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PROBLEMS PROPOSED IN THIS ISSUE

H-572 Proposed by Paul S. Bruckman, Berkeley, CA

Prove the following, where ¢ = o'

S (Sn+ 1)+ ™™ [ (Sn+2)— " | (Sn+3) — ™4 /(5n+4)} = (7 /25)(50-10/5)"2.

n=0
H-573 Proposed by N. Gauthier, Royal Military College of Canada

"By definition, a magic matrix is a square matrix whose lines, columns, and two main diag-
onals all add up to the same sum. Consider a 3 x 3 magic matrix @ whose elements are the
following combinations of the n' and (n+1)™ Fibonacci numbers:

@, =3F,+F;, ®,=F,; @y =2F,,, +2F,;
O, =F,, +2F,; ©@n=2F,+F; ®3=3F,;
Dy, =2F,,; ®,, =3F,,+2F,;, ®u=F,,+F,

Find a closed-form expression for ®”, where m is a positive integer, and determine all the values
of m for which it too is a magic matrix."

SOLUTIONS

Geometric?

H-561 Proposed by N. Gauthier, Dept. of Physics, Royal Military College of Canada
(Vol. 38, no. 2, May 2000)

Let n be an integer and set s,,, = a"+a" B+ +af" '+ ", where a+f=a, afi=b,
with a # 0, b # 0 two arbitrary parameters. Then prove that:

(7 pa(r-) L - .
(a) S;sqr+n = Z(f)bq( [)Sés;ra-f]spum
=0
r - r - .
® 5755, = 3O Jsisiisuron
=0
(7 —t) - .
(C) S;p+qsqr+n = ZZO( Z)b(m-q)(r Z)S;, ‘sﬁ +qS(2 p+q)e-pr+n>
where 7 >0, n, p(#0), and q(# 0, + p) are arbitrary integers.
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ADVANCED PROBLEMS AND SOLUTIONS

Solution by Paul S. Bruckman, Berkeley, CA

Let the sums indicated in the right-hand members of parts (a), (b), and (c) be denoted by
A=A(p,q,r,n), B=RB(p,q,r,n), €=%C(p,q,r,n), respectively. We distinguish two possi-
bilities: Case 1, where a> #4b, i.e., a # 3; Case 2, where a*> =4b, i.e., a = 8. For Case 1, the
Binet formula holds: s, = (" - B8")/ (a — B); for Case 2, we have: s, =na™, in either case for all
integers n. We first deal with Case 1; we also make the substitution 8 = @ — . The sums may be
evaluated by application of the appropriate formula for s, and the Binomial theorem. We will also
employ some auxiliary results, given in the form of lemmas.

Lemma 1: b%s, ,+a’s, = a’s,; bls, ,+fPs, = B%,.
Proof:
b%s, ,+aPfs, ={(af)!(a” - ") +a’(a’ - f)}/ 0= a’(a’ - f1)/ 0= a’s,;
also,

bs, g +BPs; = {(af) (@™ = ) + BP(a’ - p)} 1 0= pP(a® = 7)1 6 = fs,. [
Lemma 2: s,,,—a’s, = ps;; s,.,— s, =a’s,.
Proof: In Lemma 1, replace p by p +¢, then divide by a? (or 7). O
Lemma 3: fP*s,+aPs,, = a9, +BPs,. =5 ,.,.
Proof: Replace gby p+ginLemma2. O

We may now proceed to the proof of the problem, at least for Case 1.
(a) A = Z er bq(r—k)(sq)k(s -q)r—k(apk+n _ﬂpk+n)/9
k=0
=(a"/0)(b%s,_, +aPs) —(B"10)(b%s,_, + BPs,)
=(a?/0)(a’s,) —(B"/6)(B%s,)" (using Lemma 1)
= (5, (@ = BT™)/0 = (5,Y Sy T
(b) PR = kZ(_l)k er(sp)k(sp+q)r—k(aqk+pr+n _ ﬂqk+pr+n)/0
=0

= (aPr+n /6)(Sp+q _ aqsp)r _ (ﬂpr-m /0)(Sp+q _ ﬂqsp)r
=aP™*"/6) ﬂp'(sq)’ —(pPm e)ap’(sq )" (using Lemma 2)
=b"(s,) (@" - p")/ 0 =b"(s,)'s,. O

,
(C) @ = Z er b(p+q)(r—k)(sp)r—k (sp+q)k (a(2p+q)k—pr+n _ 'B(2p+q)k—pr+n)/0
k=0

= (P O) (BP9, + @ s, )~ (B7P6)(BP s, + f2PHs,, )

— (a—pr+n+pr+qr/0)(ﬂp+qsp +apsp+q)r _ (ﬂ—pr+n+pr+qr/9)(ap+qsp +ﬂpsp+q)r;

hence, using Lemma 3, € = (a™"/0)(S2544)" ~ (B 0)(S3p14)" = (S2p1g) Sgrin O
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ADVANCED PROBLEMS AND SOLUTIONS

It remains to prove (a), (b), and (c) for Case 2. We first show that Lemmas 1, 2, and 3 are
valid for this case as well; the modified versions of these lemmas are denoted by a "prime" punctu-

ation.
Lemma1': b%s, ,+a’s, = a’s,.
Proof: bis, ,+a’s,=(p- Qe (aP Y +qaf(a?h) = paPti = paPla? = als, O
Lemma 2': s,,,—als,=afs,.
Proof: Replace p by p+q in Lemma 1’ and divide by . O
Lemma 3': at*s,+a’s,,, =8 ,.,.
Proof: Replace g by p+q in Lemma 2’.

@' A=Y, Cob ) (5, ) (P maP
k 0

r r
v — - - —, ~k ., pk+n-1

— prz o k—lbq(r k)(sq}k(sp—q)r kapk+n l+anCkbq(r k)(sq>k(sp—q)r aP +n

s k=0

r—1 r

~1- ~1- - al - k —k ., pk+n-1
:prZr—ICkbq(r 1 k)(sq)kﬂ(sp_q)r I kapk+p+n 1+n§: r,\/kg)q(r k)(sq) (Sp_q)r ap +n
k=0

= prs,aP " bls,  +afs Y +na T bls,  +afs)
= praP*" a0 s (s Y +na" 7 (s,) (using Lemma 1)
= P (5, N pgr +mp) = pa g + maT s, = (5,) Sy D

(b)v B = i (_1)krck(sp)k(sp+q)r_k(qk +pr +n)a,qk+pr+n—1

k=0

r=1
— _qrspaq+pr+n—lz (—l)k r—le( ( Tq)r 1-k qk
k=0

+(pr+n)a’ ’“"12( ¥, Ci(5,) (509 0™

= —qrspaq“’””"l(s -af's,)” Yy (pr+maP™ (s Spig = 78,)

= —qrs,a? " aPs,) T+ (pr+n yar™ " Wars,) (using Lemma 2)

= {-r5,8,07"" +(pr +n)s,a” " Py (abs,)

— {_rspa2pr+n—p + (pr + n)a,ZpH—n—l}(Sq)r — {_prazpr-i—n—l + (pr + n)aZpr+n—~1}(Sq)r

=na®*"N(s,) = a?P (s,) s, = b7 (s,)'s, O
©: 6= Z C BN (5, Y H(5,4) {20 + @)k — pr + myo P Ok-prn]

r—1
- - o ~1-k k(2 i
— (2p+q)ra2p+q pr+n lSp—Q—qu—le b(p+q)(r 1 k)(sp)r I (Sp+q) (E( p+q) +
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ADVANCED PROBLEMS AND SOLUTIONS

r
+ (‘pr + n)a—-pr+n—l Z er b(p+q)(r~k)(sp)r—k (Sp+q)k a(2 p+q)k
k=0

=Q2p+ q)ra2"+q"”+”'lsp g (B7 175, + a2P+qsp +q)"1
+(=pr+m)a PP, + a? s, Y

= (2p +q)ra?Pra-rrin-lg(praXr-1) Spig (Pt S, + apsp+q)”1
+ (= pr+n)o~Prirlgprar (@™s, +ars,,,)

=P+ Qra’ s, (Sp) T H (P +mat (s, )

— poPrIHarn=2p-g+l Speq ( Siprg Y +(=pr +n) Q71 ( Sprg y

=r(p+@a P () )+ (—pr et (s )

=r(P+@)a? " (8y,,0) +(=pr +m)at " (s .Y

=(gr +ma” " (syp,0) = (S1pug) Syran O

This completes the proof of the problem.
Also solved by H. Kwong, H.-J. Seiffert, and the proposer.

Greatest Problem

H-562 Proposed by H.-J. Seiffert, Berlin, Germany
(Vol. 38, no. 2, May 2000)-corrected

Show that, for all nonnegative integers »,

)
n 2n+1
F2n+1=4 —5;(,1_5]‘,_2),

where [-] denotes the greatest integer function.

Solution by the proposer

Define the Fibonacci polynomials by Fy(x) =0, F(x)=1, and F,,(x) = xF,,(x) + F,(x), for
n € N, (natural numbers).

Let A,:=i""F(ic), ne€N,, where i = /(-1). Writing n=5m+r, where me N, and r €
{0,1,2, 3,4}, a simple induction proof on m yields

0 ifn=0 (mod5),
1 ifn=1 (mod5),
A, =1-a ifn=2 (mod5), (1)
a ifn=3 (mod5), '
-1 ifn=4 (mod5).

From H-518 [identity (8)], we know that, for all complex numbers x and all nonnegative
integers n,

m i 2 4" — (=32
Sy (2 e =G

4+ x?
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With x =ia, this gives

L2 o4 —a®
Since 1/(4—a?) = a//5, we have
L U
e AL
or,bya’z(L,+\/§F,)/2,reZ,
4 -a¥ 5., 1
7———052—:_16(4 = Lyp) + 5 (4" = o). 3)

On the other hand, from (1), it follows that

A EAVES M R 2

k=0

o TS I

=0 =0
where g, is a rational number. Since +/5 is irrational, (2), (3), and the latter equation imply that

DTS - SN E TERV

=0 k=0

This proves the desired identity, because
2n 2n _( 2n+1 n-2
(n—Sk—2)+(n~5k—3)-(n—Sk—Z)’ 0<k 5[ 5 ]

where we set (%) =0 for j <0.

Also solved by H. Kwong and P. Bruckman.
A Stirling Problem

H-563 Proposed by N. Gauthier, Dept. of Physics, Royal Military College of Canada
(Vol. 38, no. 2, May 2000)

Let m>0, n>0, p#0, g=-p,0, and s be integers and, for 1<k <n, let (n), :=n(n-1)
...(n—k+1) and S,(,,k) be a Stirling number of the second kind.
Prove the following identity for Fibonacci numbers:

X (_ 1)?‘ (;1) r [Fp /Fp+q ]rFt’]r+s = (— l)ﬂp[};“l /Fp+q]n];(_ 1)(p+1)k (n)kSl(nk) [Fp / F;z]kF(‘p+q)k—np+S'

r=0
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Solution by the proposer
For x an arbitrary variable, consider the binomial expansion identity
(1) = a-ay,
r=0
and apply the operator D :=x-L to it m times (m > 0) to get
> (:f) x" = D"(1+x)".
r=0

By a well-known result,

m k
=N gtk 4
IZ:I " ¥ dxk ’

where {S* : 1<k <m;, 1<m} are the Stirling numbers of the second kind. Consequently,

N (;’) X =3 sk ;’%(1 by = Y SO ), (142, (*)
=0 k=1 k=1
Next, for integers p (#0), g (= 0, — p), solve the following for # and w:
1+ua? =wa™?; 1+uf? =wp?.
One readily finds
u=-F,/F, .}, w=CW[F,/F,,] (%)

Inserting x =ua?, 1+ x =wa™” in (x) and multipying the resulting equation by a* then gives
irm (") uraqr+x — i Sr(nk)(n)k ukaqk+swn—k alq;—np )
r=0 r k=1
Finally, replace & and # in this result, subtract from the above, and divide by 75 to get
(1 0 ok ki
Zrm (r)urli]rhy = ZSr(n )(n)ku wn F£p+q)k—-np+x .
r=0 k=1

Inserting the values for # and w from (x%) then establishes the result claimed in the problem
statement.

The case m = 0 is readily dealt with, and one gets

n F r F n
rgo(_l)r (?)(F £ ] F;]r+x = (__l)pn (F_q—) EPn+s-

ptq p+q

Lo o
EXE X

oo
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