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1. INTRODUCTION 

Let MIS stand for the maximal independent set of vertices. Denote the number of MIS of G 
by MG. Sanders [1] exhibits a tree p(P„), called an extended path, formed by appending a single 
degree-one vertex to each vertex of a path on n vertices, and proves Mp^P) = Fn+2 • In this paper 
we Introduce a new class of graphs, called star-like ladders, and show that the number of MIS In 
star-like ladders has a connection to the Fibonacci numbers. In particular, we show that ML = 
2Fp+h where Lp Is the ladder with/? squares. 

Remember that the ladder Lp, p>\9 Is the graph with 2p + 2 vertices {%¥,-1/ = 0,1,...,p) 
and edges {utuM, vtvi+l \ i = 0,1,..., p -1} u {u^ | / = 0,1,..., /?}. Two end edges of the ladder Lp 

are the edges joining vertices of degree 2. 
The graph obtained by identifying an end edge of ladder Lp with an edge e of a graph G Is 

denoted by G[e, p]. For the sake of completeness, we will put G[e, 0] = G. If pi,..., pk e N and 
el9...9ek are the edges of G, then we will write G[(el9...,ek),(#,...,pk)] for G[ex,pj...[ek,pk]. 
The star-like ladder SL(pl9...,pk) is the graph K2[(e, ...,e),(pl,...,pky], where e Is the edge of 
K2. We have that Lp = SL(p) = K2 [e, p], p e N. 

2. MIS IN GRAPHS WITH PENDANT LADDERS 

Graph G Ms pendant ladders If there Is a graph G*, the edges ei of G* and pi G N , / = !,..., 
k, k>\9 such that G = G*[(eh ...,%),(ph...,pk)]. In the next lemma, we give the recurrence 
formula for MG when G has pendant ladders. 
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FIGURE!. Tie Graph G[e, pj 

Lemma 1: lie is an edge of a graph G and p e N, p > 3, then 

M?[e, />] = M?[e , />-l] + Mo[e, p-2\ (1) 
Proof: Let M be MIS in G[e, p]. Then, for every vertex v of G[e, p\ either v e M o r v has 

a neighbor in M; otherwise, Mu{v} is the independent set of vertices properly containing M. 
Further, exactly one of vertices A and B (see Fig. 1) belongs to M. Obviously, M cannot contain 
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both A and B, but if M contains neither A nor B, then from above it must contain both C and D, 
which is a contradiction. 

Suppose that A e M. Then M- {A} is MIS in G[e, p-1] or G[e, p- 2], but not both. For 
every MIS Mr in G[e, p -1] containing D, we have that M' u {̂ 4} is MIS in G[£, p\. If D £M9 

then F GM and M - {̂ 4} is MIS in G[e,p-2]. Also, for every MIS Mf in G[e, p- 2] contain-
ing F, we have that A/' u {A} is MIS in G[e, p]. Similar holds if B e M. Since every MIS in 
G[e, p -1] contains exactly one of C and D, and every MIS in G[e, p - 2] contains exactly one of 
E and F, we conclude that (1) holds. D 

Let jj denote the Ith coordinate of the vector/ 

Theorem 1: If ev..., ek are the edges of a graph G and #, . . . , pk e N \ {1,2}, then 

MG[(eu...,ek),(pl,...,pk)]= Z 1 1 ^ - 3 + / , ^[(e, , . . . ,^) ,;] ' ( 2 ) 
ye{1,2}* V/=l 7 

Proof: First we prove (2) for k = 1 by induction on./^. If /?x = 3, then 

Afcfo, 3] = F2MG[eu 2] + W j f c . 1]' 

Supposing that (2) is true for k = 1 and all /?!</? for some/?, we have that 

= ( ^ - 2 ^ 0 ^ , 2 ] +F
P-iMG{ex A]) + (Fp_3MG[eu2] +Fp_4MG[eiJ]) 

= Fp-lMG[eu2] + i V - 2 ^ G h , l ] -

Now we prove (2) by induction on k. Suppose that (2) is true for some k-n and for all px,..., 
# , e N \ { l , 2 } . Letp = (pl,...,p„,pn+l), p' = (pl9...9pn),mde = (el,...9en,en¥l), ef = (el9...,en). 
We have that 

M G[e,p] = MG[(e>,p>][en+l,pn+l] = zl 1 1 ^ - 3 + y , \MG[e',j][en+l, Pn+l] 
je{l,2}n\J=l J 

/e{l,2}"V/=l / 

/e{l,2}"+1 V'=l J 

If we define i^ = F2 -Fl = 0 and E_l=Fl-F0 = l9 then we can drop the assumption that 
pi ^ 1,2, i = 1,..., k in the previous theorem. 

3. MIS IN STAR-LIKE LADDERS 

Theorem 2: If pl,..., pk G N, then 
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Proof: Let j e {1,2}k with y(1) coordinates equal to 1, and y(2) coordinates equal to 2. We 
prove that 

MK2l{e_elJ] = 2k
+2-2^-2y (3) 

where e is the edge of K^. LetMbe MIS of K2[(e, ...,e\ j] (see Fig. 2). I f l e M , then 4 e M 
for z = 1,..., j ( 1 ) , and either Q G M or Di9Et GM for / = 1,..., j ( 2 ) . Similar holds if Y GM, and 
this gives 2• 2/(2) MIS of K2[(e, ...,e),j\. If X, Y £M, then either 4 e M or j?, e M for / = 1, 
..., 7(!) and either Q,Ff GM or /}., £",. G M for J = 1,..., j ( 2 ) ? giving 2k possibilities. Here we must 
exclude sets {Al9..., AJ(l),DhEh...,DJ(2),EJ(2)}and {By ...,BJ(l),Q,F1?..., C/(2),F/(2)} which are 
not MIS, and so it follows that (3) holds. Now 

MSL(Pl,...,Pk)= Z , 1 1 ^ - 3 + ; / \MK2{{e,...,e),y] 
/e{l,2}* V=l J 

= I ffl^^V+2-2yo>-2) 
/e{l,2}*V/=l V 

= (2* -2) f l (F A _ 2 + V i ) + 2 f K ^ - 2 +2FPi_l) 
i=l 
k 

i = l 

= (2*-2)n^+2ll^+.- • 

£*2 

/=! 

it 

n 

FIGURE 2* The Graph K2[(e,..., e), (1 , . . . , 1, 2, . . . , 2)] 

As an immediate consequence, we get 
Corollary 1: If p G N, then ML - 2i^+1. 

•REFERENCE 

1. L. K. Sanders. "A Proof from Graph Theory for a Fibonacci Identity." The Fibonacci Quar-
terly 2*.l(1990):4&-55. 

AMS Classification Numbers: 05C69, 05A15, 11B39 

2001] 213 


