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1. INTRODUCTION
Consider a sequence {i,} defined by the recurrence relation
W,=pW,,—qW, 5, n22, Wy=a, W =b,

where a, b, p, and q are integers with p>0, g#0, and A = p>—4g >0. We are interested in the
following two special cases of {,}: {U,} is defined by U, =0, U, =1, and {V,} is defined by
Vo=2,V,=p. Itis well known that {U,} and {/,,} can be expressed in the form

U, =0 Ve (L)
where a = (p++/A)/2, B=(p—+A)/2. Especially, if p=—g=1, {U,} and {/,} are the usual
Fibonacci and Lucas sequences.

Recently, André-Jeannin studied the infinite sum (see [1])

N
S =80p.9 =2, o
n=0

At the end of his paper, he presented a problem to study the integrity of an infinite sum
];c(x)szL:, k>0.
-0 X

In this paper, we solve this problem completely for the case in which £ >2 and g = +1.
By using the Binet forms (1.1) and the geometric series formula, we have
x(2x —V;)

T.(x)= x|> a*.
(0= 1

In what follows, we shall make use of the identities:

Unat =4"Un = U i (1.2)
Ui +9°U, = ViU (1.3)
Vau+2q" =V2, (1.4)
Van=24" = AU, (1.5)

Uy =UJV,, (1.6)

ViVaknaty + AUk nary = 2Vigane3): (1.7)

All the identities can be obtained by the Binet form (1.1).
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2. MAIN RESULTS

Let
akn —ﬂkn 3 Ukn

V= =ak kn /= =
n I/kn a +ﬂ 2 Un ak——ﬂk Uk (21)

In fact, the sequences {U!} and {V} satisfy the recurrence relation W, =V, W, —q*W, ,. From
(2.1) and applying Theorems 2-4 in [1] to the sequence {//}, we can obtain the main results of
this paper.

Theorem 1: If q=+1 and k > 2, there do not exist negative rational values such that 7, (x) is an
integer.

Theorem 1 is a direct consequence of Theorem 2 in [1], and its proof is omitted.
Theorem 2: If g =—1 and r > 0, the positive rational values of x for which 7, ,,(x) is integral are
given by
/ U(2r+1)(2m+1)
—2 (m=1,2,..)

g bty oo

U2m(2r+1)
and
v
_Qriham?) gy =0,1,2,...).

x=
V(2r+l)(2m+1)

The corresponding values of 7,,.,(x) are given by

T U(2r+l)(2m+1) _ U(2r+1)(2m+1)V2m(2r+1)
2r+l U. - U
2m(2r+1) 2r+1

and

T (V(2r+l)(2m+2)j _ U(2r+1)(2m+1)V(2r+1)(2m+2)
2r+l - .

V(2r+1)(2m+1) Uz

Proof: Since g =-1, we can apply Theorem 3 in [1] to the sequence {V,; =V(y,,y),}. There-

fore, the positive rational values of x for which 7,,,(x) is integral are given by
% m=12,.)

2m

xXx=
and

x:I/—zl"’L2 (m=0,1,2,..).
2m+1

The corresponding values of 7,,,,(x) are given by

UI
Tr 2m+l) — U’m v
2 +l[ Uz’m 2m+1" 2m
and
V,m ’ ’
By (_Vz_, +'2") = UitV msa-
2m+1
From (2.1), we can obtain the results. O
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Theorem 3: If g=1, p>3, and r > 0, the positive rational values of x for which 7,,,(x) is inte-
gral are given by
x=M m=12,..)
Uniarsy
and

X
x =G0 gy 01,2, ..),
Xm(2r+1)

where X, 5,11y = Ugratyomsty * Unmar1y- The corresponding values of 7,,,,(x) are given by

T (U(2r+l)(m+l) ) — U(2r+l)(m+l)Vm(2r+l)

2r+l

Um(2r+l) U2r+1

and

T ( X(2r+l)(m+1) } _ (U(2r+l)(m+l) B Um(2r+l))X(2r+l)(m+1)
2r+l - 2 .
U2r+1

X m(2r+1)

Proof: By q=1 and p >3, we have that

Vi =2 4@ >3,

Similarly to the proof of the last theorem, we can prove the conclusion from Theorem 4 in [1]. O

Theorem 4: 1If g =-1 and r 21, the positive rational values of x for which 7,,(x) is integral are
given by

U,
x=—"U2  (r or m even and m>1)
rm

and

V
x =2 (4 odd and m > 0).
r(2m+1)

The corresponding values of 7,,(x) are given by

T Ur( m+2) — Ur(m+2)Vrm
2r U U2,-

rm

and

T (Vr(2m+3)} _ Ur(2m+1)Vr(2m+3)
2r - .

Vr(2 m+1) UZ r

Proof: Apply Theorem 4 in [1] to the sequence {V)=V,,,}. Therefore, the positive rational
values of x for which 7,,(x) is integral are given by

x==1 (m=1,2,..)

U,
and
x=7’"":i (m=0,1,..),
where X! =U! ., +U}. The corresponding values of 7, (x) are given by
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Z;G%¥)=ML%;
and

XI
E{j%}wa&—%)

From (2.1), we have

Ui Usrimey o Usimizy Y Unpomany
= and X[, = :
Um U2rm U2r

It follows from (1.2) and (1.3) that

X = UnVarimary TVarUnrimery + 200 (mary
m+l ™ 2U .
2r

From (1.2)-(1.7), we have

Xf

Ur(2m+3) :
_ —Ur—"" F1s even,
+1 7 ) Veamey .
V—r r is odd.

Using a similar method, we have

Uramn 145 even
X =4 Y ’
"o femy s odd

r

It follows from (1.2) and (1.6) that
U2r(m+1) - U2rm - UrVr(lm—l—l) + ((_ l)r - 1) U2rm
U2r UZ

Ve@amey
vV,

r

4 [ S—
Um+1 —Um -

r

7 is even,

- UrVr(2m+1)_2U2rm P2 iS Odd
UZr ’

When g = -1 and r is odd, from (1.2) and (1.3) we have

Ve@amsny
Ut =Upy =4y
m+1 m Ur(2m+1)
UI“

¥ is even,

ris odd.

Therefore, the positive rational values of x for which 7;,(x) is integral are given by

x = Jarn (m=1), (2.2)
U2rm
U,
x =22 even and m > 0), (23)
Ur(Zm-I—l)

and

V
x =223 (7 odd and m > 0).
Vizmin
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The corresponding values of 7,,(x) are given by

T UZr(m+1) - U2r(m+l)I/2rm (2 4)

2r U2rm U2r ' .
U, U V.

7, [Uram | Uramaeamn, (. qyom. @.5)

2 Ur(2m+l) Uy

and

V U v
];r Vr(2m+3)j - r(2m48 r(2m+3) (7' Odd)
r(2m+1) 2r

It is.clear that (2.2) and (2.3) can be rewritten as

— Ur(m+2)
Urm

Similarly, (2.4) and (2.5) can be rewritten as

T Ur(m+2) — Ur(m+2)Vrm
2r U Uzr 4

rm

Urmi2)

2 > a* holds when m or r is even. Hence, the conclusions

On the other hand, since g = -1,
are valid. [J

Theorem 5: If g=1, p >3, and r 2 1, the positive rational values of x for which 7,,(x) is integral
are given by

U,
=D (4 =12,..),
rm

and the corresponding values of 7,,(x) are given by

T Ur(m+2) - Ur(m+2)Vrm
2r U Uzr .

i

Proof: Since g=1 and V,, >3, we can apply Theorem 4 in [1] to the sequence {V]=V,,,}.
The proof'is similar to the one of the last theorem. [0

Clearly, André-Jeannin's results are special cases of Theorems 2 and 3.
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