ON DIOPHANTINE APPROXIMATIONS WITH RATIONALS
RESTRICTED BY ARITHMETICAL CONDITIONS

Carsten Elsner
Institut fiir Mathematik, Universitit Hannover
Welfengarten 1, 30167 Hannover, Federal Republic of Germany
(Submitted March 1998-Final Revision August 1998)

1. INTRODUCTION AND STATEMENT OF RESULTS

One of the most important applications of continued fractions deals with the approximation
of real numbers by rationals. The famous approximation theorem of A. Hurwitz [7] states that for
every real irrational number £ there are infinitely many integers # and v > 0 such that

u 1
l &y Vv
The constant 1/+/5 is well known to be best-possible in general.

S. Hartman [6] was the first to introduce congruence conditions on # and v; the best approxi-
mation result of this type up until now is due to S. Uchiyama [12]:

<

For any irrational number &, any s>1, and integers a and b, there are infinitely
many integers # and v # 0 such that

ul &
and
#u=a mods, v=b mods, (1.2)

provided that a and b are not both divisible by s.

A weaker theorem was proved by J. F. Koksma [9] in 1951. Recently, the author [2] has
shown that the constant 1/4 in (1.1) is best-possible.

But one expects that weaker arithmetical conditions in (1.2) on numerators and denominators
will imply smaller constants in (1.1). A result of this kind is proved in [3]:

Let 0< £ <1, and let p be a prime with

22
p>(;)a

h denotes any integer that is not divisible by p. Then, for any real irrational number &,
there are infinitely many integers # and v > 0 satisfying

3/2
_ul  (1+ep”
] I 752 1.3)
and
u=hv#0 mod p. (1.4)
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In this paper, we shall improve this result as far as possible, where additionally coprime inte-
gers u and v are considered.

Theorem 1.1: Let s denote any positive integer having an odd prime divisor p such that p®|s for
some positive integer &. Moreover, let s be any integer. Then, for every real irrational number
£, there are infinitely many integers # and v > 0 satisfying

o

A

NG

<

and

u=hv mods, (u,v)< —;7
In general, the constant 1/+/5 is best-possible.
Corollary 1.1: Let s= p® denote some prime power with an odd prime p. Moreover, let s be
any integer. Then, for every real irrational number &, there are infinitely many coprime integers
u and v > O satisfying

u s
‘5—; < T (1.5)
and
u=hv mod s. (1.6)

By Theorem 3.2 in [1] with § =1/10 and £=12++/145, all fractions # /v with odd coprime
integers » and v > 0 satisfy

2

o2
NG

Hence, Corollary 1.1 does not hold in the case s=2 and A=1. Also, the bound on the right of
(1.5) must be enlarged in the case of moduli s having more than one prime divisor.

Theorem 1.2: Let s be some positive integer having at least two prime divisors. Moreover, A
denotes any integer. Then there is a real quadratic irrational number £ with the following prop-

erty. For every pair # and v of coprime integers with |v| > 1 and # = v mod s, the inequality

x

s
> 52

holds.

It is suggested by the above-mentioned theorems that approximation results with an
additional condition like (1.6) depend on arithmetic properties of the modulus s. A general result
of this kind is expressed in our final Theorem 1.3. For an integer s> 1, the number

s :=[1r

pls

is the square-free kernel of s, where p runs through the prime divisors of s. In what follows, p, is
the smallest prime divisor of s, and
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2
S:= min{f—, 59 Z(S)}.
4 P
Theorem 1.3: For arbitrary integers s> 1 and / and for every real irrational number £, there are

infinitely many coprime integers # and v > 0 satisfying

and

u=hv mod s.

For further improvements of the bound on the right-hand side of (1.5) in Corollary 1.1 for all
numbers £ from a certain set of measure 1, the author [4] applies the mean value theorem of
Gauss-Kusmin-Lévy [10] from the metric theory of continued fractions. This set depends on p.
To prove our theorems, we shall need some well-known elementary facts from the theory of con-
tinued fractions (see [11] or [5]). By

&=lay; ay,a,, "']:a0+——7—1"_’

we denote the continued fraction expansion of a real number £.

2. PROOFS OF THEOQOREMS 1.1 AND 1.2

Proof of Theorem 1.1: The proof of Theorem 1.1 is based on the following proposition.

Proposition 2.1: Let p>2be a prime number. Among any six consecutive convergents
Posi | Gy 1 20,i=0,1,2,3,4,5) of a real irrational number 7 there is at least one fraction, say
p.!q,, such that

1
’ —7‘3— < Fa @1

holds and g, is not divisible by p.
Proof: We denote the set of fractions from £, ..., 222 satisfying (2.1) by #,. From a

qn LA qn+5
famous theorem of A. Hurwitz which asserts that at least one of three consecutive convergents
satisfies (2.1) (see, e.g., Satz 15, ch. 2 in [11]), we know that 2 < || <6. In what follows, we

consider several cases according to the distribution of fractions from &4, .

Case 1. There is an integer m such that J=, 2=l e o,
m m

It is a well-known fact that g,, and g,,,, represent coprime integers and, therefore, the prime
number p cannot divide both of the numbers g, and g,,,,.

Case 2. There are no consecutive convergents of 77 in &,,.
Case 2.1. Ttis 2= P2 c of  for some integer m.

Let us assume that p divides both g, and ¢,,,,. Then the recurrence formula of the ¢'s yields
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Bpsdms1 = Am2 — 4 =0 mod p.
From (q,, 9,,,;) =1, we know that ¢g,,,, is not divisible by p. Therefore, p divides a,,,,, and we
have a,,,, > p>+/5. It follows that

1 1

b m+1 <
2 2
am+2qm+l ‘/gqm-i-l

qm+1

<

-

hence £=1 e of, . But we know that 2= € s{,, from the hypothesis of Case 2.1, which is incompat-
ible with the hypothesis of Case 2. We have proved that p|g, and p|q,,,, cannot hold simul-
taneously.

Case 2.2. Ttis 2=, 22 e ¢, for some integer m.

As in the preceding case, we assume that p divides both of the denominators g, and g,,, ;.
We have
Dv3 = OisDmez T I
D2 = Ans29me1 T G
for some positive integers a,,,,, g,,,; from the continued fraction expansion of 7. Putting the
second equation into the first one, we obtain the identity
T3 ~ Ui 3 = @Bz + Dy

Our assumption on p implies that the integer (a,,,,4,,.; +1)q,,,, is divisible by p. Since g,, and
g, are coprime, p|q,.,, is impossible. It follows that p divides a,,,,a,,; +1 and, consequently,
we have @,,,,0,.3+12> p>3. Hence, it is impossible to have g a,.; =1. We discuss the
remaining cases.

Case 2.2.1. a,,, 23 or a,,;>3.

From
Pn
2| <l e,
we get
1;’: s ::: ed, (fa,,23),
gy < 0D

Again there is a contradiction to the hypothesis of Case 2.
Case 2.2.2. a,,,=4a,,;=2.

We have
1 7

S ST _[2 2’ 4> Amess - ]>2+2+1 E’

and finally, it follows that

1 3 1

pm+1
< < < .
2 2 2
Cpirdons 190w V59hn

Gmn1

-
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Hence, it is
Pm Pm1 ed
b n»s
qm qm+l
a contradiction.
Case2.2.3. a,,,=2,0a,,;=1
Itis
1 5
—[2 1, Q> Vs -+ ]>2+1—+—125
and
pm+l 2 1
n—-E < <=
i Im+1 Sqr2n+1 \/§‘Ir2n+1
Again we get
Er_rg_ pm+l ..ﬂ .
q qm+1

Case 2.2.4. a,.,=1,4a,,;=2.
First, note that «,,,5 :=[2; a,,.4, G5, ...] >2. We get |

1 < 1
G2 @i 3Gmsz + Gnsr) q31+2(2 n qm+1)

m+2

P2 —
qm+2

7]_

1 2

1 ~5g
24— qm+2'
qm+2( [1) m1> - al])

by [L; a1, ..., 4] < 2. The contradiction arises from

pm+2 pm+3 Eﬂ
Gniz It

Hence, it is proved that p|q, and p|q,.; cannot hold simultaneously. Since for every integer
m=0 there is at least one fraction among the convergents 2= P2 and Znc satisfying (2.1) by
Hurwitz's theorem, we have finished the proof of Proposition 2.1.

By the hypotheses of Theorem 1.1 on &, A, and s, we may choose 7:=(&—-h)/s. From
Proposition 2.1, we know that there are infinitely many convergents p,, / q,, of 7 with

§h£zz,1 1
S J_q

where p and ¢, are coprime integers. Put u:=hg, +sp, and v:=gq,. Then, it is u=hv mod s
and

1
V5
To estimate the greatest common divisor of # and v, we conclude from (p,, q,) =1, plg,, and
p”|s that

1 u
5197V <
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(P> @) = (5, @) S~
p

By (u,v) = (hq,, + sp,,, 9,,) = (SP» 4,,), the first assertion of Theorem 1.1 follows.

The corresponding assertion of Corollary 1.1 follows immediately. But it remains to show
that Theorem 1.1 cannot be improved in general. For this purpose, let s> 0 and # be integers.
Put £:=h+s(1++/5)/2. In what follows, we shall show that for every £>0 there are at most
finitely many fractions # /v, where v >0,

u=hv mod s 22
and
l:—% < %__5% (2.3)

There is nothing to prove in the case in which no fractions #/v satisfy (2.2) and (2.3) simul-
taneously. Otherwise, we conclude from (2.2) that u =hAv+ws holds for a certain integer w.
Then we have, by (2.3),

(l—g)s>s_ l+«/§_LV_
J5v? 2 v
which yields
1+45 w| 1-¢
¥ ) 2.4
2 v <J§v2 (2.4)

It is a well-known fact from the theory of continued fractions that there are at most finitely many
solutions w /v in (2.4) (see, e.g., Th. 194 in [5]). One knows that every solution of (2.4) satisfies

1

w_ Fru —
5¢

v F

n

for some integer n, and v? <

Our assertion follows from the inequality |vE—u| < s/+/5, which has at most finitely many solu-
tions for every integer v.

Proof of Theorem 1.2: Let p and g be different primes with pg|s. Moreover, we define
a sequence (a,),»o of nonnegative integers as follows. Put g,:=0 and a,:= p. Let a, be the

unique solution of the congruence
a,p=-1 mod g, 2.5)

where 1< a, <q. Since (p, q) =1, solutions of (2.5) do exist. Finally, put a,:= p for v=3,5, 7,
..anda,:=q forv=4,6,8,... Thenwehave g,=1, q,=p, q,=a,p+1=0mod g. Applying
mathematical induction, we conclude that

ifv=1l d2
VE{O mod p, if v=1 mo v 21) 2.6)

0 modg, if v=0 mod2
Obviously, 7:=[ay; a,, a,,...] and &:=h+sn represent real quadratic irrational numbers.
Now we assume that integers # and v do exist such that |[v| >1, u=hv mod s, and

U S
&y

<.
2v?
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Hence, there is an integer w such that = Av+ws and

w|_ 1
Y 202

It follows from the elementary theory of continued fractions (e.g., see Th. 184 in [5]) that the
fraction w /v satisfies

<|=s

_ P

q, 2.7
for some convergent p,/q, of 7. One may exclude the case where n =0, since otherwise it fol-
lows from (2.7) and g, =1 that v|w. The integer w was defined by ws = u—Av, hence v divides
u. This is a contradiction to the hypothesis on # and v, because we have deduced from » = 0 that
(u,v)=|v| >1. Therefore, we may assume n>0 in (2.7). By (2.6), either p or g divides g,,.
Since p, and g, are coprime, (2.7) implies that v is divisible by the same primes that also divide
q,. From pq|s and u = hv mod s, it follows that (u, v) > 1, a contradiction. It is proved that the
integers # and v cannot exist, and the proof of Theorem 1.2 is complete.

3. PROOF OF THEOREM 1.3

Let a and b be integers with a>0,6#0. 7 denotes any real irrational number. In what

follows, we consider two consecutive convergents 221 and 2= of 1. For every integer n>1
satisfying aq, +bq,_, # 0, we define
a b
A, =1+ - , 3.1
" ban+1 —a aﬂn + b ( )

where o, :=[a,.1; Bzs Gpass -1 and B, :=[a,;a, ,,a,,,..,4]. From a,,, ¢Q, we have
ba,,,—a #0; it follows from

B, = qq" n=1)

n-1

and aq, +bq,_, # 0 that af, +b #0.

Proposition 3.1: Let n>1and y := sign(b4,). Then we have

_ yab
ﬂ'n(aqn + bqn——l)2 .

_ ap,, +bpn—1
aqn + bqn—l

This is Proposition 2.1 in [2] apart from different notations concerning ¢, f,, and 7.

At the beginning of the proof of Theorem 1.3, we apply Uchiyama's result mentioned in the
Introduction. By (1.1) and (1.2), there are infinitely many integers #, and v, # 0 such that

u|
02 3.
Vo 4vg (3.2)
and
uy=h mods, v,=1 mods. 3.3)
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Let d:= (4, v,) > 0. Every common prime divisor p of d and s is a divisor of v,, too. This is
impossible, because vy =1 mod s. Hence, d and s are coprime, and therefore an integer dj, exists
such that

d-dy=1 mods. 3.4

Moreover, there are coprime integers # and v # 0 satisfying u, = du and v, =dv. Therefore,
we have dyu, =ddyu or u= hd, mod s by (3.3) and (3.4). Similarly, we conclude v=d, mod s.
Collecting together, we have proved the existence of infinitely many coprime integers # and v # 0
with # = Av mod s and, by (3.2),
s s

< <.
4v;  4v

2

v

Ifit is v < 0, this result is also true for —u and —v, and the assertion of the theorem is proved for
S=s5%/4.

Now let 7:= 5—? =[ay; a;,a,,...], and let fl’—: (n > 0) denote the convergents of 7. In what
follows, we assume n>1.

Case 1. (q,_,,5)=1.

Put P,:=p, ,, 0,:=q,;. Then we have

5. 0)=1 (©,9)=1, ’nJQ'?; <G (3.5)
Case 2. (q,.,,5)>1 and 6(s) |q,_,.
Let
a=[]p, Bi=ap,+p Q=04+,
o
From the hypothesis of Case 2, we conclude that
a>1 (3.6)
By straightforward computations, one gets g,F, — p,0, = (=1)", which implies that
(F,0,)=1 (3.7

Let p denote any prime divisor of s. If p divides g,_,, we conclude that a is not divisible by p.
Moreover, p does not divide g, because ¢, and g,_, are coprime. Finally, we get p/Q,.

Now, let p and g,_, be coprime. Then we have p|a, and again p does not divide 0,. Since
p is an arbitrary prime divisor of s, we have proved that

@,9=1 (3.8)
From the hypothesis (g,_,, §) >1, we know that a certain common prime divisor of ¢,_, and s
exists. This and (3.6) imply that

) 3.9
l<a< b (3.9)

where p, denotes the smallest prime divisor of s. We apply Proposition 3.1 with & = 1:
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a
p-tnlo A (3.10)
| O 12,102
where
1 _ a(1+an+lﬂn)_a2ﬂn+an+l_2a
|4, al+a,.f,)
G.11)
2"'aan”"%clzirl
I & R
l+a,,8,

We are looking for a suitable upper bound of |4 [*. For this purpose, we separate the argu-
ments into three cases.

Case 2.1. 2+af, -2 <0,

For n>1, it is clear that «,,, >1 and §, >1. It follows from (3.11) that

A =1-p, < 1+ Tl <14lc. (3.12)

an+l <1
Gl(l + an+lﬁn) a(l + an+l)

Case 2.2. Os2+a‘,ﬁ’n—g—?"—+—1 <l+a,,f,

Then we have 0< p, <1, and consequently

4,M<1. (3.13)
Case 2.3. 2+aﬁn—a:l” >1+a,,8,.
We conclude that
2+af 2+af 2 af
A, =p, -1 o z_ 1 ) 1
|A. "= P, <1+an+1/Bn 1< 55, 1<1+1+1+ﬂn I<a (3.149)

We know that a>2, from (3.6). Collecting together from (3.12) through (3.14) we have proved
that |A,|™ < a holds for every integer 7 >1. Hence, (3.10) yields

P 2

n--n| <2
0,

< (3.15)

Case 3. 8(s)|q,_;.

Since ¢,_; and g, are coprime, it follows from the hypothesis that (g,,s)=1. Put B,:=p,
and Q, :=¢q,. Obviously, the assertions for P, and 0, from (3.5) hold.

We collect together the results from (3.5), (3.7), (3.8), and (3.15): For a certain sequence of
increasing integers 7> 1, we get a sequence of rationals (P, /(,),»; with coprime integers P, and
Q, such that (Q,,s)=1 (v21),

and
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Let u:=hQ, +sP,, v:=(,. Then, by the upper bound for a from (3.9), we have
58%(s)

2.2

PV

where u = kv mod s. We conclude from (Q,, sP,) =1 that u and v are coprime. Since 0, can be
chosen as large as possible, the assertion of Theorem 1.3 is also proved for § = s-52(s)- py2.

<

-

4. CONCLUDING REMARK

Using the well-known continued fraction expansion of Euler's number e, the author obtained the
following result.

Theorem: For every integer s> 2 there are infinitely many fractions P/ with coprime integers
P, 0 >0 satisfying P=0=1mod sand Q0-|Qe— P|=0(1) for 0 — .
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