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1. INTRODUCTION

As usual, the Fibonacci and Lucas numbers are defined by
F=%-Cha” ‘(“/51) & L=a"+ (-l
where & = (+/S+1)/2. Sums of the form X1/ (F,,,, +c) or ©1/(L,,,, +¢) have been computed
in many publications for certain values of a, b, and c (see, for instance, [2]-[5]). For example:
Backstrom [3] obtained
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André-Jeannin [2] proved that
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and Almkvist [1] also gave an estimate of another series, i.e.,
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In this paper, we continue this work and obtain some new results of similar kinds.

In Section 2, some identities related to Fibonacci and Lucas numbers, which may be com-
pared with the ones of [2] and [3], are established. In Section 3, following Almkvist's method, we
express the series Yo 1/ (F,,,; —2/+/5) and ¥ 1/(L,, —2) in terms of the theta functions and
give their estimates.

2. MAIN RESULTS

The following lemma will be used later.

Lemma: Let q be a real number with |g| > 1, s and a be positive integers, and b be a nonnegative
integer. Then one has that

2 1 1 1
an an—- —as = —as as an —-as (1)
nz=:')‘z’2 gt (P + g g% -¢q él—ff b

(b#as, 2af(as-b)).
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Proof: One can readily verify that

1 1 1 1
q2n+b +q—2an—b _ (qas + q—as) - qa.\' _ q—-as (1 _qlan+b+as 1— ann+b—as)

holds for n>s. Hence, by the telescoping effect, one has that

2 1 _ 1 ( i 1 2‘ 1 j
— q2an+b —2an—b _ (qas + q—aS) qas _ q—as s 1— q2an+b+as ! 1- q2an+b—as

for all N >s. Letting N — +oo, we obtain the equality (1). O

From the Lemma, some reciprocal series related to Fibonacci and Lucas numbers can be
computed.

Theorem I: Assume that a and b are integers with @a>1and 5> 0. Then

= 1 1
Z;)Fz = 75 = F@ - (a even, b odd), 2)
n= an+ a a
= 1 1
a odd, b even), 3
; an+b '\/—F L (ab ‘- ) ( ) ( )
Z T (;b_a 5 (a, b even, a # b, and 2a}(a—b)), (4)
n=0 an+b a -
and
Y I_F :L(aﬁ (@ bodd axb and 2al(a-b). (5)
=0+ 2an+b a ‘a -
Proof: Set g=«. It follows from (1) that
& 1 RS 1
= ) 6
r;) aZarH—b + a—2an~b _ (aas + a—as) a ™ — o’ ’; 1— a2m1—as+b ( )

Examine different cases according to the values of @, b, and 5. If a is even, b is odd, and s=1,
then we have (2) from (6). If ais odd, b is even, and s=1 in (6), then (3) holds. On the other
hand, assume that s=1, 2a)(a—b), and a #b in (6), then we have the equalities (4) and (5) if
both a and b are even or odd, respectively. O

Theorem 2: Suppose that sis a positive integer. Then

i 7 Ll(l s+a_}_1) (s odd) ™

and

0

Z L/J— 2F

n= 2n+l

(s even). ®)

Proof: Letting a=1and b =0 in (6), we have

s—1

= 1 1 1
z;) mz TZ Py (s odd).

s s n=0
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Due to
2m m
};) 1- a2n—2m-1 = - a_zm_l +n2=1(1_ a_2n+l + - a_zn_lj = - a—lm—l +m,

we obtain the equality (7). On the other hand, if @ =5 =1 in (6), then

2 1 1 1
z L /\/— F Z 2n+l-s5 (S even).

B snm0 1—Q

Noticing that

2m-1 1 m l 1
Z(:) 1= g2iam = nzd(l_a-znﬂ + 1_a2n—1) =m,

we have the equality (8). O

Remark: Consider the recurrence relation W, = pW,_ +W,_,, n>2, p>0, and the solutions

m:gi%%ﬁi,n:w+@wwﬂ
where A=p*+4, a=(p++A)/2>1. {U,} and {V,} are the generalizations of {F,} and {L,}.
Clearly, the conclusions of Theorems 1 and 2 can be generalized to the case in which £, L,, and
5 are replaced by U,, ¥, and /A , respectively.
The identities given in the above theorems may be compared with the ones in [2]. In addition,
we can also obtain some interesting equalities. For example, lettinga=2, b=1in(2) and s=11n
(7), respectively, we have

5 1
§=: 4n+l 3/'\/— nz LG \/§

and letting s =2 in (8), we have
g 2n+1 3 / ‘/_

3. ESTIMATES OF TWO SERIES

In this section, the summation ¥, is over all integers n.
Putting a=b =1 and s =0 in the left-hand side of (6), we have
2n+1

z 2/‘/—7_-\/_r§) 2n+l 1)2’

2n+l

where ¢ = a™!. From a classical result (see, e.g., [1] or [6]), we know that

0 2n+1 ‘91/
4

q -
r;) (q2n+l )2 872'234 ’

where

Z 7 (n-05)(logq)™"

logq
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Through simple computation, we obtain

i 1 B ﬂ2J§ ~ Jg ~ 7.[2 Zn(nZ _ n) e—7r2 (n-0.5)2(log )"
= Fopn—2/45  8(loga)* 4loga 2(loga)* L, g7 (=05 (loga)™!

Thus, a good estimate of the series 3. 1/ (F,,,, —2/+/5) is given by

AE
8(log)* 4loga’

Using a similar method, we obtain an estimate of another series. From the following results

>

2n

ZLln——z_n= 2n_1)2’

1

where g =a™, and

00 2n
q 1 (8 8y %) 1
= S =
,,Z:l(qz”—l)z 247r2(82 9, 9, 24°

where (see [1] or [6])

G, = [— 4 —-N” 7n(log g)™! — |— 4 72n2 (log q)”!
2 logg Za(-1)'e e long”e ’

i 11 . 1 B 1 1
“~ L,,-2 24 4loga 3(loga)*\erlea)’ Lo prilga)” _5 8
I B N
24 4loga  24(loga)*’

we obtain
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