0-GENERALIZED FIBONACCI SEQUENCES AND MARKOV CHAINS
Mehdi Mouline and Mustapha Rachidi

Département de Mathématiques et Informatique, Faculté des Sciences,
Université Mohammed V, B.P. 1014, Rabat, Morocco
(Submitted October 1998-Final Revision August 1999)

1. INTRODUCTION

Let {aj};;}) (r=2,a,_, #0) be a sequence of real numbers. An r-generalized Fibonacci

+00

sequence {V,},%, is defined by the following linear recurrence relation of order r:

Vin=al,+ap,  ++a,y,

ey fornzr—1,

where V,, ..., V,_, are specified by the initial conditions. Such sequences are largely studied in the

literature (see, e.g., [2], [3], [6], and [7]). Let {a;},, be a sequence of real numbers and

consider the sequence {V,}, ., defined by the following linear recurrence relation of order o:
Via=ay,+alV,_,++ay,  +--, forn=0, €))

n+l

where {V_;},,, are specified by the initial conditions. Such sequences, called co-generalized
Fibonacci sequences, were introduced and studied in [8]. We shall refer to them in the sequel as
sequences (1).

The aim of this paper, motivated by [8] and [10], is to study the connection between
sequences (1) and Markov chains when the coefficients {g,},, are nonnegative. Such a connec-
tion is a generalization of those considered in [9] for r-generalized Fibonacci sequences. As in
[8], we consider some hypotheses on {a;} ;¢ and {J_;},, in order to ensure the existence of the
general term V, for any n>1, and then we extend results of [3] and [9] to the case of sequences
(1). More precisely, using some Markov chain properties (see [1], [4], and [5]), we give a neces-
sary and sufficient condition on the convergence of the ratio Z—',‘,, where g >0 is a specified real
number. This result extends the sufficient conditions of [8], under the hypotheses considered on
the two sequences {a,},,, and {/_;},,,. We also give the expression lim,,_, +qu—’,‘,.

This paper is organized as follows. In Section 2 we study the case of sequences (1) in con-
nection with Markov chains, when the coefficients {a;} ;,, are nonnegative with >,,a,=1. We
also give a necessary and sufficient condition for the convergence of ¥, and the expression of

lim, . V,. In Section 3 we extend the results of Section 2 to the case of arbitrary nonnegative
~ coefficients.

2. SEQUENCES (1) AND MARKOV CHAINS

2.1 Fundamental Hypotheses and Existence of the General Term

Let {/,},cz be a sequence (1). Its general term ¥, does not exist in general for any n>1.
For example, suppose that {a;};,, and {V_}} ;5 are defined by

ay=1, a;=j/ forj=1and Vy=1, V= jU*? forj=1.

Then, by a direct computation, we obtain
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mx2 (m_ l)m_'—1

Thus, to ensure the existence of ¥, for any > 0, we need some hypotheses on the two sequences
{a;};50 and {V_;},5,. More precisely, suppose that the following hypotheses are satisfied:

Vi=1+3Y ]iz and V=V, +V,+ 3, _m
j21

(H.1) For any m >0, there exists k > m such that a, > 0.
(H.2) There exists C >0 such that g, <C.
(H.3) The series X, (|V_,,| is convergent.

The two hypotheses (H.2) and (H.3) are trivially satisfied in the case of r-generalized Fibo-
nacci sequences. These three hypotheses are more convenient with a Markov chain formulation
of sequences (1). They are not necessary for the existence of the general term V,. Other condi-
tions are considered in [8].

2.2 Sequences (1) Whose Coefficients Are Nonnegative with Sum 1

Suppose that the coefficients {a;},, of the sequence (1) satisfy hypothesis (H.1) and the
following condition:

Zaj =1. 2

Jjz0

It is obvious that identity (2) implies (H.2) is trivially satisfied. Consider the following matrix:

ao al ses an ses
1 6 0 - O

P 0 1 0 O 0 3)
0 0 1 O

Condition (2) shows that the matrix P defined by (3) is a stochastic matrix. Then P is a transition
matrix of a Markov chain (7), whose state space is N={0,1,...}. Set P =(P(n,m)), , cn, then
PO, m)=a, and P(n,m)=9,_, , for n>1, where J, | is the Kronecker symbol. Set Pt=p...P
(k times), then P* = (P®(n, m)), men for any k >1, where P®(n, m) is the probability to go
from the state n to the state m after & transitions. Since P(n,n—1) =1, we derive

P™™(n,m)=1 for any m<n. €))
Then we have the following proposition.

Proposition 2.1: Let {a;},,, be a sequence of nonnegative real numbers such that hypothesis
(H.1) and condition (2) are satisfied. Let (J) be the Markov chain associated to the matrix P
defined by (3). Then:

(i) The chain (7) is irreducible.

(ii) The chain (9) is recurrent positive if %,,,q(m+1a, <+ and it is recurrent null if

Zasolm+Da, =+o.

Proof: (i) Let nand m be two states of (7). Suppose, for example, that m <n. Hypothesis
(H.1) and relation (4) imply that there exists 1, > n such that a, >0 and thus
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POt () > P (m, 0) P(0, ny) P70~ (1, )
which implies that PU"*"*'™")(n, m) > a, >0. Hence, the Markov chain () is irreducible.

(ii) To study the nature of (%), it is sufficient to study the nature of the state 0. Starting
from 0, the Markov process associated to () will go at the first transition to a state m with prob-
ability a,. And it will be back to 0 with probability 1 after m transitions. Therefore, a,, is the
probability of going from 0 and coming back to this state after m+1 transitions. The probability
of coming back to 0 is 2> a, =1. Therefore, (7) is recurrent. Let 7; be the real random
variable which defines the first instant of return of the process to 0. We have established that
a,, = Pr{T, = m+1}; thus, the mean value of T is E(%y) = X, =(m+1a,. Then (J) is recurrent
positive if 2,5 o(m+1)a,, <+ and it is recurrent null if 3, 5 o(m+Da,, = +0. O

Remark 2.1: Let R be the radius of convergence of the series >,,5,a,X”. Hypothesis (H.2)

implies that R>1. R is also the radius of convergence of the series 2., 5,ma,X". Hence, if
R>1, we have %, ,ma,, <+o. Then (7) is recurrent positive.

Recall that the period d(m) of a given state m of (J) is defined by
d(m) = CGD{k € N; P®©)(n, m)> 0}.

It is well known that, for an irreducible Markov chain (J), we have d(m) =d(0) =d for any m in
(7) (see, e.g., [4]). We recall here a very well-known theorem on the asymptotic behavior of a
Markov chain.

Theorem 2.2: (See, e.g., [4].) Let P =(P(n,m)), , n be the transition matrix of an irreducible
Markov chain (). Then:
(i) The sequence of matrices {P*},,, converges if and only if the Markov chain (7) is
aperiodic or identically d = 1.
(i) If (7) is recurrent null, then lim,_, . P*)(n, m) = 0 for any states n and m in (7).
(iii) If (7) is recurrent positive, then lim,_,,. P*)(n,m) does not depend on n and we have
lim,_,,., P®)(n, m) =TI(m), where I1(m)>0 for any m. And the stationary distribution vector
IT = (T1(0), I1(1), ..., [I(m), ...) is the solution of the following matrix equation
=117, ®)
where X2 TI(m) =1.
Let {V,},cz be a sequence (1) and consider the infinite column vector X, =(¥,,V,_,, ...,

V. 4,...)', where R means the transpose of R. We can show easily that expression (1) may be
written as follows:
Xn+l = PXn or Xn+l = Pn+1X0 (6)

for any n>0, where X, =(,,V_,,...,V.,,...)" is the infinite vector of the initial conditions. With
the use of (6), Proposition 2.1, and Theorem 2.2, we can extend the necessary and sufficient
condition of convergence established in [3] and [9] for r-generalized Fibonacci sequences to the
case of sequences (1) as follows.
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Theorem 2.3: Let {a;} 5, and {V_;},,, be two sequences of real numbers such that hypotheses
(H.1) and (H.3) and condition (2) are satisfied. Then the associated sequence (1) converges if
and only if the following condition (€): CGD{j + 1, a, > 0} =1 is satisfied, where CGD means the
common great divisor.

Proof: From (6), we derive that the sequence (1) converges for any choice of the initial
conditions {V_;}, », if and only if the sequence of matrices {P*}, ,, converges. Then, let us study

the aperiodicity of the Markov chain (9 associated with the matrix P. We search the period of
the state 0. Starting from state 0, the process will go at the first transition to a state m with prob-
ability a,, > 0. And it comes back to O after m transitions with probability 1. Hence, the process

returns to O after m+1 transitions. Starting from the state 0 after crossing k, times the state m,,
k, times the state m,, ... . Then the process has made k,(m, + 1) + k,(m, + 1)+ -+ transitions. Thus,
P®™(0,0)> 0 if and only if 7 is of the following form: n = ky(m + 1)+ ky(m, + 1)+ ---, where £,
k,, ... are in N. Hence, we have {n; P7(0,0)> 0} = {m;n=ky(m + 1)+ ky(my + D) +---; ky, k, ...
€N}, which implies that CGD{n; P (0, 0) > 0} = CGD{m+1; a,, > 0}. Then (7) is aperiodic if
and only if condition (‘@) is satisfied. Thus, the sequence (1) converges if and only if condition
() is satisfied. O

The following corollary is an immediate consequence of Theorem 2.3.

Corollary 2.4: Under the hypotheses of Theorem 2.3 and if a, > 0, then the sequence (1) con-
verges.

Now we shall find the expression of the limit of the sequence (1) when condition (€) is
satisfied.

Lemma 2.5: Let {a;},,, be a sequence of real numbers such that hypothesis (H.1) and the two
conditions (2) and (@) are verified. Let P =(P(n, m)), ,»o be the stochastic matrix (3). Then
we have:

() lim,_,,, PO (n,m)=0if T35 +1a, = +o.

@) tim,_,, P®(n,m)=TI(m) if Z1Z)(j+1)a, <+, where

+:m ai
) = S g ™

Proof: Proposition 2.1 shows that (J) is irreducible. And condition (€) implies that (7) is
aperiodic and lim,_,,, P*)(n, m) exists. Proposition 2.1, Theorem 2.2, and condition (%) allow
us to see that (i) () is recurrent null with lim,_,,, P® (n, m) =0 if 12 (m+Da,, = +00, and (ii)
(9) is recurrent positive with lim,_, ., P®(n, m) = TI(m) if 2(j+1a, < +oo, where I(m) is
the (m+1)" component of the stationary distribution vector IT= (T1(0), II(1), ..., TI(k), ...) which

satisfies
+00
M=I-P and ) H(m)=1. 8)

m=0

The first equation of (8) is equivalent to an infinite system of equations whose unknown variables
are [1(m). By taking into consideration the second equation of (8), we derive
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+o0
XinGy

o = S (e

Theorem 2.6: Under the hypotheses of Theorem 2.3 and if condition (€) is satisfied, we have:
() lim,_, V,=0if 375,(j+1a; = +o.
(@) lim, ., V, =25 T(mlV_, if )5,(j +1a; <+, where the T1(m) are given by (7).

Proof: Expression (6) shows that V, = 22, P®(0,m)V_,,. The inequality | P® (0, mV_,,| <
[V_,,| and hypothesis (H.3) imply that

+c0
. — . (k)
fin Y= 5 PO@ MY
Hence, using Lemma 2.5, we derive the result. O

Theorem 2.6 is a generalization of Theorem 2.4 of {9] to the case of sequences (1) under
hypotheses (H.1), (H.2), and (H.3).

2.3 The Case of CGD{m +1;a, >0} >2

Let {a,},5, be a sequence of nonnegative real numbers which satisfies hypothesis (H.1) and

condition (2). Suppose that CGD{m+1;a,, >0} >2. Let P be the stochastic matrix (3), and con-
sider the Markov chain (J) associated with P. Then we have the following proposition.

Proposition 2.7: (See, e.g., [S].) Let () be an irreducible recurrent positive Markov chain. Let
d be the period of the states of (). Suppose that d >2. Then the state space E of (J) may be
written as follows: E =D wD,w---wD,, where D, D, =0 for i # j, such that if the process
is in the class D, at the instant n, then it can go to the class D, after one transition, with prob-
ability 1 (for i =d, it goes from D, to D;). Each class D, (1<i<d) is called a cyclic class. For
any k, / with k </<d and i, j in E, the following limit, lim PrD (G 5y exists and for any
i € D, we have

n—r+oo

lim PU*D(, jy= dIl()), ?fj €D,,, (modd),
n—+w O, lfnot’

where T1(j) is the (j +1)™ component of the stationary distribution vector of P.

In our case, we have P(i+1,/) =1; hence, the cyclic classes are given by D, = {nd + j,n >0},
j=0,1,...,d. We derive the following result from Proposition 2.7.

Theorem 2.8: Under the hypotheses of Theorem 2.3, suppose that the Markov chain (J) associ-
ated with P is irreducible recurrent positive. Suppose that CGD{m+1;a,, >0} =2. Then {V,}, .z,
the sequence (1) has d subsequences defined by {V,,,;},<z, where /=0,1,...,d -1, and each of
these subsequences, which is also a sequence (1), is convergent. More precisely, for any arbitrary
initial conditions and a fixed / (0 <! <d -1), we have

“+a0
nl_l)rfw Veai =d I;)H(kd +OV_asry
where the I1(m) are given by expression (7).
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Proof: We have V,,,, = X2, P"*D(0,m)V_,. Hypothesis (H.3) implies that

+00

: — : (nd+l)
nl_l)rfw Va1 = 2, (nl_‘g‘w P 0, m)V_,,

m=0
and the result is derived from Proposition 2.7. O

Theorem 2.8 is an extension of Theorem 4.2 of [9] to sequences (1), whose nonnegative
coefficients satisfy condition (2), under hypotheses (H.1) and (H.3).

3. SEQUENCES (1) WHOSE COEFFICIENTS ARE NONNEGATIVE

In this section we consider that the nonnegative coefficients {a;},, are of arbitrary finite
sum.

Let {V,}, <z be a sequence (1) such that hypotheses (H.1), (H.2), and (H.3) are satisfied. Let
R be the radius of convergence of the power series

F0)= S aem. ©)
m=0

Hypothesis (H.2) implies that R >1.
Consider the following limit L =lim __
following three cases: L <1, L=1,and L>1.

f(x). The study of sequences (1) depends on the

Study of the Case L < 1. In this case, we have X)%a, <1 because R>1 and the function fis

'

not decreasing. Then we have the following result.

Proposition 3.1: Let {V,}, ., be a sequence (1) such that hypotheses (H.1), (H.2), and (H.3) are
satisfied. Then, if 272 a, <1, we have lim V. =0 for any choice of the initial conditions.

m=0 n—>+o " n

Proof: Let Sy =X)LIV,| Wehave Sy = 2301135204, | < Xl X2 @lV, ey |, Which
implies that Sy < 420 a,(Zi2 Vo, | +Sy). Thus, Sy <(Zi2o @, )(ZiZolV_i 1 - ZhZ, a,)”. And
from hypothesis (H.3), we derive lim,_,, .V, =0. O
Study of the Case L = 1. In this case, we have the following two subcases: ¥'>a, =1if R=1
and X} a, <1if R>1. The first one is studied in Section 2 and the second one is nothing but
the preceding case.
Study of the Case L > 1. In this case, the analytic power series of f defined by (9) is a continu-
ous and not decreasing function on ]0, R[ that satisfies f(0)=0. Then there exists x, € ]0, R[
such that f(x,)=1. Set g=1/x, and b, = a,, /q™" for any m eN. Then we have

400
b,>0, ) b,=1, and CGD{m+1; a, >0} = CGD{m+1; b, > 0}. (10)
m=0

Now consider the sequence {W,}, ., defined by W, = —q'-/',',— From relation (1), we derive

+00
W= 2.6V nom 1
m=0
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for any n>0. Thus, {W,},.z is also a sequence (1) that satisfies the two hypotheses (H.1) and
(H.2) and condition (2). Hypothesis (H.3) is not satisfied in general by the initial conditions
{W_,}mso- From Theorems 2.3 and 2.6 and expressions (10) and (11), we can formulate the
extension of Theorems 5 and 9 of [3] and Theorems 3.1 and 3.3 of [9] as follows.

Theorem 3.2: Let {V,}, ., be a sequence (1) such that hypotheses (H.1), (H.2), and (H.3) are
satisfied. Let {W,},.z be the sequence defined by (11) and suppose that the initial conditions
{W_.n}m=o satisfy hypothesis (H.3). Then:

(@ lim, W, =lim, 1‘;’,',— exists if and only if condition (€) is satisfied.

(b) If condition () is satisfied, we have:

(i) lim, 2 =0 if T2 (m+1)b, = +o,

@) lim,, ., 2= 5=, TIm)V.,,q" if T12(m-+ 1), <+, where

m=0

Lnbs

o) = Se (s,

(12)

The second expression of lim,,_, M%/','T given in Theorem 3.2 is identical to the expression of
Theorem 3.10 in [8].

For g<1or % <1, we have |W,|=|V,q"|<|V,|. Thus, hypothesis (H.3) is satisfied by
{W_,.}mso- Butfor g>1or X5 a, >1, such hypothesis is not satisfied in general by {#_,,},,50-

Case d = CGD{m+1; a,, >0} > 2. In this case, we derive from expression (10) that CGD{m +1,
b, >0} >2. Thus, we can extend Theorem 4.2 of [9] as follows.

Theorem 3.3: Under the hypotheses of Theorem 3.2, suppose that d = CGD{m+1; a,, >0} >2.
Then {W,}, .7 has d subsequences defined by {W,,,,},cz, [=0,1,...,d —1 that are also sequences
(1). And each subsequence {W,,,,},.z converges for any choice of those initial conditions with

. .V, S
lim W, = lim q,,Zf, = d;)l'[(kd +DW_ a1y

n—+o0

where the I1(kd + ) are given by expression (12).
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