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1. INTRODUCTION

In this note we define two sequences {J, ,,(x)}—the generalized Jacobsthal polynomials, and
{Jn, m(x) }—the generalized Jacobsthal-Lucas polynomials, by the following recurrence relations:
Jn, m(x) = J -1, m(x) + 2x']n—m, m(x), n2 m, (1 . 1)
with starting polynomials Jj ,,(x) =0, J, ,(x)=1,n=1,2,...,m—-1, and

jn, m(x) = jn—l,m(x) + 2-)c.jn—m,m(x)a nzm, (1 2)
with starting polynomials jo ,,(x) =2, j, n(x)=1,n=12,...,m-1.
For m =2, these polynomials are studied in [1], [2], and [3].

From (1.1) and (1.2), using the standard method, we find that the polynomials {J, ,,(x)} and
{Jn. m(x)} have, respectively, the following generating functions:

Fx,t)= (1-1-2xtm71 =3 J, (0! (1.3)
n=1
and
m—-1 L
G, ()= _ 3 5 (ot (1.4)

1-1-2xt" &

From (1.3) and (1.4), we find the following explicit representations for the polynomials
{Jn,m(x)} and {jy, »(x)}:

[(n=1)/m] B
Jn@= 2 ("D Jny (1.5)
and
. 2 — (m—2)k (n—(m—-1)k
) = 3 =GR = DE ey (1.6)
Differentiating (1.5) and (1.6) with respect to x, we get
[(=1y/m]
IO @)=y 2k(”‘ 1=m= l)k)(Zx)k_l (1.7)
k=1
and
[n/m]
D) n-(m-2)k (ﬂ (m~ l)k) -1 L8
.]n m(x) kzl 2 n— (m l)k k (2x) ’ ( . )
with
JOn(®) = ju(x) =0, n=0,1,...,m-1 (1.9)

For x=1 in (1.5), (1.6), (1.7), and (1.8), we have, respectively: {J, ,(1)}—the general-
ized Jacobsthal numbers, {j, ,(1)}—the generalized Jacobsthal-Lucas numbers, {J{,(1)}—the
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generalized Jacobsthal derivative sequence, and {j<,(I)}—the generalized Jacobsthal-Lucas
derivative sequence.
The aim of this note is to study some characteristic properties of the sequences of numbers
{JD,(D} and {j&,(1)}. We shall use the notations H}, ,, instead of J{J,(1) and K} ,, instead of
0,0
The first few members of the sequences {J, ,(¥)}, {J{),(x)}, and {H, ,} are presented in
Table 1, and the first few members of the sequences {j,, »(¥)}, {j{"(x)}, and {K], ,} are given in
Table 2.

2000]

TABLE 1
n () T (%) H,,
0 0 0 0
1 1 0 0
2 1 0 0
m-1 1 0 0
m 1 0 0
m+1 1+2x 2 2
m+2 1+4x 4 4
m+3 1+6x 6 6
2m-1 14+2(m-Dx 2(m-1) 2(m-1)
2m 1+ 2mx 2m 2m
2m+1| 1+2(m+Dx+4x* | 2(m+1)+8x | 2m+10
2m+2 [ 1+2(m+2)x+12x* | 2(m+2)+24x | 2m+28
TABLE 2
n (%) () K,
0 2 0 0
1 1 0 0
2 1 0 0
m—1 1 0 0
m 1+4x 4 0
m+1 1+6x 6 0
m+2 1+8x 8 0
m+3 1+10x 10 0
2m—1 1+2(m+1x 2(m+1) 2(m+1)
2m | 1+2(m+2)x+8x* | 2(m+2)+16x | 2m+20
2m+1 | 1+2(m+3)x+20x* | 2(m+3) +40x | 2m+46
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From Table 1 and Table 2, we can prove by induction and (1.1) the following relation:

jn, m(x) = Jn, m(x) + 4x‘]n+l--m, m(x)
= n+l, m(x) + 2x‘]n+l—m, m(x)’ [by (1 . 1)]

Observe that the first equation in (1.10) is a direct consequence of (1.3) and (1.4).

(1.10)

2. SOME PROPERTIES OF H} ,, AND K} .

Differentiating (1.3) and (1.4) with respect to x, we get the following generating functions,
respectively:

i‘](l) x)t" :____gL 2.1
b SO (1—1—2xt™)*
and
S 0 (o221 2.2
r;)]n,m( ) (1—t—2xt’")2 ( )
Hence, for x=1 in (2.1) and (2.2), we get the generating functions for H,i,m and K,l,’m,
respectively:
S =2 (2.3)
o A=t=2am)
and
= 21"(2-1)
K = 2.4
,,z=:‘) N B R 24

If we substitute x =1 in (1.1) and (1.2), we get the sequences of numbers {J, ..} and {j, ,.},
which satisfy the following relations:

Jnom = In,m + 4 tomm = Jnst,m + 2 p1omm [0Y (1.10)], (2:5)
Jnrt,m ™+ Jnym = 3t m+ 4ds2emm = I m [0y (2.5), (1.1)], (2.6)
Jnitm ™ Jnm = Wsremm * Jam = Jpm [0y (25), (11)], @7
Jnttym = 2Jnm = Mpszemm + 20 = 3Jp, m [by (2.5), (1.1D)], (2:3)
Jnm ™ Jnm = 2 pit, m 29

For m = 2, relations (2.5)-(2.9) yield the following relations:
In = Jns1 +2J ((2.10) in [2]),
Ji1tJn =3 +J,)  ((2.12)in [2]),
Jnir = Jn =30y = Jpurs
Jn1 = 2Jn =32J, = Jpyy)  ((2.14) in [2]),
Jn+ Jn =201 ((2:20) in [2]),

where J, ,=J, and j, , = j,.
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Differentiating (1.1) and (1.2) with respect to x, and substituting x = 1. we get the following
recurrence relations:

Hyw=Hy o +2H, 420,y N2, (2.10)
with H,, ,,=0,n=0,1,...,m—1 and
m =K i 2K F 2 N2, (2.11)
with K}, =0,n=0,1,...,m-1.
In a similar way, from (1.10), we get
Ky w=H, ,+4H, . +4J, 0 nZm—1. (2.12)
For m = 2, relations (2.10)-(2.12) become
Hyyy = Hyp +2H,+2J, ((3.3)in [1]),
Koz = Koy +2K,+2j, ((3.4)in[1]),
KL, =H., +4H +4J .
From (2.10) and (2.12), we get K,, ,, + H,, ,, = 2H},, .
For m = 2, the last equality yields the known relation (3.8) in [1].
Again, from (2.10) and (2.12), we find
K, ,,—H,,=2H., ,—2H, . (2.13)

For m=2, (2.13) becomes (3.9) in [1].

Theorem 2.1: The polynomials {J, ,(x)} and {j, ,(x)} satisfy the following relations, respec-
tively,

n J -1
2 im(®)= ——"”"’;"ix) 4 (2.14)
i=0

and
ZJ, ) = Lremn DL 2.15)

Proof: From (1.1) and (1.2), by induction on n, we can prove (2.14) and (2.15).
Corollary 2.1: For m=2 in (2.14) and (2.15), we get the known relations (2.7) and (2.8) in [2].

Theorem 2.2: The numbers H; ,, and K, ,, satisfy the following relations, respectively,

2 ] —1/2( n+m, m Jn+m,m+l) (216)
i=0

and
ZKI ”‘1/2( n+m, m jn+m,m+1)~ (217)

Proof: Differentiating (2.14) and (2.15), respectively, with respect to x, and substituting
x=1, we get (2.16) and (2.17).
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Corollary 2.2: For m=2, from (2.16) and (2.17), we have

S H =1/ 2Hyy~Jyy D) and YK =1/2(Khy ~ s +1).

i=0 i=0

Furthermore, from (1.7), we get

H), m+2m-1)H, -2nJ, . (2.18)
For m=2 in (2.18), we have ((3.6") in [1]), H.,, +2H. =2nJ,.
In a similar way, from (1.8), we get
K;, m= 2(" +2- m)‘]n+1—m, m- 2(m - Z)Hr}ﬂ—m, m: (2 19)

For m=2 in (2.19), we obtain ((2.4) in [1]), K. =2nJ,_,.

GENERALIZATION

Differentiating (1.1), (1.2), and (1.10) & times with respect to x, we get
JB (%)= JB, 00 +2kJED () +2xJ P, (x), k=21, n>m,

n-1,m —m, m n—-m,m

I8 = B, .0 +2kjED () +2xjE), (x), k=1, n>m,

—m, m

JE,x) = JB, () +4kIED, () + xS, (x), k=1, nzm,
respectively.
From the last equalities, using the notations J,Sf‘,),,(l) = H,’,‘, . and j,(,f‘,)n(l) = K,’,f m» WE Can prove
the following relations:

Hy = Hyy 26, +2H, k21 n>m,
Kf, =Kt , +2kK: 42Kk k>Ln>m-1,

KF,=Ht, ,+4kH L, +4HY o k2Ln>m—1
The sequences {H,’,‘, ny and {K,’,‘, ny have the following generating functions:

© 2kk |rmk+1 0 2kk |(2 _ t)tmk
Hf "=—~2"" ____ and KF pn=2 22 2
Z;’ (1 —f— 2tm)k+l ; n,m (1 —f— 2tm)k+1
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