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In this note we determine an exact formula for the number of solutions, N(a, b;n) in non-
negative integer pairs (x, y) of the equation ax+by=n if gcd(a,b)=1. There is no loss of
generality in this since ax +by =n is solvable if and only if d =gcd(a, b)|n, so that the number of
solutions in general would be given by N(4,%; 2). It is well known that N(a, b; n) is always one
of the two consecutive integers | % | or | 2 |+1; see, for instance [3, page 214] or [4, page 90].
A history of this and related problems may be found in [2, pages 64-71]. In this note we shall .
henceforth assume that a, b are positive, relatively prime integers, that » is a nonnegative integer,
and prove the following

Theorem:
n+aa'(n)+bb'(n)
ab

where a'(n) = —na™' (mod b), 1<a’'(n)<b, b'(n)=-nb"" (mod a), 1<b'(n)<a.

N(a,b;n) = 1

b

We observe that n+bb'(n) is a multiple of a and that n+aa’(n) is a multiple of b.
Therefore, n+aa’(n)+bb'(n) is a multiple of ab, and is at least n+a+5b. It follows that the
expression that represents N (a, b; n) in the theorem is indeed a nonnegative integer.

We prove our result in two ways. Our first method uses generating functions to determine
the function N(a, b; n), while the second method verifies the formula just obtained by showing
that this function meets the characterizing properties that such a function should satisfy.

We begin our first proof by observing that N(a, b, n) equals the coefficient of x” in the ex-
pansion of (1-x“)™"'(1-x")™". Also, since x" —1=TTr",(x~¢*), we have

1-x" =TT, (1- &%),

where ¢, =e*™'".
We write
1
N@) =) N(a,bn)x" = ————-
G ) az_l 4, bil B, M
= + + + ,
I-x (-x S1-h 3 1-4G

where ¢, =e*™* and ¢, e
In (1) and elsewhere, we adopt the usual convention of assigning the value 0 to any empty
sum and the value 1 to any empty product. Comparing coefficients of x", we have

a-1 b-1
N(a,byn)=c +c(n+)+Y AL+ BS™. )
k=1 k=1
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A simple calculation shows that ¢, = (a+b-2)/2ab and ¢, =1/ab. Evaluation of the 4,'s and
the B, 's is done by multiplying both sides of (1) by the corresponding 1—¢ *x and taking limits as
x — ¢*. This yields 4, =1/a(l —4’2"), with a similar expression for the B, 's.

From (2),

a- nk nk
N(a,b,n)=— + ath + l Ca S

( )= 2ab  afm 1-¢% bzl sok \ ®)
We observe that each sum on the right is periodic in », the first with period a and the second with
period 4. Since a and b are coprime, the two sums together has a period ab, and the expression
for N(a, b; n) is essentially determined modulo ab. The form that the function N (a b; n) takes is
well known; see [4, page 90] and [1, pages 113-14].

Notation: We set a'(n) = —na™ (mod b), b'(n) = -nb™ (mod a), with 1<a’(n)<b, 1< (n)<a.

We note that Y975 = 3970 ¢™ —1=—1 for any integer m that is not a multiple of a; it
equals a —1 otherwise.

From ZZ‘(I, xt = Z;}(x —¢*), logarithmic differentiation at x=1 gives Xe7j(1-¢%)! =
(a-1)/2 if a>2. The equation is also trivially valid for a =1.

Since (1—- ¢ )(1+ % + 2k 4 4 LODORY = 1 g8k = 1 - £ we have

a-1 nk a-1 a-1
4 b :_Z(l+§gk+4zbk+
k=1 1_ a k=1 =]
—H(@-)-@'-D]+
~fa-)-E-0+
=b'—a+2;:b'—“71, where b’ = b'(n).

Putting all this into (3), we have

abN(a,b;n) = a er b +n+ b(b (n)- g;—_l) a(a’(n) - %—l)
=aa'(n)+bb'(n)—ab +n,

which completes the proof of our result.

“)

We now prove that the following four properties, stated in the Proposition below and which
uniquely characterize the function N(a,b;n), are satisfied by the expression given in the
Theorem, thus providing a second proof of the Theorem. It is well known that the function which
counts the number of nonnegative integer solutions of ax +by =n must satisfy these properties;
see, for instance, [4, pages 87-91].

Proposition: The function N(a, b; n) is the unique function satisfying the four conditions:

N(a,b,n+k-ab) =N(a,b;n)+k ifk=0,

N(a,b;n) = 1 ifab—a-b<n<ab,

N(a,b, p)+N(a,b,q) = 1 ifp+gq=ab-a-b,p,q=0
N(a,b;n) = 1 iff n=ax,+by,<ab—a-b,x,,y,=0.
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For convenience, we now use the notation

N'(a, by = LHACQLO0E)

Lemma 1: N'(a,b;n+k-ab)= N'(a, b, n)+k for all integers k > 0.
Proof: Although this is an immediate consequence of (2), we also give a proof that involves
the expression for N(a, b; n) given by the Theorem.
ab-N'(a,b;n+k-ab)=n+k-ab)+aa'(n+k-ab)+bb'(n+k-ab)—ab
=(n+aa'(n)+bb'(n)—ab)+k-ab
=ab-N'(a,b;n)+k-ab. O
Lemma 2: N'(a,b;n)=1ifab—a-b<n<ab.
Proof: If ab—a—-b<n<ab, then ab<n+a+b<n+aa'(n)+bb'(n)<n+ab+ab <3ab, so
that n+aa'(n) +bb'(n) = 2ab and N'(a,b;n)=1. O
Lemma 3: If p and g are nonnegative integers such that p+q =ab—a—b, then N'(a, b; p)+
Proof: We note that a’(p)+a’(q) =1 (mod b), so that a’(p) +a'(q) =b+1 since each is at
least 1; similarly, 5'(p) +5'(q) =a+1. Therefore,
ab-N'(a,b; p)+ab- N'(a,b; q) = (aa'(p) +aa'(q)) + (bb'(p) +bb'(9)) —2ab +(p +9)
=a(+1)+bla+1)—(ab+a+b)
=ab. O

We observe that Lemma 3 asserts that exactly one of n and ab—a—b—n is of the form
ax, +by, with x,,y,20, if 0<n<ab-a-b. Therefore, any n which is not representable by a
and b is of the form ab—a—b— (ax, +by,), with 0<x; <b-1,0<y, <a-1.

Lemma 4: Fornsuchthat 0<n<ab-a-b-1,
1 if n=ax,+by, for some x,, y, = 0,

N'(a,b;n) ={

0 otherwise.

Proof: 1If there exist nonnegative integers x,, y, such that ax, +by, =n, then x;<b-1 and
Yo <a-1, and we have

ab- N'(a, b; n) = (ax, + by,) +aa’(ax, +by,) +bb'(ax, + by,) —ab
= (@ +byp) +alb— %) +b(a— y) —ab
=ab.
Otherwise, n=ab—a—b— (ax, +by,) with 0<x;, <b-1,0<y, <a-1, and we have
ab-N'(a,b,n) =aa’(ab—a—-b—ax, - by,) +bb'(ab—a b —ax, - by,)
—ab+(ab—-a-b-ax, —-by)
=aa'(-a—ax,)+bb'(-b - by,) - (a+b+ax, +by,)
=a(l+x)+b(1+y)—(a+b+ax, +by)=0. O
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Lemmas 1-4 together show that the formula given by our Theorem meets the conditions that
N(a, b; n) satisfies, thereby completing our second (and less direct) proof.

An interesting consequence of our result is a solution of a special case of the Coin Exchange
Problem. 1If we restrict x, y to be nonnegative, it is well known that the equation ax+by =n
always has a solution for all sufficiently large #. This means that the set

S(a,b) =N\{ax+by:x,y >0}
is finite. The two functions

g(a,b) = max and n(a,b) = ||

can be evaluated readily from the function N(a, b; n), as we now show in the following

Corollary:

(@) gla,b)=ab-a-b;

®) n(a,b)=(@-1)b-1)/2.

Proof: By Lemma 4, or directly, N(a, b;0) =1, so that N(a, b,ab—a—b)=0 by Lemma 3,
while N(a,b,n)>1if n>ab—a—-b by Lemmas 1 and 2. This establishes (a).

Lemma 3 implies that there is a one-to-one correspondence between representable and non-
representable integers between 0 and ab—a - b, and (b) follows from (a). O
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