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PROBLEMS PROPOSED IN THIS ISSUE 

B-567 Proposed by Ernst Herrmann^ Siegburg^ Germany 
Let Fn denote the 11th Fibonacci number. For any natural number n > 3, the four inequalities 
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determine uniquely two natural numbers ax and a2. 
Find the numbers at and a2 dependent on n. 

H-568 Proposed by N. Gauthier, Royal Military College of Canada, Kingstom, Ontario 
The following was inspired by Paul S. Bruckmanfs Problem B-871 in The Fibonacci Quar-

terly (proposed in Vol 37, no. 1, February 1999; solved in Vol. 38, no. 1, February 2000). 
"For integers n,m>\, prove or disprove that 

^ - ^ j K " ) ' - ^ ' 
is the ratio of two polynomials with integer coefficients 

where Pm(n) is of degree [^J in n and QJp) is of degree [ f J; determine Pm(n) and QJp) for 
l<fw<5.fl 
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H-569 Proposed hy Paul S. Bruckman, Berkeley, CA 
Let r(ri) and a(n) denote, respectively, the number of divisors of the positive integer n and 

the sum of such divisors. Let e2(n) denote the highest exponent of 2 dividing n. help be any odd 
prime, and suppose e2(p +1) = h. Prove the following for all odd positive integers a: 

e2(a(p°y) = e2(T(p«))+h-l. (*) 

SOLUTIONS 

Bi-Nomial 

H-555 Proposed hy Paul $. Bruckman, Berkeley, CA 
(Vol 37, no. 3, August 1999) 

Prove the following identity: 

(xn+yn)(x+y)n 

[n/3] 

= ~{-xy)n + Yd(-l)kCnJxy(x+y)fk(x2^xy^y2r3^ (1) 
k=0 

n = 1,2,..., 

where 

0u=("~/*}»/(»-2*). 
Using (1), prove the following: 

[n/3] 

(a) 5 w / 2 4 - i + X ( - l f Q , 5 ^ , " = 2,4,6,...; 

[n/3] 

(h) ^ F ^ l + j H ^ r 3 * , " = 1,3,5,...; 

[n/3] 

(c) 4 = - I+EH)*C^ k 2" - 3 * , * = 1,2,3,.... 
k=Q 

Solution by Reiner Martin, New York, NY 
Let us write 

pn(*> y) = (*"+yn)(x+yf+(-xyT • 
We have 

^ 3 ( * , y) = P^iix, y)(*2+xy+y2)- />(*, y)[xy(x+y)f. 
Our goal is to show that the corresponding recursion holds for the sum in (1). 

Next, note that 
0+3, k - 0+2, k + O, k-l• 

Using this identity, we get 
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[<n+3)/3] 
2 H ) * Q * k[xy(x + y)fk(x2 + a y + / r 3 " 3 * 
fc=Q 

[(n+2)/3] 
= tf+xy+y*) Jd{-lfCn^klxy(x^y)f\x2

+xy+yy^k 

k=Q 
[w/31+1 

+ [*K* +J)]" £(-l)*Q,*-i[*K* +jOf* - V + xV+yr3( t- I ) . 

So, the sum in (1) satisfies the same recursion as Pn(x9 y). Since the cases n - 1, 2, 3 are trivial, 
identity (1) follows for all n > 1. 

Finally, (a) and (b) follow from (1) by specializing to x = a and y = -/?, while (c) follows by 
using x = a and y = fi. 

Also solved by H» -/. Seijfert and the proposer. 

Some Operator 

H-556 Proposed by N. Gauthier, Dept of Physics, Royal Military College of Canada 
(Vol 37, No. 4, November 1999) 

Let f(x) and g(x) be continuous and differentiate in the immediate vicinity of x = a{^ 0) 
and assume that, for some positive integer k9 

/<">(*) = ̂ ">(a) = 0; 0<#?<JS;-L 
By definition, 

for any continuous and differentiable function f{x). Further, assume that one of the following 
conditions holds for n = k: 

a. /<*>(a)*0, g?\a) = 0-
b. fik\a) = 0, &k\a)*0; 
c. /<*>(a)*0, gW(a)*0; 

Introduce the differential operator D:=x-jj- and define, for m a nonnegative integer, 

fm(x)=ITf(x), gm{x):=irg(x). 

Prove that 

x-»a g(x) gk(fl) ? 

Solution by the proposer 
Note first that 

the general term being, for m > 1, 
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D™ = Zas(m)x°j-, (1) 
s=l ax 

as can readily be shown by induction on m. The set of coefficients {as(m) :l<s<m;l<m} can be 
determined recursively, as follows. Consider 

m+l is 
l?»1 = Yia,(m+l)x'j-, (2) 

which follows from (1) with m replaced by m + l. But one also has that Dm+l -D{Dm), where 
Dm is given by (1), so 

m is 

D"»l = DY,as(m)xsj-

= £«,(»») ds . ,,+1 ds+l 
sx* — + xs+l 

dxs " dxs+1 

= TJ[sas(m)+as_l(m)]xi 

s=l 

dxs 

(3) 

S=l 

The third line follows by introducing the definitions 
as(m) = 0:s>m; aQ(m)-0:1 <m. 

Equating the last line of (3) to (2) then gives the desired recurrence: 

as(m + X) = SGs(wi)+as-i(m) -l^s<m-\-l,l<m; (4) 
aQ(m) = am+l(m) = 0, ax(l) = 1; as{m) is thus a Stirling number of the second kind. Putting s = 
m+l gives 

am+l(m + 1) = an»l(m)+am(m) = ^(m)> (5) 

so that am(m) = 1 by induction on m, since ax{\) = 1. Now consider, for k > 1, 

fk(x) : = Dkf(x) = j:as(k)x°^-f(x) = j^as{k)xsf{s){x) 
S=l M

 S=l 

and, similarly, 

5=1 

Evaluating at x = a (* 0) and using f{n){a) = g(n\a) - 0: n - 0,1,..., k - 1 for some k, with either 
one of conditions (a), (b), or (c) in the statement of the problem assumed to hold, then gives 

/*(«) = 2 > , ( * K / W ( « ) = ak(k)akfk\a) = a*/<*>(a); a*0, 
5=1 

with an equivalent result for gk(a): 
gk(a) = akg(kXa);a*0. 

Finally, invoke FHopitaPs rule to find the limit of fig as x -> a to get 

x-*ag(x) g(*)(a) gk(a)' 
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This completes the required proof. Note, in passing, that this new formulation of FHopitaFs rule 
makes it much easier to resolve indeterminate forms when f(x) and g(x) are polynomials. This 
is due to the fact that Dkxv = vkxv for v arbitrary and k a nonnegative integer. 
Also solved by P. Bruckman andH.-J. Seiffert 

Generalize 

H-557 Proposed by Stanley Mablnowitz? Westford, MA 
(Vol 37, no. 4, November 1999) 

Let (wn) be any sequence satisfying the second-order linear recurrence wn = Pwn_i - Qwn-2? 
and let (vn) denote the specific sequence satisfying the same recurrence but with the initial condi-
tions vQ = 2, Vj -P. 

If k is an integer larger than 1, and m = [k/2], prove that, for all integers w, 

if k is even, 
if k is odd. 

m~ 1 jf-y. 

i=0 lWn* 

Note: This generalizes problem H-453. 
Solution by Paul S. Bruckman, Berkeley, CA 

Let 
iw-i 

F(x; M ) = £ (-en)/jc(*"1-2#>m, where w = [* / 2]. (1) 
i=0 

Then, after simplification, 
F(x; jfc, ii) = x(^w>l{xWFI - {~l)mQmnx~mn)l {xn +Qnx~n}. (2) 

Let (un) denote the fundamental sequence associated with the given recurrence, that is, the 
sequence satisfying this same recurrence but with initial conditions f% = 0, ut = l. Then un = 
(an-($n)l(a~P), vn = an + p\ where a = (P + 0)/2, ft = (P-0)/2, and # = ( P 2 - 4 0 1 / 2 . „ 
Note that a+/? = P and afi = 0 . 

We readily determine the following results: 
F(a; k, n) = a{k~m)n(amn - (-l)"?"") / vn; ' (3) 

F(fi; k9 n) = H ) w + 1 ^ ^ ( « ^ - (rl)mfimw) I vn. (4) ' 

Next, we define the following sums: 

Gw(k,n) = v„Yl(-0,yw(k_l.2i)n, (5) 

cw*.»)=v„ 2; (-fi"yv(* -1 - 2i>, (6> 
1=0 

Note that Gv(k,n) = vn{F(a;k,n) + F(p;kM={a(k-m}n-Hr^k~m)l{^m"^ or, 
after simplification, 

G W M ) = v t e - ( - i r g » V 2 » > K (7> 
Note that Jfc = 2m if k is even, while & = 27!t + lif&is odd. Thus, we see that (7) is a special case 
of the statement of the problem, with (wn) = (vn). 
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where 

Note that 

We now use the following relation between the general sequence (wn) and the particular 
sequence <vw>: 

WN = iWnUN ~ 2 X % - J / %• (8) 
This may be verified by noting that u_N = -Q~NuN. In particular, we obtain 

^ = K ^ - 2 X ^ - i ) J / ^ - (9) 
Substituting the expression from (8) into the sum in (5), we obtain 

unGw(k, w) = vn £ ( - 2 7 K ^ - i - 2 z > ~ 6X^-2-2 / )« or 

u„Gw(k, n) = wnGu{k, n) - Q"w0Gu(k -1,»), (10) 

GH(k,n) = v„Z(-Q")%_i_2i)„. (11) 
j=0 

Gu(k,n) = vn{F{a;k,n)-F(J3;k,n)}l{a-P) 
= {a(k-m)n + {-\)mftk-m'>n} {amn - (-l)m/rn} / {a - p) 
= {a1™ - / ?*" - (-\)mQm»(aQc-'lm)n -^*-2m>")} /(a-fi) or 

Gu{k,n) = ukn-(-\TQ"'\k_2m)n. (12) 

We observe that (12) is another special case of the statement of the problem, with (w„> = <w„). 
Now, substituting the result of (12) into the expression in (10), we obtain the following: 

u„Gw(k, n) = w„Mte - (-i)mQm"wnu{k_2m)n 

- Q>oK-iy» ~ H)m'Qm\k-i-2m-}„h 
where m' = [(k-\)/2]. 

(a) If k = 2m, then/w' = /M-l and k = 2m' + 2. Then 

u„Gw(k, n) = w„%, - Q"w0u(k_1)n - (-l)fflgmX«„ 
= «nwh,-(-l)mQm"w0un, 

using the result in (9). Hence, Gw(Jc, n) = w^ - (-T)mQmnw0 ifk is even. 

(b) If k = 2m +1, then mf = m and k = 2mf +1. Then 

^Gw,(£, n) = wnUkn - QnwQu{k_l)n - {-l)mQmnwnun 

using the result in (9). Hence, GJk, rty^w^- (-l)mQmnwn ifk is odd. 

We may combine both formulas into one, as follows: 

Gw(k, n) = wkn- (-ir0""V(yt_2m)n. (13) 

Also solved by H. -J. Seiffert and the proposer. 
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