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In this note we determine an exact formula for the number of solutions, N(a, ft; n) in non-
negative integer pairs (x,y) of the equation ax + by = n if gcd(a, b) = l. There is no loss of 
generality in this since ax + by = n is solvable if and only if d=gcd(a, b)\n, so that the number of 
solutions in general would be given by N(J,-J; •§•). It is well known that N(a, ft; n) is always one 
of the two consecutive integers [_ Ĵ or [-ĵ J + 1; see, for instance [3, page 214] or [4, page 90]. 
A history of this and related problems may be found in [2, pages 64-71]. In this note we shall 
henceforth assume that a, b are positive, relatively prime integers, that n is a nonnegative integer, 
and prove the following 

Theorem: 
AT/ i. x n + aa'(ri) + bbf(ri) % 
N(a, ft; n) = ^ L - z - 1 , 

ab 
where a'(n) = -na~l (mod ft), 1 < a\ri) < ft, A'(w) = ~nb~l ( m o d aX l ^ b'(n) ^ a • 

We observe that n + bh'(n) is a multiple of a and that n + aa'{n) is a multiple of ft. 
Therefore, n + aaf{n) + bb'(n) is a multiple of aft, and is at least /i + a + ft. It follows that the 
expression that represents N(a, ft; n) in the theorem is indeed a nonnegative integer. 

We prove our result in two ways. Our first method uses generating functions to determine 
the function N(a,h;ri), while the second method verifies the formula just obtained by showing 
that this function meets the characterizing properties that such a function should satisfy. 

We begin our first proof by observing that N(a, ft; n) equals the coefficient of xn in the ex-
pansion of (1 - xa)'\\ - xbyl. Also, since xm -1 = n jU(x - C), we have 

i-*w=n^=1(i-cf*), 
where Cm±e2*"m. 

We write 
1 M(x) = J^N(a,b;n)xn=-

fco x ' ' ' (l-xa)(l-xb) 
q=\ A M ft (1) 

i-x (i-x)2 ,4ii-c^ s i - ^ 
where £a = e27ti,a and £b = elnilh. 

In (1) and elsewhere, we adopt the usual convention of assigning the value 0 to any empty 
sum and the value 1 to any empty product. Comparing coefficients of xw, we have 

# ( a , M ) = c1 + c> + l) + X A C ^ l ! w ' - (2) 
k=\ k=i 
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A simple calculation shows that q = (a + b-2)/2ab and c2 = l/ah. Evaluation of the 4^'s and 
the Bk'& is done by multiplying both sides of (1) by the corresponding 1 - £~kx and taking limits as 
*->£*• This yields Ak = 1 / a(l - £b

a
k), with a similar expression for the Bk 's. 

From (2), 

We observe that each sum on the right is periodic in n, the first with period a and the second with 
period b. Since a and b are coprime, the two sums together has a period ah, and the expression 
for N(a, b; n) is essentially determined modulo ab. The form that the function N(a, b; n) takes is 
well known; see [4, page 90] and [1, pages 113-14]. 
Notation: We set a'(ri) = -ra"1 (mod b), bf(n) = -nb~l (moda), with 1 <a'{n) <b,\<b'(n) ^ #. 

We note that iXX^f = £*=o£T* - 1 = -1 for any integer w that is not a multiple of a; it 
equals a - 1 otherwise. 

From £jfci**=njw(x-££), logarithmic differentiation at x = l gives Z £ i ( l - 0 " 1 = 

(a -1) /2 if a > 2. The equation is also trivially valid for a = 1. 
Since ( 1 - 0 ( 1 + ̂ * +C + -+C~1V*) = 1 - C * = 1-C"A> we have 

k=l l~ha k=l k=l l ha 

= 4(a-l)-(ft'-l)] + g - I 
k=l l ha 

= hf-a + ̂  = h>-~, where b' = b'(n). 

Putting all this into (3), we have 

abN(a,b-,n) = ^ + n + b^b'(n)-^ya[a'(n)-^j 

- aaf(ri) + bb'(ri) -ab + n, 

which completes the proof of our result. 

We now prove that the following four properties, stated in the Proposition below and which 
uniquely characterize the function N(a,h;n), are satisfied by the expression given in the 
Theorem, thus providing a second proof of the Theorem. It is well known that the function which 
counts the number of nonnegative integer solutions of ax + by = n must satisfy these properties; 
see, for instance, [4, pages 87-91]. 

Proposition: The function N(a, b; n) is the unique function satisfying the four conditions: 
N(a,b;n + k-ah) =N(a,b;n) + k ifk>0; 
N(a,b;n) = 1 i(ab-a-b<n<ab; 
N(a,b;p) + N(a,h;q) = 1 if p + q = ah-a-h,p,q >0; 
N(a,b;n) - 1 iff n = axQ+hy0 <ab-a-b,xQ,y0 >0. 

(4) 
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For convenience, we now use the notation 
\T,t \ \ n + aa'(ri) + hh'(ri) , 
N'(a,b;n) = ^ ^ - 1 . 

ab 
Lemma 1: N'{a,b;n + k-ab) - N'(a,b;ri) + k for all integers k > 0. 

Proof: Although this is an immediate consequence of (2), we also give a proof that involves 
the expression for N(a, b; ri) given by the Theorem. 

ah-N'(a,b;n + k-ab) = (n + k'ab) + aa'(n + kab) + bbf(n + kab)-ab 
= (n + aa'(ri) + bb'{n) -ab) + kab 
= ahN'(a,b\ri) + kab. • 

Lemma 2: N'(a, b; ri) = 1 if ab - a - b < n < ab. 

Proof: If ab~a-b<n<ab, then ab <n + a + b<n + aa'(ri)+hb'(n)^n + ab + ah <3ab, so 
that n + aaf(ri)+bbf(ri) = lab and N'(a, b; ri) =~1. D 

Lemma 3: If/? and q are nonnegative integers such that p + q = ab-a-b, then N'(a,b\p) + 
N'(a,b;q) = l. 

Proof: We note that a'(p)+a'(q) = 1 (mod h\ so that a'(p)+a'(q) = b +1 since each is at 
least 1; similarly, h'(p) + b'(q) = a +1. Therefore, 

ab • N'(a9 b; p)+ab • N'(a, b; q) = (aar(p) + aaf(q)) + (bb'(p) + bb'(q)) -2ab + (p + q) 
= a(b +1) + b(a +1) - (a& + a + b) 
= ab. • 

We observe that Lemma 3 asserts that exactly one of n and ab-a-b-n is of the form 
ax0 +by0 with x0,y0>0, if 0 < n < ab - a - b. Therefore, any n which is not representable by a 
and b is of the form ab-a-b-(axl+byl), with 0<xx <b-l, 0<y{ <a-\. 

Lemma 4: Forw such that 0<n<ab-a-b-l, 
f 1 if n = axQ + by0 for some x0, y0 > 0; 

N'(a, b; ri) =« 
[0 otherwise. 

Proof: If there exist nonnegative integers x0, y0 such that ax0 +by0 = n, then x0 < 6 - 1 and 
j 0 < a -1, and we have 

ab - N'(a, b; ri) - (ax0 + by0) + aa'(axQ + by0) + bbe(ax0 + 6y0) - a£ 
= (ax:0 -f 6y0) + a(b - x0) + b(a - yQ) - ab 
= ab. 

Otherwise, n = ab-a-b- (axx +byx) with 0 < xx < b -1, 0 < yx < a - 1 , and we have 

ab-N'(a, b; ri) = aa'(ah-a-b-axl -by])+hb'(ah-a-b-axl -byx) 
- ab + (ab - a -b - axx- byx) 

= aa'(-a-axl) + bh'(-b-byl)-(a + b+ax1+byl) 
= a(l + xl) + b(l+yl)-(a + h+axl+byl) = 0. D 

292 [AUG. 



THE NUMBER OF SOLUTIONS TO OX + by = n 

Lemmas 1-4 together show that the formula given by our Theorem meets the conditions that 
N(a, h\ n) satisfies, thereby completing our second (and less direct) proof. 

An interesting consequence of our result is a solution of a special case of the Coin Exchange 
Problem. If we restrict x, y to be nonnegative, it is well known that the equation ax + by = n 
always has a solution for all sufficiently large n. This means that the set 

<f{a,h)±N\{ax + hy\x,y>Q) 
is finite. The two functions 

g(a, b) = m&xn and n(a,b) = \if\ 

can be evaluated readily from the function N(a, b;«), as we now show in the following 

Corollary: 
(a) g(a,h) = ab-a-h; 
(b) n(a,b) = (a-l)(b-l)/2. 

Proof: By Lemma 4, or directly, N(a, b; 0) = 1, so that N(a, h;ab-a-fo) = Q by Lemma 3, 
while N(ay h;ri)>l if n > ab - a - b by Lemmas 1 and 2. This establishes (a). 

Lemma 3 implies that there is a one-to-one correspondence between representable and non-
representable integers between 0 and ab-a-b, and (b) follows from (a). • 
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