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1. INTRODUCTION

Let MIS stand for the maximal independent set of vertices. Denote the number of MIS of G
by M. Sanders [1] exhibits a tree p(P,), called an extended path, formed by appending a single
degree-one vertex to each vertex of a path on n vertices, and proves M,p)=F,,,. In this paper
we introduce a new class of graphs, called star-like ladders, and show that the number of MIS in
star-like ladders has a connection to the Fibonacci numbers. In particular, we show that M, =
2F,,;, where L, is the ladder with p squares.

Remember that the ladder L,, p 21, is the graph with 2p+2 vertices {u,,v,|i=0,1,..., p}
and edges {wu,,vv,,|1=0,1,..., p-13u{uy,[i=0,1,.., p}. Two end edges of the ladder L,
are the edges joining vertices of degree 2.

The graph obtained by identifying an end edge of ladder L, with an edge e of a graph G is
denoted by G[e, p]. For the sake of completeness, we will put Gle,0]=G. If p,, ..., p, €N and
e, ..., ¢, are the edges of G, then we will write G[(e,, ..., e,), (p,, ..., ;)] for Gle,, pi1...1e;, p.].
The star-like ladder SL(p,, ..., p,) is the graph K, [(e, ..., ), (p,; ..., D;)], where e is the edge of
K,. We have that L, = SL(p)=K,[e, p], peN.

2. MIS IN GRAPHS WITH PENDANT LADDERS

Graph G has pendant ladders if there is a graph G*, the edges ¢, of G* and p, €N, i=1, ...,
k, k=1, such that G=G"[(e,,..., ), (P, ..., p,)]. In the next lemma, we give the recurrence
formula for M; when G has pendant ladders.

G[eap - 3]

B D F |

FIGURE 1. The Graph Gle, p]

Lemma 1: If e is an edge of a graph G and p e N, p >3, then

Mpe, ) = Mo, piy + Maye, p-2)- 1)

Proof: Let Mbe MIS in Gle, p]. Then, for every vertex v of G[e, p], either v € M or v has
a neighbor in M, otherwise, M U {v} is the independent set of vertices properly containing A7,
Further, exactly one of vertices 4 and B (see Fig. 1) belongs to M. Obviously, M cannot contain
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both 4 and B, but if M contains neither 4 nor B, then from above it must contain both C and D,
which is a contradiction.

Suppose that A € M. Then M —{A} is MIS in G[e, p—1] or G[e, p—2], but not both. For
every MIS M’ in G[e, p—1] containing D, we have that M’ U {4} is MIS in G[e, p]. If D¢ M,
then ' e M and M —{A} is MIS in GJ[e, p—2]. Also, for every MIS M’ in G[e, p— 2] contain-
ing F, we have that M’ U {4} is MIS in G[e, p]. Similar holds if B € M. Since every MIS in
Gle, p—1] contains exactly one of C and D, and every MIS in G[e, p— 2] contains exactly one of
E and F, we conclude that (1) holds. O

Let j; denote the i coordinate of the vector j.

Theorem 1: If e, ..., e, are the edges of a graph G and p,, ..., p, € N\{1, 2}, then

k
MG [(el 5 € )’ (pl s Pk )] = Z [H Fpi -3+ji ) MG [(el 5w €f )’ J] . (2)

jef1,23% \i=1
Proof: First we prove (2) for k =1 by induction on p,. If p, =3, then
Moo, 3 = FoMgpe, 2+ FiMgy,, -
Supposing that (2) is true for k =1 and all p; < p for some p, we have that
Maie, p1 = Maie, p-11 + Mote, p-2)
= (FpyMgie, 0 + FpsMgpe, 1) + (FpasMgie, 2y + FpeaM1e, 1)
=By Mo, 2+ FpaMora, 11
Now we prove (2) by induction on k. Suppose that (2) is true for some k¥ =7 and for all p,, ...,

pn EN\{L 2} Let p=(pl"":pm pn+1)’ plz(pl""’pn)’ and €= (eb""en’enﬂ): e,=(el’ ""en)'
We have that

n
Mg, 1= Moo, pltenn poi1 = 22 (HFP,—%J;)MGtezﬂlem,pM,]

jef 2y \i=l

n
= > (H@i-w)@m—lMG[eujneM..zl+ E, -2Maie, e, 1)

je{l, 23" \i=1

n+l ,
= X (155 | Mo o
jef, 23! =1

If we define Fy=F,—F, =0 and F,=F —F,=1, then we can drop the assumption that
p;#1,2,i=1,..., k in the previous theorem.

3. MIS IN STAR-LIKE LADDERS

Theorem 2: If p,, ..., p, €N, then

k k
Mg .. = @ =D F, +2
i=1

Fpi+l
1

i=
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Proof: Let j €{1,2}* with j, coordinates equal to 1, and jj,, coordinates equal to 2. We
prove that
My e =2 +2:2'0 -2, ®3)

where e is the edge of K,. Let M be MIS of K,[(e, ..., e), j] (see Fig. 2). If X e M, then 4 e M
fori=1,..., jq, and either C; e M or D, E; e M fori=], -.» Jzy- Similar holds if ¥ € M, and
this gives 2-2’® MIS of K,[(e, ..., e), j1. If X,¥ ¢ M, then either 4 € M or B, e M for i =1,
...» Joy and either C,, F; e M or D,, E; e M fori=1,..., ji,), giving 2* possibilities. Here we must
exclude sets {4,,...,4,,,D,E,,...,D;,, E;, }and {Bl,...,Bj(l),Cl,Fl,...,C F; } which are

Jay? Jay> T J@ Vi
not MIS, and so it follows that (3) holds. Now

k
Mg p,, .0 = z (HF i-3+fi]MKz[(e,...,e>,fl

Jjeft,25% \i=1

- z (ﬁFpi—3+j,.)(2k+2'2j(z)—2)

jefl, 23 \i=1

k k
i=1 i=1

k k
=@ -)[1IF, +2[1F,.. o
i=1 i=1

FIGURE 2. The Graph K,[(e,...,€),(1,...,1,2,...,2)]
As an immediate consequence, we get
Corollary 1: 1If p €N, then MLp =2F,,.
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