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0. INTRODUCTION 

In this note we deal with several combinatorial sums and series involving inverses of binomial 
coefficients. Some of them have already been considered by other authors (see, e.g., [3], [4]), but 
it should be noted that our approach is different. It is based on Euler's well-known Beta function 
defined by 

B(m,n) = ll
otm-\l-t)n-ldt 

for all positive integers m and n. Since 
mm ,rt-r(m)r(fi) = (iH-i)i(/i-i)! 

we get 
[^]l={n+\)itk{\-trkdt (i) 

for all nonnegative integersn andkwith n>k. 

1. SUMS INVOLVING INVERSES OF BINOMIAL COEFFICIENTS 

Theorem 1.1 ([4], Theorem 1): If n is a nonnegative integer, then 

-i *i _i_ i Et1 2* 

fc=(A s L k=l 

Proof: Let Sn be the sum of inverses of binomial coefficients. From (1) we get 

Making the substitution 1 - It = x, we obtain 
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Theorem 1.2: If n is a positive integer, then 
In &, n * (2nY4/ iY_ 4/f + l 
Ly){k){2k) -2^i-

Proof: Formula (1) yields 

|(-»'(?)(21J'=|(-i)'5")(4»+i)j>"a-'r-^ 

= (4#i + l)jJ(l-/)4 
(i-02 

Theorem 1.3 (fSJ): If n is a positive integer, then 

Proof: Let iSw be the sum to evaluate. From (1) we get 

s„=i(-i)*(^)(2«+i)j;V(i-o^*dif 

=(2»+D£|S (g)(-i)*/*o - o2-*}<# 

Since 

it follows that 

VT-7±/'VF = cos arctanJ-— ±/'sin arctanJ— 

£w = (2/i + 1)J cos 4/i arctan./-— 

Making the substitution arc tan^^ = x, we obtain 

5„ = (2/i +1) J* cos(4/ir) sin (2x) rf*; 

<*. 

2/1 + 1 f*/2, . J* {sin(4/2 + 2)x-sin(4/i-2)x}tf&: = -. 

Theorem 1.4 (f2J): Ifm, /?, and/? are nonnegative integers with p<n, then 

^(m\(n+mYl _ n±m±l(n\l 
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Proof: Formula (1) yields 

= («+/« + l)jV(l - t)"+"-p(\ + j^-Xdt 

= („ + B f + i ) fV( i - / ) -PA=^±^ i r , , w 

Remark: In the special case /> = «, from the above theorem we get 

Y fm\ (n + m\~l _ n + nt+l 

Theorem 1.5: If m and n are nonnegative integers, then 

fc=0 

m+m\ l m + n + l \ (m + n + l^ l 

+ (-1)" 

Proof: We have 

= (m+n + \)Utm{\-t)n+ldt + {-\)nfotm+n+ldt 

_ m+n + l(fm+n + lY1 i f . i y 1 
~ m + n + 2\y m ) K }j 

Remark: In the special case m = n we get 

while in the special case m = 0 we obtain 

iMr-Ei 0 ^ 
Consequently (see [3], p. 343), 

W + l 
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Theorem 1.6: If n is a positive integer, then 

i v ^ y i yfsi+rr1, i r̂3»+2V1 

3« + l £ 0 W 3n + 2L{3k + l) +3n + 3^0{3k+2J 

Proof: We have 

1 L_V(3»Y ! i v -^+ iy 1 , i ^r3»+2v 
3» + l £ j W 3»+2£0l3* + 1J 3n + 3^0l3* + 2j 

k=oJo 

i.? I w /" /3 V l „i ^1 /\3w+3 / 

= ' (i-/)3"(i-?+/2)y —UJ U.= '(k^)—=i 
J o [ 6lo-03Jj Jo 1-2/ 

3/?+3 _ *3«+3 
dt. 

On the other hand 
3«+2 /%>,„ , 0 v l 3»+2 

3/?"~~ t J f c=oV / it=o 

. i f 3«+2 / , \fc] i n A3«+3 ,3w+3 

' i r ^sG^H' .-2. *• 
completing the proof. 

2. SERIES INVOLVING INVERSES OF BINOMIAL COEFFICIENTS 

Theorem 2.1: If m and » are positive integers with m > n, then 

ffmky = fii+fri-iva-rr-" 
4-\nk) Jo n _ /"n _ /Y»-« V " ' • £r0vwv Jo (i-/"(i-om"")2 

Proof: From (1) we get 

Z 3f =S(^+i)J0^o-o("'-")^ 
= mf] fk(t"(l - t)m-nfdt + f ] J V ( l - t)m-nfdt. 

Let / : [0 ,1 ] -*R be the function defined by f{t) = tn{\-t)m~n. It is immediately seen tha t / 
attains its maximum at the point t0=n/m. Since f(t0) < 1, it follows that 

yMtn{i-t)m-"y = /
 {{i~t}—-=-

ti {\-tn{\-t)m-nf 
and 
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X0"(i-0m"")* = - 1 
£ T \-t"{\-ty-" 

uniformly on [0, 1]. Therefore, we obtain 

Y (mkY = f1 t"(l-t)m~" df ft dt 
t^Knk ) /MJo (1 -1"{\ - t)m-")2 J" 1 - tn{\ - t)m~" ' 

completing the proof. 

Remark: As special cases of Theorem 2.1 we get 

Indeed, according to Theorem 2.1, we have 
00 / o 7 , V l »i 1 i ^ *2 

£oV*J io(l-t + t2)2 3<>(\-t + t2)2 hl-t + t2 

tX2k) ~Jo(l-^2(l-02)2 ' 

and 
, 2 /1 , \ 2 

£=0 
respectively. Since 

l + 3x2 1 + x , 1-x 
(1-x2)2 2(1-x)2 2(1 + x) 2 ' 

we obtain 

jL\2k) -lo2(l-t + t2)2 Jo2(l + / - r 2 ) 2 

- f1 dt 1 r1 aft r1 <ft 1 r1 dt 
-3o(\-t + ty 2'o\-t + t2 *o(\ + t-t2)2 2lo\ + t-t 

Taking into account that 

f L ^ = 2 * £ and f _ ^ = M l n i ± ^ 5 hl-t + t2 9 hl+t-t2 5 2 
and that (see, e.g., [1]) 

dt b + 2ct 2c r Jr r dr fl + zc? zc t at 
-I (a-f&r + c*2)2 ~ (4ac-&2)(a+6r + cl2) 4ac-62 J a + bt + ct2 ' 

from (4) and (5) one can easily obtain (2) and (3). 

Theorem 2.2 ([4], Theorem 2): If n > 2 is an integer, then 

(5) 

2000] 83 



COMBINATORIAL SUMS AND SERIES INVOLVING INVERSES OF BINOMIAL COEFFICIENTS 

Proof: For each positive integer/?, we have 
JL /™ • t v i P 

SP :=ifwI*r=f;(«+*+i)j;>o-o"* 

k=o\ J k=o 

= (« +1) |j(l - ifdt - (n +1) JV+1(1 - 0""1* + J / 0 - t)n~2dt 

~{p+i)jV+1(i - ty~2dt+pjl
Qtp+2(i - ty~2dt. 

Formula (1) yields n-l- ; (p+n + l)\ x A ' (p+n + l) 

Taking into account that n>2,we conclude that sp-^-^ when p~>co. 
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NEW ELEMENTARY PROBLEMS5 AND SOLUTIONS5 EDITORS 
AND SUBMISSION OF PROBLEMS AND SOLUTIONS 

Starting May 1, 2000, all new problem proposals and corresponding solutions must be submitted 
to the Problems' Editor: 

Dr. Russ Euler 
Department of Mathematics and Statistics 
Northwest Missouri State University 
800 University Drive 
Maryville, MO 64468 

Starting May 1, 2000, all solutions to others' proposals must be submitted to the Solutions' Editor: 
Dr. Jawad Sadek 
Department of Mathematics and Statistics 
Northwest Missouri State University 
800 University Drive 
Maryville, MO 64468 

Guidelines for problem and solution submissions are listed at the beginning of Elementary 
Problems and Solutions section of each issue of The Fibonacci Quarterly. 
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