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We present here two sieve-type explicit formulas for r-Fibonacci and r-Lucas numbers 
(r = 2,3,...) that connect them with families of well-defined combinatorial numbers, and discuss 
some particular cases. 

1. DEFINITIONS 

We consider the two main families of sequences {F„(r)} and {L^} (r = 2,3,...), determined 
by the simplest general r*-order linear recursion 

&r ) = E G & («*/•) (i) 

(<2^ denotes either F^ or 1$) with initial conditions 

F^ = 0, FW = 1,..., F/> = 2'-2 (2 < j < r -1); (2) 

W=r,W = \,...,Lf = 2J-l (l<j<r-l). (3) 

F^ and 1$ are r-Fibonacci and r-Lucas numbers, respectively (cf. [2], [6], [8], [9]; also [7] 
with ai -1 for all i)—or the "fundamental" and "primordial" sequences named by Lucas. The 
sequences {F^} and {L^} differ from the known Tribonacci, Tetranacci, etc., sequences in 
having a shift r - 2 places backwards. 

The recursion (1) implies a fundamental property—the subtraction law 

Q[r) = 2QW1-QW_i {n>r + 2) (4) 

for sequences of both kinds. 
Our aim is to evaluate the differences 2n~2 - Fw

(r) and 2" - 1 - 1$ caused by this subtraction. 
We propose a method of exact calculation of Fw

(r) and Z^r). 
As a result, explicit formulas (12) and (18) are obtained, which generalize the known for-

mulas in the particular case r = 2 (Section 4). 

2* THE r-FIBONACCI SEQUENCES 

The evaluation of 2n~2 - F^r) involves a family of numbers 
d(m,l) = l, 

d(m,n)= n i ^ n_2 J2 (5) 

_ 2fn + n-3(in+n-3\0„-2 
m-l {mm-23)2"'2 (^2>-
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The numbers d(m, n) and c(m, n) = d(m, n)l2n 2 for particular values of m and n are well known. 
For fixed n, c(m, n) are the («-1) -dimensional square pyramidal numbers [3] (sequences M3356, 
M3844, M4135, M4387 in [10]—for n = 2,3,4,5). There is also 

c(n-l,n) = (3n-5)C„_2, (6) 

where Cn is the 11th Catalan number (M2814). 
As c(m,2) = d(m,2) = 2m-l, the array {c(m,n)} with m>2 may be considered as the 

"Pascal product" of the sequences (1,3,5,..., 2m-1,...) [or (2,2,..., 2,...), beginning from n - 1] 
and (1,1,..., 1,...) with the addition law 

c(m,n) = c(m,n-l) + c(m-l,ri) (7) 

of the Pascal triangle array {(T)} . 
The numbers c(m, n) appear also as coefficients in the Lucas polynomials Ln(x): 

|_«/2j+l 

4 ( x ) = ]^c(iif + l,/i-2i»f + l)jcw-2m.' (8) 
m=0 

The numbers d(m, n) enter as coefficients in the Chebyshev polynomials Tn(x) [1]: 
[«/2j+l 

^ ( x ) = Y,(-l)m~ld(m,n-2m + 3)xn-2m+2 (9) 

(see M2739, M3881, M4405, M4631, M4796, M4907 for m = 2,..., 7). 

Proposition 1: 
d(m,n) = 2d(m,n-l) + d(m-l,n). (10) 

2 r f ( ^ - l ) + ^ - l ^ 

?+fl-4 2/if + yi-5Y/w+y?-4>\?w-
w _ l +

 w _ ! ^ 1,-2 )l 
2m-

m-

2/M2 + 3mfl+/?2 -9/y?-6n + 9 m - 1 (m+n-3\n„-2 \2n 

(m-\)(n-\) m+n-3{ n-2 

= 2 ^ ^ ^ + » - 3 ^ 2 = ^ | | ) B Q 

Theorem 1: 

# r ) = 2 (-l)"</(»t +1, /i - (r + \)m) (» > 2). (11) 

Proof: By induction. We see from (2) that the assertion is true for n = 2,..., r +1 because 
2W_2 = d(l, n). Also, for n = r + 2, it follows from (4) that 

FZl = 2FZl-F{r) = 2r-l = d(l,r + 2)-d(2,l). 
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Suppose that (11) holds for all r previous values w-1, . . . , w - r - l . Then, from (4) and (10), we 
obtain: 

1 n jLrn-\ rn-r-\ 

( L^J 
= 2 2"-3 + £(-\)md(m +1, n- (r + \)m-1) 

V m=l j 

~ Yti-Wdim + Xn-ir + lXm+l)) 
ro=0 

= 2n"2 + 2 £ (-l)m J(w +1, n - (r + \)m -1) 
m=l 

L?rfJ 
~ X (-1)W_1^K w - (r + l)w) 

= rf(l,/i)+ 2(-irrf(i if + l , / i-(r + l)ifi). D 

From (5) and (11), we obtain the resulting formula. 

Corollary 1: 
I n-\ I 

^ ) = 2 » - 2 . J ( q ) . - i ! [ j ( [ ± l f " - w - 2 j 2 - - . w („>2). (12) 

.Eca/npfe; 
Fgy = d(l,22)-d(2,l6)+d(3,10)-d(4,4) 

= 1048576-278528 + 16640-120 = 786568. 

3. THE r-LUCAS SEQUENCES 

To evaluate the difference 2" - 1 - Z^, we introduce in a similar way the numbers 
e(r;m,\) = r + l, 

(13) , x (r + l)m + n-\(m + n-2\~„-

The array {e(r;m,n)/2n~1} for the given r is a Pascal product of the sequences (r + 1, r 4-1, 
..., r + 1, ...) and (1,1,..., 1,...) with the addition law analogous to (7). For the case r = 2, we find 
in [10] two sequences from here: M2835 (m = 3), M3011 (m = 5), explained as coefficients in the 
expansion of (1 - x - x2)~n. The numbers e(r;m, ri) show almost no connection with the previous 
ones; the only common values we can notice are 

d(2, ri) = e(2; 1, n -1) = (n + 1)2W"2. (14) 

However, their addition properties are the same. 
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Proposition 2: 
e(r;m, n) = 2e(r; m, n -1) + e(r; m - 1 , n). (15) 

2e{r\rn, n-l) + e(r;m-l,ri) 

_n(r + l)m+n-2(m+n-'$\n-2 , (r + l)(m-l)+/?-l/Ww--3>\,Vf.-i 
~ 2 m l n-2 J2 +

 OT-i I n-l )Z 

= (((r + l)m+n-2)(n-l) (r + l ) (m- l )+ /? - lY/K+f t -3Wi 
I m(m-l) m-l ) \ n-l ) 

_ (r + \)m2 +(r + 2)mn + n2-{2r + 3)m-3n + 2 m-l fm+n-2\2„-i 
m(m-l) 'm+n-2\ n-l ) 

(r + l)m+n-l(m+n-2\on-i , \ n 
= i >- (̂  n_l J2 l = e(r;m,n). D 

For the initial value m-\, there obviously is 

e(r;\,n) = 2e(r;l,n-\) + 2"-1. (16) 

Theorem 2: 
LTTTJ 

4 r ) = 2" - l+£( - l ) m e ( r ; /w ,« - ( r + l)»i + l) («>1). (17) 

Proof: By induction (as in Theorem 1). The assertion is true for the r initial values (3) (for 
n > 1) and I%> = 2r - 1 . We also can see that 

Z& = 24r> - 4 r ) = 2r+1 - 1 - (r +1) = 2r+1 - 1 - e{r; 1,1). 

Performing the induction step n-1 -» w, and using (4), (15), and (16), we obtain: 
T(r) - 2 / W - / W 

f 
= 2 

LAJ 
2""1 - 1 + X ( " i r ^ ; m,n-(r + l)/w) 

v m-l ' , 
l-^-J-l 

_ 2 „ _ r - i + j _ r ^ (_iye^ myn-(r + l)m-r) 

= 2n -1 + £ ( - i r < r ; /w, w - (r + l)m) 
L_n_J_l 

-e(r;l,n-r)- J^(-l)me(r;m,n-(r + l)(m + l) + i) 
L7+TJ L7+rJ 

= 2 " - l + £( - l ) m e( r ;/«,«-(>• + !)/«)+ £ ( - l ) "e ( ' - ; ' » - l , / i - ( r + l)»i + l) 
|_-a_J 

= 2"-l+Y,(-l)me(r;m,n-(r + l)m + l). D 

From (13), (17) follows 
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Corollary 2: 

Example: 

l_£L_J 

4 r ) =2" -1 -»£( - l r 1 Mn-™r_~] V ^ + D (n> 1} 
m=l m V / 

45
0> = 220 - 1 - e(5; 1,15) + e(5; 2,9) - e(5; 3,3) 

= 2--l-2(((1
0

4)2"-lQ2s + ^4J2 2 j 

= 1048575-20(16384-1152 + 8) = 743775. 

(18) 

4. FORMULASINTHECASEr = 2 

In the particular case r = 2, i.e., for the usual Fibonacci and Lucas numbers Fn = F^2), 
L„ = 4 2 ) (" * 3), the following formulas are obtained from (5), (12), (13), and (18). 

Corollary 3: 
F„ = d(X n)-d(2, n - 3)+d(3, n - 6) -

L(«-1)/3J 

Z,„=2"-1-l-e(2;l ,n-2) + e(2;2,n-5)----

=2-1 -» L | J ( - i r i ^ f " - 2 w r 1 l2" 
m-\ 

(19) 

(20) 

Formula (20) in an equivalent form was discovered by Filipponi ([4], formula (2.1)), using a 
simpler formula of Jaiswal [5], which (with n instead of w + 3 in the original notation) has the form 

L«/3J / o i\ 

^ = i + I ( - i r r » i _ 1
 2""3ffl- (21) 

This is perhaps the first known example of Fibonacci sieve formulas. 
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Announcement 

NINTH INTERNATIONAL CONFERENCE ON 
FIBONACCI NUMBERS AND THEIR APPLICATIONS 

July 17-July 22? 2000 
Institut Superieur de Technologic 

Grand Duche de Luxembourg 
LOCAL COMMITTEE INTERNATIONAL C O M M I T T E E 
J. Lahr, Chairman A. F. Horadam (Australia), Co-chair M, Johnson (U.S.A.) 
R. Andre-Jeannin A. N. Philippou (Cyprus), Co-chair P. Kiss (Hungary) 
M. Malvetti C. Cooper (U.S.A.) G. M. Phillips (Scotland) 
C. Molitor-Braun P. Filipponi (Italy) J. Turner (New Zealand) 
M. Oberweis H. Harborth (Germany) M. E. Waddill (U.S.A.) 
P. Schroeder Y. Horibe (Japan) 

LOCAL INFORMATION 
For information on local housing, food, tours, etc., please contact: 

PROFESSOR JOSEPH LAHR 
Institut Superior de Technologie 
6, rue R. Coudenhove-Kalergi 
L-13 5 9 Luxembourg 
e-mail: Joseph. lahr@ist.lu 
Fax: (00352) 432124 Phone: (00352) 420101-1 

CALL FOR PAPERS 
Papers on all branches of mathematics and science related to the Fibonacci numbers, number theoretic facts as well 
as recurrences and their generalizations are welcome. Abstracts, which should be sent in duplicate to F. T. Howard 
at the address below, are due by June 1, 2000. An abstract should be at most one page in length (preferably half a 
page) and should contain the author's name and address. New results are especially desirable; however, abstracts 
on work in progress or results already accepted for publication will be considered. Manuscripts should not be 
submitted. Questions about the conference should be directed to: 

PROFESSOR F. T. HOWARD 
Wake Forest University 
Box 7388 Reynolda Station 
Winston-Salem, NC 27109 (U.S.A.) 
e-mail: howard@mthcsc.wfu.edu 
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