A REMARK ABOUT THE BINOMIAL TRANSFORM

Massimo Galuzzi
Dipartimento di Matematica, Universita di Milano, Italy
(Submitted October 1996)

In[1, p. 137], Knuth introduced the idea of the binomial transform.*
Given a sequence of numbers {a,,), its binomial transform {d,) may be defined by the rule

G, = ké(Z)ak (1)

Denoting the respective generating functions of (a,) and (4,) by A(x) and A(x), relation (1)
corresponds to
A 1 x
A(x)=—A4|—|. 2
©=-54() @

In [2], Prodinger gives the following generalization. A sequence {a,) may be transformed
into (@,) by the rule

a,=y (Z)b”“kc" a,, 3)
k=0
which corresponds to
A 1 cx
= _ 4
Ax) 1—be(l—bx) @

Now we may look at equation (4) as the action of a group structure over the set of functions.
Let C denote the field of complex numbers and C* denote the set of complex numbers dif-
ferent from 0. We define a group structure in CxC* by the law

(b,c)o (', c")=(b" +bc', cc). (5)
Now
c'x
1 1 Al ¢ 1-b'x
1-b'x 1-b c'x . Cx
1-b'x 1-b'x (6)

_ 1 cc'x
1= +bc)x T\ 1= +beHx )

Relation (6) shows that the action of the element (b, ¢) on A(x) followed by the action of the
element (&', ¢’) corresponds to the action of the product (b’ +bc’, cc’) over A(x).

It is easy to verify that the operation in (5) is associative. The unit element is given by (0, 1),
and the inverse of the element (b, c) is given by (-b/c,1/c). We immediately deduce that the
inversion formula for the binomial transform is

* A slight modification has been introduced in the original definition.

1998] 287



A REMARK ABOUT THE BINOMIAL TRANSFORM

_i m\(=Y (1Y 4 Z oy (n )" kb4
a,= K\ 2 o) d=c k ( a.
k=0 k=0

It may be observed that the same group structure works equally well with the transformation

(for d fixed),
1 cx
A A
)= oy (l—bx)’

introduced by Prodinger in [2], corresponding to
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