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1. INTRODUCTION

Let ay, a, ..., a,; with a,_; #0 (r = 2) be fixed complex numbers. For any sequence of com-
plex numbers 4 = (ay, a4, ..., &,_;), we define the r-generalized Fibonacci sequence {¥,(1)},5 as
follows: Y (n)=a, forn=0,1,...,7r -1 and

Yin+D)=alym+aly(n—D+- +a,_Jm—-r+1) 1)

for all n>r—1. Such sequences have been studied in the literature (see, e.g., [5], [6], and [8]-
[12]).

Let ¥ = {¥ u}ozncp» Where p <+oo, be a sequence of real numbers. The Hausdorff moment
problem associated with » consists of finding a positive Borel measure 4 such that

¥ = [ t7dp(t) for all n 0<n < p) and Supp(u) < [a, b], @

where Supp(u) is the support of g . If this problem has a solution g, we say that u is the repre-
senting measure of y = {¥ ,}o<n<p. For p=-+oo, problem (2) is called the full Hausdorff moment
problem (see, e.g., [1] and [2]). When p <+, problem (2) is called the fruncated Hausdorff
moment problem, and it has been studied by Curto-Fialkow in [3], [4], and [7].

The aim of this paper is to study the Hausdorff moment problem on [a, 5] associated with an
r-generalized Fibonacci sequence y = {Y,(n)},50. Some necessary and sufficient conditions for
the existence of a positive Borel measure u satisfying (2) are derived from those established for
the full or truncated Hausdorff moment problem (see [1]-[4] and [7]).

This paper is organized as follows: In Section 2 we study the connection between the dis-
crete positive measure and sequences (1). We also give two fundamental lemmas on representing
measures of sequences (1). Section 3 deals with the full Hausdorff moment problem for sequen-
ces (1) using Cassier's method (see [2]). In Section 4 the Hausdorff moment problem for sequen-
ces (1) is studied using Curto-Fialkow's method (see [3]). Section 5 concerns the extension
property of the truncated Hausdorff moment sequence to sequences (1).

2. SEQUENCES (1) AND REPRESENTING MEASURES

2.1. Discrete Positive Measure and Sequences (1)
Let [a, b] be an interval of R and consider the following discrete positive measure
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r=1

:u = ijax, >
Jj=0

where p; €R and Supp(1) C[a, b]. Let {a,},o be the sequence of moments of u. Hence,

r-1

a, = rt"dp(t) =Y p;x; forallnz0.
'a _]=0

Consider the polynomial F,(X) =IT/zh(X ~x;) = X" —ap X" ! =y X™2 — ... —aq,_,. Itis clear that

Xo, X1, ..., X,_1 are simple roots of F,(X). Thus, we have x/*' = apx +ayx7-1 + -+ +a,_x7"+

(0<j<r-1) forany n>r—1. This implies that

Oy =000, + QA+ + 0,y forallnzr—1.

Then the moment sequence {c,},»o of u= 27} p;0x, is sequence (1) with coefficients ay, ..., a,,
and initial conditions 4 = (e, ..., @,_1).

We can see then that problem (2) for sequences (1) is nothing more than the converse of the
preceding assertions.

2.2. Two Fundamental Lemmas on Representing Measures of Sequences (1)

Let {¥,(n)},»0 be given by sequence (1) and suppose that u is a representing measure of
{¥4(") }o<n<a,- Then, for any n (0<n <r), we have

Yy(n+r)= Et"*’dp(t) = j:t" [agt™ 1+ a2 + - +a,_ du(?).

Thus, we have ]: 1"P()du(t) = 0 for all n (0<n <r), where P(X) is the characteristic polynomial
of sequence (1). The preceding relation implies that j: P()*du(t)=0. Since u is a positive Borel
measure, it follows that Supp(u) < Z(P) = {x €[a, b]; P(x) =0}. Hence, we have the following
lemma.

Lemma 2.1: Let {Y,(n)},5, be given by sequence (1). Suppose that u is a representing measure
of {¥,(n) }o<ns<zr- Then Supp(u) < Z(P) = {x €[a, b]; P(x) = 0}, where P is the characteristic poly-
nomial of {¥,(1)},»0-

We note that the proof of Lemma 2.1 is identical to the proof of Lemma 3.6 of [3], but in our
case P(X) is the characteristic polynomial of sequence (1). It follows from Lemma 2.1 that, if
sequence (1) is a moment sequence of a positive Borel measure x4 on [a, b], then u is a discrete
measure with Supp(u) c Z(P).

Using Lemma 2.1, we can prove the following property.

Lemma 2.2 (Lemma of Reduction): Let {¥,(n)},o be given by sequence (1) and let P(X) be its
characteristic polynomial. Let u be a Borel measure on [a, b]. Then the following statements are
equivalent.
(i) u is a representing measure of {¥,(n)},» on [a, b].
(i) u is a representing measure of {¥,(7)}o<<2- ON [a, B].
(iii) u is a representing measure of 4 = (ay, ..., &,_;) with
Supp(u) c Z(P) = {x €[a, b];, P(x) = 0}.
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Proof: 1t is easy to see that (i)= (#). From Lemma 2.1, we derive that (i) = (ii). If
a;= jjtfd,u(t) for 0< j <r—1 and Supp(u) = Z(P), then

Vi) = [Taut + a2 + -+ a,_1du(t) = [ (o)

By induction we have Y,(n) = j: 1"du(t) for any n>r. Consequently, u is a representing measure
of {¥y(m)} 20 on[a, b]. O

Lemma 2.2 has two important consequences. First, we can use it to see that the full Haus-
dorff moment problem for sequences (1) may be reduced to the truncated Hausdorff moment
problem studied in [3]. Second, we shall also see that the truncated Hausdorff moment problem
for a sequence y = {y ;}o<;<. can be extended to sequence (1).

3. SEQUENCES (1) AND FULL HAUSDORFF MOMENT PROBLEM

Let {¥,4(n)}.»0 be sequence (1) in [0, 1] and R[.X] the R-vector space of polynomials. Con-
sider the linear functional L:R[X]— R defined by L(X")=1Y,(n) for n=0. From relation (1),
we derive that L(X*P(X))=0 for all £ >0, which implies that L(QOP) =0 for any Q in R[.X].
Hence, 7 =(P) is an ideal of R[.X] with (P) c ker L. Conversely, let {¥,},2¢ be a sequence of
real numbers and L: R[X]-—> R alinear functional defined by L(X") =V,. Ifthere exists P(X)=
X" —ag X1 —...—a,_; such that L(X*P(X))=0 for all £ >0, then {V,},» is given by sequence
(1) with coefficients ay, ..., a,_; and initial conditions 4 = (5, ...,V,.}).

Proposition 3.1: Let {V,},, be a sequence of real numbers and L:R[X]— R a linear functional
defined by L{X") =V, for n=0. Then:
(i) If {V,},s0 is given by sequence (1) with characteristic polynomial P, we have I = (P) cker L.
(i) If there exists a polynomial P= X" —ayX"'~.--—a,; (r=2) such that / =(P)ckerl,
then {,},50 is given by sequence (1) with coefficients ay, ..., a,_; and initial conditions 4=

(V;) ERRES K‘—l) .

Let P(X)=X"—ay X" —+--—a,; (a,_; #0) and let R(X) be in R[X] such that R(X) =0
for all x in [0,1]. It is well known that there exists A and B in R[.X] such that R(X) = A(X)* +
X(1—- X)B(X)? (see, e.g., [2]). Since A=QP+ 4, and B=0,P + B}, where O, (), 4, and B,
are in R[ X7, with deg 4, <7 —1 and deg B, <r —1, we derive the following lemma.

Lemma 3.2: Let P(X)=X"—ay X1~ ---~a,; (a,., #0) and R(X) € R[X] such that R(x)>0
for all x in [0,1]. Then there exist O, 4;, 4, in R[X] such that R(X)=Q(X)P(X)+ A2+ X(1-
X)B?, where deg 4, <r—1 and deg B, <r —1.
We recall that a real matrix M =[m; ]y ;< (k < +o0) is positive if, for all (finite) real sequen-
ces {&;}o<;<p, We have
k
Zrnijgif ;2 0.
i, j=0

Note that A 20. It was proved in [2] (see Theorem 1.2.3) that a real sequence {¥},., is a
moment sequence of Borel positive measure ¢ on [0, 1] if and only if the two matrices
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M= [Yi+j]i,j20 and N = [Yi+j+l _Y;+j+2]z',j20
are positive. From Proposition 3.1 and Lemma 3.2, we derive the following result.

Theorem 3.3: Let {¥,(n)},, be given by sequence (1). Then {¥,(n)},, is 2 moment sequence
of a unique positive Borel measure 4 on [0, 1] if and only if the following two matrices,

HE) =[YyG + Nlogi, j<r and K@) =[XyG+j+D=YyG + j+2)]ogs, j<r15 ©)
are positive.

Proof: Suppose that the two matrices H(r) and K(r) as defined in (3) are positive. Let
L:R[X]— Rbe a linear functional defined by L(X")=V, for n>0. For any R eR[X] such
that R(x) >0 for any x €[0, 1], Lemma 3.2 implies that R = QP + A2+ X(1- X)B?, where 0, 4,,
B, e R[ X] with deg 4, <r—1 and degB,<r-1. If 4,(X)= Z;;%, A,X7 and B(X) =22 B, X/,
then

LR = Y YG+piA,+ Y [LG+j+D)-Y,G+j+2)]B8,.

0<i, j<r-1 0<i, j<r-1

Since H(r) and K(r) are positive, we obtain L(R) >0. Consider the Banach space
(C([O’ 1]7 R)a ”'”[0, 1])

of continuous functions on [0, 1], where || £ [|jo, ;= sup,. o,y |/ (*)|. Then |L(R)| < || Rllo, ;; L(Y).
This allows us to extend the linear functional L to a positive measure x4 on [0, 1], where L(f)=
f& S(@®du(t) for any f € C([0, 1], R). Thus, we have Y,(n) = j; t"du(t) for any n>0. Conversely,
if A(X)=2%254,X’, then A(x)> >0 and x(1-x)A(x)* 2 0 for any x €[0,1]. Thus,

l . *

[A@du = Y Y6+ Aa, =0

0<i, j<r-1

and

[f0-0DA@Pdut) = ¥ GG+ j+D-YG+j+2)] A4, 0.

0<i, j<n
Therefore, the two matrices H(r) and K(r) are positive. O

Using an affine transformation, it was established in [2] (see Corollary 1.2.4) that a real
sequence {¥ },-, is a moment sequence of a positive Borel measure on [a, b] if and only if the

two matrices
M=[Y,;]; ;20 and N=[(a+d)Y, ., —Y,1,—abY]; ;50
are positive. Thus, for sequences (1), we derive the following corollary from Theorem 3.3.

Corollary 3.4: Let {Y,(n)},>, be given by sequence (1). Then {¥,(n)},-, is a moment sequence
of a unique positive Borel measure g on [a, b] if and only if the two matrices

H@)=[Y,G+ Nlosi, j<r1 and K@) =[(@+d)Y,(+j+)-Y,(i+j+2)- abY (i + Nlo<i, j<r

are positive.
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Theorem 3.3 and Corollary 3.4-allow us to see that the full Hausdorff moment problem for
sequence (1) can be reduced to the truncated Hausdorff moment problem, which is conformable
with the result of Lemma 2.2.

4. SEQUENCES (1) AND TRUNCATED HAUSDORFF MOMENT PROBLEM

The Hankel matrices associated with a given real sequence y ={y;},5, are defined by
H(n) =[74;lo<i, j<n» Where n20. The (Hankel) rank of the Hankel matrix A=[y;, ;o< j<k>
where (g, ...,7,;) in R*¥* denoted by rank(y) is defined as follows: If A is nonsingular,
rank(y) =k +1, and if 4 is singular, rank(y) is the smallest integer i (1<i <k) such that V; e

span{V, ...,V,_1}, where V, = (y j+,)f‘=0 is the j™ column of 4. Thus, if 4 is singular, there exists

a unique (@,,...,4,_;) in R’ such that V,=¢, Vy+---+@J,_,. The polynomial gX)=X -
G X'+ +¢,_, is called the generating function of y = (y, ..., ¥;) (see [31).

Let Y, ={Y,(n)},>, be given by the sequence (1) and consider the full Hausdorff moment
problem (2) for ¥, on [a,b]. From Lemma 2.2, this problem may be reduced to the following
truncated Hausdorff moment problem: Find necessary and sufficient conditions for the existence
of a positive Borel measure g such that

Yy(n) = [ "dp(@), (0sn<2r) and Supp(p) [a,b].

The general case for the truncated Hausdorff moment problem has been studied in [3]. Consider
the two Hankel matrices

A(r)=[Y4G+ Do, j<» and B(r)=[Y4G +Jj+Dlo<;, j<r-
Since Y,(n+1) = Z;;}) a;¥,(n— j) for nzr -1, the column vector V'(r +1,r) = Xyr +1+ 1)) is
an element of the range of A(r) and the (Hankel) rank(¥,) is equal to rank(Y{?), where ¥’ =

(¥4(0), ..., ¥,(2r)). Thus, we have s:=rank(¥,)<r. Hence, for sequence (1), the preceding
Lemma 2.2 and Theorem 4.3 of [3] imply that the following are equivalent.

(i) There exists a Borel positive measure g such that Supp(u) c[a,b] and Y,(n) = j:t"d,u(t),
0<n<2r.
(i) There exists an r-atomic representing measure 4 for ¥, such that Supp(u) c|[a, b].
(iii) A(r) =0 and bA(r) = B(r) = aA(r).

Consequently, we have the following result.

Theorem 4.1: Let Y, ={V,(n)},>o be given by sequence (1), where 4=(a,,...,a,_;) with
a, >0 and let s:=rank(Y,) = rank(Y, (M) . The following statements are equivalent.
(i) There exists a Borel positive measure y with Supp(u) c[a, b] such that Y,(n) = j:t"dy(t)
for all n>0.
(ii) There exists an s-atomic representing measure u for ¥, such that Supp(u) c[a, b].
(iii) A(r) 20 and bA(r) > B(r) > aA(r).
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Suppose that {Y,(n)},, is a moment sequence of a positive Borel measure u on [a,b].
Then, from Theorem 4.1, we derive that u=%7_, p jé'xj , where p, >0 and {x,,...,x,} c[a,b]
Z(P). The real numbers p; are given by the following linear system of 7 equations

X{py+xipy++xjp,=a;, 0< j<r-1.

5. FIBONACCI EXTENSION OF y

Let y =(¥,, ..., ¥,) eR™! with (¥, >0). In [3], Curto-Fialkow give necessary and sufficient
conditions for the existence of a positive Borel measure x4 such that

Y= [[Pdu(t) for j=0,1,..,m and Supp(ss)c [a,b]. )

Let V; = (¥, )o<;<i @=0,...,k+1) be the i column vector of A(k) and r =rank(y). Thus,
{,...,V,_1} are linearly independent, and there exists (§,,...,5,;) € R” such that V, =5}, +
o+b Yy V(@ r-)=(,, ;;},, then we have (&, ...,b,_;) = A - 1)V (r,r-1). For m=2k
or 2k +1, Curto-Fialkow proved in [3] that there exists a positive Borel measure u satisfying (4)
and Supp(u) < [a,b] N Z(F,), where r =rank(y) and F, is the generating function of y (see
Theorem 4.1 and 4.3 of [3]). Since Supp(1) = Z(F,), we derive that

Y_vj+l=b01,j+“-+b—ly_vj—r+l for r—IS_]S2k

Let {Y,(n)},>o be given by sequence (1) defined by 4=(X,,...,Y_,) and Y,(n+1)=5,Y,(n)+
vo4b,_Y,(n—r+1) for n>0. This sequence, called the Fibonacci extension of the truncated
Hausdorff moment problem of y , satisfies

Yy(n) = [ £"du(t) for all n>0.

Proposition 5.1: Let y =(Y,,...,Y,) with };>0. Suppose that there exists a positive Borel
measure ¢ which is a representing measure of ¥ . Then y owns an extension {¥,(n)},, Which is
a sequence (1), where r =rank(y), A=(Y,,...,Y_,) and the coefficients ,,...,b,_, are given by
the characteristic polynomial P, of u.
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NEW PROBLEM WEB SITE

Readers of The Fibonacci Quarterly will be pleased to know that many of its problems can now
be searched electronically (at no charge) on the World Wide Web at

http://problems.math.umr.edu

Over 20,000 problems from 38 journals and 21 contests are referenced by the site, which was
developed by Stanley Rabinowitz's MathPro Press. Ample hosting space for the site was gener-
ously provided by the Department of Mathematics and Statistics at the University of Missouri-
Rolla, through Leon M. Hall, Chair.

Problem statements are included in most cases, along with proposers, solvers (whose solutions
were published), and other relevant bibliographic information. Difficulty and subject matter vary
widely; almost any mathematical topic can be found.

The site is being operated on a volunteer basis. Anyone who can donate journal issues or their
time is encouraged to do so. For further information, write to:

Mr. Mark Bowron

Director of Operations, MathPro Press
P.0.Box 713

Westford, MA 01886 USA
bowron@my-deja.com
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