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1. INTRODUCTION

In [5], Hongquan Yu and Chuanguang Liang considered the partial derivative sequences of
the bivariate Fibonacci polynomials U, (x, y) and the bivariate Lucas polynomials V, (x, y). Some
properties involving second-order derivative sequences of the Fibonacci polynomials U,(x) and
Lucas polynomials ¥ (x) are established in [1] and [2]. These results may be extended to the &A™
derivative case (see [4]).

In this paper we shall consider the partial derivative sequences of the generalized bivariate
Fibonacci polynomials U, ,,(x; y) and the generalized bivariate Lucas polynomials V, , (x, y). We
shall use the notation U, ,, and V, ,, instead of U, ,(x,y) and V, ,(x, ), respectively. These

polynomials are defined by
Un,mszn—l,m+yU nzm: (11)

n—m, m>
with Uy ,,=0,U, ,,=x"", n=12,..,m-1, and

Viom =XV, m+ )V, nxzm, (1.2)

n—m, m>

withV, ,=2,V, ,=x",n=12,.. m-1
For p=0 and g = -y, the polynomials U, ,, are the known polynomials ¢, (0, — y; x) [3].
From (1.1) and (1.2), we find some first members of the sequences U,,andV, . respec-

tively. These polynomials are given in the following table.

TABLE 1
: v,, Vo
0 0 2
1 1 X
2 x x?
3 x? x*
m—-1 | x™? x™!
m xm x"+2y
m+l | x"+y x™ 4 3xy
2m—1| x*2 +(m-Dx™ 2y | x>+ (m+Dx™ 'y
2m x2 1 mxmly X" 4+ (m+2)x™y +2)?
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The partial derivatives of U, ,, and V,, ,, are defined by

, o+ . K iadl .
Ur(,,kr’nj) = o gy U, and 1/;1(’16';,1) = o0y Viom» kK20, j=0.

Also, we find that U, ,, and V, ,, possess the following generating functions:

F=(1-xt-y"y'=>U, 1 (1.3)
n=1
and
G=@-xt"NY1-xt-yt"y ' =DV, 1" (1.4)
n=0
From (1.3) and (1.4), we get the following representations of U, ,, and V, ,,, respectively:
[(n=D/m]lr 1 -
Un,m _ z (n 1 gﬂ l)k)xn—l—mkyk (1 5)
k=0
and
[n/m]
N n-(m=-2)k "‘(m—l)k) nemie
I/n,m'_‘ per? n_(m_l)k( k X Y. (16)
If m = 2, then polynomials U,, ,, and V, ,, are the known polynomials U, and ¥V, ([5]), respec-
tively.
From Table 1, using induction on 7, we can prove that
Vn,m :Un+1,m+yUn+l~m,m’ nzm-1. (17)

2. SOME PROPERTIES OF U, AND V%7
We shall consider the partial derivatives U/ and %/ . Namely, we shall prove the fol-
lowing theorem.

Theorem 2.1: The polynomials U and V%7 (n>0,k >0, j>0) satisfy the following iden-
tities:

- k), sk, j-1 L) .
I/;:(,]crhj) = U;(1+1,jr)n +J Ur(:+1{-m,)m +y Ur(1+li)m, m» 2.1

- k-1, 67 L sk - k) .
Ué,k;nj) = kUrS-l,mj) + er(x—l,jr)n +]Ursl:n{,n? +yUr(1—n{,)m’ 2.2

< k-1, j kD), 10k, - k) .
VED = kD +xVE D+ jy eI+ gy D (2.3)

) [(n=k)/m] (n _ (m _ l)l)l o

vk = n—(m-2)i)-—-— —— x" ki) 2.4)
nm =Zj ( ¢ ))(1—])!(n—k—m1)! Y 24)

Proof: Differentiating (1.7), (1.1), and (1.2), first £-times with respect to x, then j-times with
respect to y, we get (2.1), (2.2), and (2.3), respectively.
Also, if we differentiate (1.6) with respect to x, then with respect to y, we get (2.4).

Remark 2.1: 1If m= 2, then identities (2.1)-(2.4) become identities (i)-(iv) in [5].
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Theorem 2.2: Let k>0, j>0. Then, we have:

N - L ey,
2 U U= i Unon s 2.5)
n N1
V’,(l’cn, O)V,,(E;,Q, - ((k +j+1) (k j])) (2 _ xtm—l)2(2t—1 —m3 +yt2m—-3) Ufllizj;’j); (2.6)
i=0
z : ivk-1), )"
D USGRER = ((j+k)(’ j-1 )f’”) Vasi™os 2.7)
i=0
n . -1
2 USIULD, = ((k +jpri+l) (" L ”)) Ukt o), 238)
i=0

Proof: Diﬁ’erentiating (1.3) k-times with respect to x, then j-times with respect to y, we get

. k+j | tk+mi © )
*p__0 _ (k+ )l _ (k, )gn=1 .
PO = ey I = o=y = Ui @
From (i), we have

, "N (k+j)!tk+jm B o n L n—
FROEED = (1= xt — ")+ 2 2 UG Uyl

n=1 i=0
Hence, we conclude that
iU(k- W - (k +j)!tk+l+j”"
= i,m n-i,m (1 —xt _ytm)k+]+2
(k +j+ l)!tk+l+jm 1 (k+1, j)

Tt D) —xt— Y kAl

By the last equalities, we get (2.5)
In a similar way, we can obtain (2.6), (2.7), and (2.8).

Corollary 2.1: If k=1, j=p, from (2.8) we get

n A\ _
S 00 =(@ksaren (1)) g,
i=0

Furthermore, we are going to prove the following general result.

Theorem 2.3: Let k>0, j>0,5s>0. Then

> ueayn | gen = EED) oy, (2.10)

i,m “ip,m " ig,m ] 1y nm
ity ety = 1 : (sk+s+s-1)!

Proof: From (i), ie.,

) k+j)!tk+mj ) . Nomel
Flen = _( =Yy g,
(1 —xt— ytm)k+j+l ; n,m

we find:
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Fl g . gt _ (Kt D)
(1= xt — yg™)*+v+s

_5 DD | gDy
=S S ukpukD Ut
n=1 i+ip+---+ig=n
Hence, we get

Sy gkages |y Py

ii,m “ip,m "t Yigm mysk+sj+s
n=1 i\ +ig+ - +ig=n : (I—xt — yt™)*™+9

((k +j)|) U(sk+s—1 Sj)'

(Sk +sj+s—-1D!
The equality (2.10) follows from the last equalities.

Remark 2.2: We can prove that

((Z3)]) 2((,(1 1)(’“ zD |

C(sk+sj+s-1
where @ =k + j+1. So (2.10) takes the following form,

IR U S (R G 2)) Ui,

A R Y i=2
where a =k +j+1.
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