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1. INTRODUCTION

For the tridiagonal matrix

L Jin-nx(n-1)
it is known (see [1]) that 4™ = [a;] has elements
{i("‘f) i<j
n =J>
ajj =9 i
)
T 1> ].

We will find the inverse of the matrix 4,, p €N, where

[2 <1 ]
0 2 -1
0 0 2 -1
Ap= -1 0 0o 2 -1
-1 0 -0 2 -1
-1 0 0 2 -1
L -1 .O - 0, 2_(n—l)x(n—1)

It is evident that, for p=1, 4,=4.
Let F}(”), p €N, j eNuU {0}, be the Zeckendorf numbers given in [2] with

FP =0, peN,
Fl(p)=l, p eN,

and
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1, r=LjeN
Fj(”)~ 272, p=2,j€{2,3,..,p},
F(p) + F(p) Lo g F(”), p=2,j>p,

and let us define

i
uO=YFP, ie{l2,.,n,
> M

uP =0, i<0,
Theorem (Main Result): If the numbers 7 are as in (1), define the matrix A, =[a;], p>2, by

1 .
a; = —u—(;—)—(u,-@)uff_’)j —uf,”)u,-(f}), i,je{,2,.,n-1} ()
n

Then A; = A;l.

It is important to mention that, since p = 2, » must not be less than 4.

2. PROOF OF THE MAIN RESULT
First, we will establish some properties of the numbers u{?).
Lemmal: ForipeN, p>2 andi<p+1,
uP =21,
Proof: 1Ifi < p, then

uP = ZF(P) =1+(1+2+-+27%) = 1+221 T =2,
j=1
andifi = p+1, then
Uy = uP + FQ) =23 FP =27, O
j=1
Lemma 2: If 6,, is the Kronecker delta symbol, then
| ”i(cp)p— - 20y +ulf) =6y, 3)

for p,k eN\{1} and / eN U {0}.
Proof: Let us consider two different cases: (@) I>k; (b) I <k.
(a) ForI>kmwehave k—p—-1<0, k-1<0,and k+1-/<1. Hence, by (1),

ul£€)17—l = uls'g)l = 0:

AP 0, k<l
k+1-1 = F(p) _ 1 k = l
and (3) is valid.
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(b) For I<k, firstlet 2<k<p. Then k—p-I<0and k—I<k+1-I<p+1. Hence, by
(1) and Lemma 1,

_ k-1- k=1
20 =0, w8y =27, and iy, =2

It follows that (3) is true.
If k> p+1, thenfor: (i) 0<k-I<p,

uP =20 +uf) | =0-2.2F"142F =0

(i) k—I>p,letk—I=p+1t,1>1, then
pt+l

U~ 2P+ P, = z FP - 22 F® 4 Z F®

p+t
=— Y FP+FP,=0 0
Jj=t+1
Proof of the Main Result: Since A, is a square matrix, it is sufficient to prove that 4, is a
right sided inverse. Using Lemma 2, we will prove statement (2). If we set 4, =[¢;], then
2, j=i,
¢;=1-L Jj=it+lorj=i-p,
0, otherwise.

Fork=1and j €{1,2,...,n—1}, we have

(A )y, = Zcual; —ay;

(p)

B uz; L(2u(P — )+ (—20?) +uf?)).

Using (1) and the definition of F(¥,

2u1(”) —uP) = 21:1(17) - (Fl(p) + Fz(”)) =0
and .
wP =1, j=1,

0, jef2,..,n-1}.
Therefore, (4,4,),; = 6y; for j €{1,2,...,n-1}.
Fork €{2,...,p}and j €{1,2,...,n—1}, we have

—2u{f} +u§£)j = u§’_’} = {

n—1
(4,4,)y = IZ:cklalj =2 -y,
=1

u(p)

— u(P (2”1(cp)“u1(cf»)) ( 2u’(cp) P )

Upiy- i)

and from (1) and (3) it follows that
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2P —ulP) = _(u,(cp) —2uP) +u;(cfi)1) ~8,,=0

and

24P, + 4P, =P~ 2uP, 440 =5,

Fork e{p+]1,..,n-2}and j €{l,2,...,n—-1},let k=p+¢,t>1. Then

n-1
(4,40)y = Z Culy = Cpiy By + COyy + Cp 4141,
I=1

— p— ” —
=—a;+2a,-ap, =4, 2050,

u?
n-j|_ (p) (P) _,,P) (P)  _24(P) 1 4,(P)
(p)[ u +2u u; ] ( e o= Zuk_j k+1_1)
(p)
Fork=n-1and j €{l,2, ...,n—l}, we have
(ApA;'a)n—l,j an—p—l J +zan—l,j
=L (0 yp oy p) (P)yy(P) _ 1/(P)yy(P)
“ﬁ( D —uPu?, )+ u® (PP, - uPu) )
) WP (P)) 1 4P »)

= L (ytp P p — (P
(p)( - 2u; )+un-1_p _y 2w
(p)

__ Wi » _

U (”" +0, ) Ot j = Uy =Oprye O

Using the previous theorem, we can now easily find inverses for the following band matrices
A, with 4™ =][a, il

e For the matrix

-1
r——— _
2 0 - . 0 -1
-1 2 0 0 -1
-1 2 0 0 -1
A= -1 2 0 - 0 -1 ,
-1 2 0 0
-1 2 0
L -1 2_ (-Dx(n-1)
1

ay=—— o (u(”)uf,f? u,(,”)uf.f,).), i,je{l2,..,n-1}.
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e  For the matrix

-1 0 - -0 2
-1 0 .0 2 -1
-1 0 .0 2 -1
A=[-1 0 0 2 -1 ,
0 0 2 -1
0 2 -1
2 -1

L Jd (n=-Dx(n-1)

a, =L(u,.(")u§")—u,(,p)u.(”). ), i,je{l,2,..,n-1}.

i u’({p) i+j—n
e For the matrix
_ 19
-1 2 O
-1 20 0
A= -1 2 0 - 0 -1 ,
-1 2 0 0 -1
-1 2 0 0 -1
120 - - 0 -1 Jonx(n-

1 .
a, = ﬁ(uf,’_’,?u,(,f)j —uPulP)_ j), i,je{l,2,..,n-1}.
n
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