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1. INTRODUCTION

Let p be a prime. In 1889 Voronoi proved the congruence
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where k, a are positive integers such that p does not divide @ and p—1 does not divide 2k; B,, is
the 2k™ Bernoulli number. More general versions of this congruence can be found in [6] or [3].
Following Wagstaff, denote congruence (1) also by the symbol {a}. Adding together congru-
ences {2}, {3}, and —{4}, we obtain the congruence

{2} + 38 -4

which, after some obvious cancellations in the right member, takes the form
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provided that p >4. Several such identities are also obtainable in a way analogous to that shown
above by using suitable variations of parameter a. Several authors used formulas of this type to
test regularity via computer. The best result in this direction is the following one, due to Tanner
and Wagstaff [5], which is valid for all primes p > 10,
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In formula (3), the sums in the right member contain a total of about p/18 terms [formula (2)
contains about p/12 terms while formula (1) contains (p—1)/2 terms for a=2]. All the appli-
cations of these formulas concerning Fermat's Last Theorem are now mainly of historical interest
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after Wiles's proof [8] of FLT. There are congruences of various types for the Bernoulli numbers.
Recent results on congruences for Bernoulli numbers of higher order can be found in [2].
We shall prove the following analog of formula (1).

Theorem 1: Let y be a primitive Dirichlet character with modulus m>2. If a >2 is an integer
such that m does not divide a, then

0 if y is even,
> [g] 29)=)_7@-a'y @
s=1 L7 - Z x(s) if yis odd,
1(2) -2 s=1

where the bar means complex conjugation.

The proof of Theorem 1 will be given in Section 2. Formula (4) can be written, equivalently,
in the form

0 if y is even,
mZ_:l [E] 2= 7(a) 7= (5)
s=1 LT a-1@ st(s) if y is odd,
m s=1
because of the formula
ril m {mzm
sp(s)=— (9, (6)
s=1 1(2) -2 s=1

which is valid for an odd primitive character y .
We use formula (5) to obtain p”-divisibility criteria for Bernoulli numbers of the form

- p-3
B(Zk-l)p"ﬂ’ k=12, T

Criteria of this type are still of interest because of their connection with the invariants of the irreg-
ular class group of a properly irregular cyclotomic field [7] (cf. also [4], p. 189). Assume now
that m = p, an odd prime. Let y be the character defined as the p-adic limit

y(s) = lim s
for every s prime to p. All the values of y belong to Z,, the ring of p-adic integers. Moreover,
w(s)=s"" (modp"), n>1.
For an odd character, we have y = w?! for some k >1, and
x(s) =7 (mod p),

— _ -l _ n-1 _ ol _ n-l,__
7(s)=s5" @k=1) o &P (pD)-p"(2k-D) o (P (P-2K) (mod p™).

Theorem 2: Let p be a prime >3. If a is an integer such that p does not divide a, then

1
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for every k >1 such that p—1 does not divide 2k.
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Proof: We consider the n Bernoulli polynomial
B,(x) = Z(".)Bjx"'f , n>1
=N

Then, for the odd character y = y*~, we have
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Since p—1 does not divide 2k, we obtain the congruence

184 ,
; Zl SZ(S) = B(2k—1)p"+1 (mOd p )a

which, together with Theorem 1 and relation (5), yields the sought result.
For n =1, congruence (7) reduces to congruence (1) since

By B
— (2k-Dp+l
Bok-1ypn =[(2k-Dp+ 1]“_——(2 T 1); wh —221: (mod p)

because of Kummer's congruence.

We can prove, using exactly analogous techniques and starting from (7), a p”-analog of con-
gruence (3). Because of the obvious analogy between the proofs, the sought result follows simply
by replacing expressions of the form
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in congruence (3) with the respective expressions
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The following theorem then follows.
Theorem 3: Let p be an odd prime >10, £ 21, p—1 does not divide 2k and n>1. Then
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(mod p™).

The congruence contains in the right member p/18 terms only.

2. PROOF OF THEOREM 1

At first, we note that, obviously,
sa a [jm/a]
S 2 ]-3 T ®
1 j=1 s=0
For integer j, 0 < j <a, define
3+ ifx=0or2zj/a,
D(x)=41 ifO0<x<27j/a,
0 if2xjla<x<2nr,

and continue ®(x) periodically with period 27 over the real numbers. The function ®(x) has the
Fourier expansion

D(x) = icnei"" (i =+-1),

where
6= by Qe =~ ).
First, we assume that a <m. Then
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n=-co

where

27is

w(x) = ZZ(S)e "
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As a consequence,
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it follows that
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For even y, the last infinite sum is equal to zero while, for odd y, it is equal to 2L(1, 7). In view

of the formula (cf. [1], p. 336)
[m/2]

L(L,7)= (—ZW > ()

and relation (8), it follows that

m=1 () — o 21
52| r=-Z8-25 4 ©)

for a <m. It remains to prove the theorem for a >m. Then a=a, +mt, where a, and ¢ are inte-
gers and 0 <a, <m. Also m does not divide a,. We have

g[s"]x() 2[ st o
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The last expression is zero for even y. For odd y we have, in view of (6) and (9),
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which proves the theorem for a > m.
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Author and Title Index

The AUTHOR, TITLE, KEY-WORD, ELEMENTARY PROBLEMS, and ADVANCED PROBLEMS indices for the first 30 volumes of
The Fibonacci Quarterly have been completed by Dr. Charles K. Cook. Publication of the completed indices is on
a 3.5-inch, high density disk. The price for a copyrighted version of the disk will be $40.00 plus postage for non-
subscribers, while subscribers to The Fibonacci Quarterly need only pay $20.00 plus postage. For additional
information, or to order a disk copy of the indices, write to:

PROFESSOR CHARLES K. COOK

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF SOUTH CAROLINA AT SUMTER
1 LOUISE CIRCLE

SUMTER, SC 29150

The indices have been compiled using WORDPERFECT. Should you wish to order a copy of the indices for another
wordprocessor or for a non-compatible 1BM machine, please explain your situation to Dr. Cook when you place your
order and he will try to accommodate you. DO NOT SEND PAYMENT WITH YOUR ORDER. You will be
billed for the indices and postage by Dr. Cook when he sends you the disk. A star is used in the indices to indicate
unsolved problems. Furthermore, Dr. Cook is working on a sUBJECT index and will also be classifying all articles
by use of the AMS Classification Scheme. Those who purchase the indices will be given one free update of all
indices when the sUBJECT index and the AMS Classification of all articles published in The Fibonacci Quarterly
are completed.
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