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1. INTRODUCTION 

Consider a sequence {Wn} defined by the recurrence relation 

K = pW„_, - qW„_2, n^W^cW^b, 
where a, b, p, and q are integers with p > 0, q & 0, and A = p2 - 4q > 0. We are interested in the 
following two special cases of {WJ: {UJ is defined by U0 = 0, Ux = l, and {Vn} is defined by 
VQ = 2, Vx = p. It is well known that {£/„} and {î J can be expressed in the form 

Un = ^^-,Vn = a"+P", (1.1) 

where a = (p + VA) /2 , p=(p- VA") /2 . Especially, if p = -q = 1, {£/„} and {F„} are the usual 
Fibonacci and Lucas sequences. 

Recently, Andre-Jeannin studied the infinite sum (see [1]) 

Sv(x) = Sv(x;p,q) = fj^. 

At the end of his paper, he presented a problem to study the integrity of an infinite sum 

„=o x 

In this paper, we solve this problem completely for the case in which k > 2 and q = ±l. 
By using the Binet forms (1.1) and the geometric series formula, we have 

T(x\- X(2x"Vk) |v|>tt* 
Tk{X)-xi-VkX + qk'lX]>a' 

In what follows, we shall make use of the identities: 
Un+2k-qkUn = UkVn+k, (1.2) 

Un+2k+qkUn=VkUn+k, (1.3) 

V2„+2q"=V„\ (1.4) 

V2n-2q" = AU2„, (1.5) 

VkV2k(n+X) + AUkU2k(n+l) = 2Vk(2n+3y (1.7) 

All the identities can be obtained by the Binet form (1.1). 
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2. MAIN RESULTS 

Let 

V> = Vkn = a«»+/3*", U'„ Tl_ak"-Pk" J]*, 
ak-pk Uk ' 

(2.1) 

In fact, the sequences {U'n} and {V$ satisfy the recurrence relation Wn = VkWn_l- qkWn_2. From 
(2.1) and applying Theorems 2-4 in [1] to the sequence {Fw'}, we can obtain the main results of 
this paper. 

Theorem 1: If q - ±1 and k > 2, there do not exist negative rational values such that Tk(x) is an 
integer. 

Theorem 1 is a direct consequence of Theorem 2 in [1], and its proof is omitted. 

Theorem 2: If q = -1 and r > 0, the positive rational values of x for which T2r+l(x) is integral are 
given by 

Ut 
x = -

(2r+l)(2m+l) 

a 
(m = l,2,...)' 

2m(2r+l) 

and 

y = ^ 1 x 2 ^ 2 ) ( w = o,l,2,...). 
r (2r+l)(2w+l) 

The corresponding values of T2r+l(x) are given by 

and 

T 

hr+l 

Ut 
\ 

(2r+l)(2m+l) 

\ &2m(2r+l) J 

\ 

&(2r+l)(2m+iy2m(2r+l) 

a 2r+l 

• (2r+l)(2m+2) 

Y(2r+lX2m+l) J 

__ U(2r+lX2m+iy(2r+lX2m+2) 

a 2r+l 

Proof: Since q = - 1 , we can apply Theorem 3 in [1] to the sequence {V^ = F(2r+1)„}. There-
fore, the positive rational values of x for which T2r+l(x) is integral are given by 

_ ^2 /n+ l 

a 
(in =1,2,...) 

2m 

and 
x = ite±2. (,,, = 0,1,2,...). 

r 2m+l 

The corresponding values of T2r+l(x) are given by 

^2r+l 
II9 
u2m+l 

V Uttm J 
- 77' V 
- U2m+V2m 

and 
T I ^2m+2 | _ ri> yr J2r+l I T / f I - u 2 w + F 2 w + 2 -

r2m-fl 

From (2.1), we can obtain the results. • 

2000] 421 



THE INTEGRITY OF SOME INFINITE SERIES 

Theorem 3: If q = 1, p > 3, and r > 0, the positive rational values of x for which T2r+l(x) is inte-
gral are given by 

= %±B£!5±!I(OT=1,2,...) 

and 
m(2r+l) 

y _ ^(2r+l)(m+l) 

X. (/» = 0,1,2,...), 
m(2r+l) 

w h e r e X w ( 2 r + 1 ) = f/(2r+i)(m+i) + Um(2r+\) • T h e corresponding values of T2r+l(x) are given by 

T 
J2r+l 

ut 
\ 

and 

(2r+l)(m+l) 

\ Um(2r+1) J 

xt, 

_ "(2r+l)(m+iym(2r+l) 

a 
T I -1(2r+l)(m+l) 
hr+l \ y I ~ 

V yLm(2r+l) J 

Proof: By q = 1 and /? > 3, we have that 

(f(2. 

2r+l 

r+l)(ffl+l) ^m(2r+I) )^(2r+l) ( /H+l) 

f/2 
u 2 r + l 

K 2r+l ' a 
2 r + l + a-(2r+l)>3 

Similarly to the proof of the last theorem, we can prove the conclusion from Theorem 4 in [1]. D 

Theorem 4: If q = - 1 and r > 1, the positive rational values of x for which Z^r(x) is integral are 
given by 

77, ... 
(r or w even and /w > 1) x __ Ur(m+2) 

u„ 
and 

K r(2m+3) 

K(2m+1) 
(r odd and # i>0) . 

The corresponding values of T2r(x) are given by 

j i Ur(m+2) 

and 

J 2 r 

T2r 

^r(m+2yrm 

un 

(v 
yr(2m+3) 

\yr{2m+\)J 

a 2r 

U r(2m+\yr(2m+3) 

a 2r 

Proof: Apply Theorem 4 in [1] to the sequence {VJ = V2rn). Therefore, the positive rational 
values of x for which T2r{%) is integral are given by 

and 

x = - ^ L ( « = l , 2 , . . . ) 

^ (at = 0,1,...), 

where X'm = U'm+l + U'm. The corresponding values of T2r(x) are given by 
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A2r I Tjf J - Um+Ym 

and 

From (2.1), we have 

Tlr 
X: m+l 

V ^m 
f - ^-m+lV^m+l U'nJ. 

Um+l =
 U2r(m+1) ^ g , =

 U2r(m+2) + U2r(m+l) 

&2r IF 11 
w m ^ 2rm 

It follows from (1.2) and (1.3) that 

v , _ ^2r^2r(m+l) + ^2r^2r(m+l) + ^2r(m+l) 
L/w+l 2U, 2r 

From (1.2)-(1.7), we have 

Using a similar method, we have 

X: 
f C % ^ r is even, 

^ + 1 I r̂(2m+3) 

XL, — 

un (2w+l) 

K(2m+3) 

r is odd. 

r is even, 

r is odd. 

It follows from (1.2) and (1.6) that 

TJt -JJ' -, _ ^2r(m+l) ^2rm _ ^rK(2m+l) + ( ( V V ^ 2rm 

a 2r 

K(2m+l) 
K 

| UrVr(2m+l)-2U2rm 

a 2r 

r is even, 

r is odd. 

When q = -l and r is odd, from (1.2) and (1.3) we have 
(v. 

uf
m+l-u^\ 

(2w+l) 

Jr{2m+\) 

r is even, 
r is odd. 

Therefore, the positive rational values of x for which T2r(x) is integral are given by 

a 2rm 

f/w 
x = r(2m+V , ( r e v e n and m > 0 ) ? 

^r(2/w+l) 

and 
_ K(2m+3) 

K(2m+1) 
(r odd and m>0). 

2000] 



THE INTEGRITY OF SOME INFINITE SERIES 

The corresponding values of T2r(x) are given by 

hr I - 7 7 - "77 , (2-4) 
u2rm J u2r 

T2r 
"r(2m+3) j ^^om^\K 

V Ur(2m+1) J 
and 

= "wyrd^i) (/-even)) ( 2 5 ) 

It is clear that (2.2) and (2.3) can be rewritten as 

_ Ur(m+2) 
U ' 

rm 
Similarly, (2.4) and (2.5) can be rewritten as 

T | ^>Q+2) )_^r(m+2)Km 

H um r u2r • 
On the other hand, since q = -l, r//"+2) > a2r holds when m or r is even. Hence, the conclusions 
are valid. D 

Theorem 5: If q = 1, /? > 3, and r > 1, the positive rational values of x for which T2r(x) is integral 
are given by 

* = % ^ (m = l,2,...), 

and the corresponding values of T2r(x) are given by 

hr 
fir \ "r(m+2yrm 

u2r 
Proof: Since g = 1 and F2r > 3, we can apply Theorem 4 in [1] to the sequence {V^ = F2rw}. 

The proof is similar to the one of the last theorem. • 
Clearly, Andre-Jeannin's results are special cases of Theorems 2 and 3. 
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