allows us to choose t = -2. Hence, 7\no7\m, where 
m = I,rk=0(-2y~kak. 

6. Let 5 = 29. Then r = 10"1 (mod 29) allows us to choose t = 3. Hence, 29\n <=> 29|/w, where 
k=03 ak' 

7. Let 5 = 31. Then 1 = 10" (mod 31) allows us to choose t = -3. Hence, 31 \n <=> 31 |/w, where 

w = EL0(-3)' r-it 
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Specific Examples 
Ex, 1: n = 5232 is divisible by s = 3 because we can take t = \ and 

m = 5(1)° + 2(1)* + 3(1)2 + 2(1)3 =5+2 + 3+2 = 12 is divisible by 3. 

Ex. 2: n = 7119 is divisible by s - 9 because we can take t- 1 and 
m = 7(1)° + l(l)1 +1(1)2 + 9(1)3 =7 + 1 + 1 + 9 = 18 is divisible by 9. 

Ex. 3: n = 80916 is divisible by s = 11 because we can take t - -1 and 
m = 8(-l)° + O(-l)1 + 9(-l)2 +1(-1)3 + 6(-l)4 = 8 - 0 + 9 - 1 + 6 = 22 is divisible by 11. 

Ex. 4: n - 2242 is divisible by s - 19 because we can take t = 2 and 
m = 2(2)° +2C2)1 +4(2)2 +2(2)3 = 2 + 4 + 16 +16 = 38 is divisible by 19. 

Ex. 5: n = 686 is divisible by s = 7 because we can take t - -2 and 
m = 6(-2)° + 8(-2y + 6(-2)2 = 6 -16 + 24 = 14 is divisible by 7. 

Ex. 6: n = 4350 is divisible by s - 29 because we can take t - 3 and 
m = 4(3)° + 3C3)1 + 5(3)2 + 0(3)3 = 4 + 9 + 45 + 0 = 58 is divisible by 29. 

Ex. 7: n- 527000 is divisible by s - 31 because we can take t - -3 and 
m = 5(-3)° + 2(-3)! + 7(-3)2 + 0(-3)3 + 0(-3)4 + 0(-3)5 = 5 - 6 + 63 = 62 is divisible by 31. 
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