COUNTING THE NUMBER OF SOLUTIONS OF EQUATIONS
IN GROUPS BY RECURRENCES

Umberto Cerruti
Dipartimento di Matematica, Universita di Torino, Via Carlo Alberto 10, 10123 Torino, Italy
e-mail: cerruti@dm.unito.it

Gabriella Margaria
Dipartimento di Matematica, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
e-mail: margaria@calvino.polito.it
(Submitted May 1999-Final Revision September 1999)

1. THE BASIC THEOREM

Let G =(G, *, €) be a finite group with support G ={g;, &, ..., &,}, operation x and identity
element g, =e. The aim of this paper is to find recurrences for the number N(T,k,a) of
solutions of the equation x;*x,*:--*x, =a, where a € G and the variables x; are limited to
belonging to a given subset 7 of G. Let 6 be the left regular representation of G extended to the
group algebra ZG. If Tc G, wepose y(I)=2,.r g € 2G.

We begin with the following basic result.

Theorem 1.1: Given T G, let A=0(y(T)) € Mat(n,Z). Then

(@ N(T,k,gj)= A{C,j-

(b) The sequence N(T,k,g;), k € N, is linearly recurrent with characteristic polynomial f(x),
where f(x) is any polynomial s.t. f(A4)=0.

Proof:
(@ Let T={g,.g,,. 8} then
(7(T))k :(gi, *+8, +"'+gi,,,)k ZZN(T> k, gj)gj inZG.
=1
Applying & on both sides:
A¥ =3 N(T, k,g))6(g)).
j=1

The first row of 6(g;) is (0,...,1,...,0) with 1 in the j™ place and O elsewhere, and the result
follows. O

() By Theorem 1.6 in [3], the sequence A,.’j. (for fixed indices 7, j) is linearly recurrent with
any polynomial f(x) s.t. f(4)=0 and initial values 47, 4, .., 477 [if deg(f (x)) =m]. O

Example 1.2: Let G =S, (the symmetric group of degree n), T = {n-cycles}, a € T. By Corol-

lary 4.2 of [5],
1-k

N(T, k,a)=n"'(n-1)F "f(-l)h(k—‘) (”; l) . (1)
h=0

We know from Theorem 1.1 that this sequence is recurrent. We now find a characteristic poly-
nomial. If » is odd, collecting some terms, we can rewrite (1) as
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N(T, k,a)= i C,[(-D'hl(n—h—-1)1]1, @)
h=0

where the coefficients C, are rational numbers. From equation (2) and Theorem C.1. of [6], we

see that the sequence N(7, k,a) is recurrent with characteristic polynomial of degree 2l

fodd(n)=§(x—(—1)”h!<n—h—1)!).

For example, if n=7, N(T,k,a) is linearly recurrent of fourth degree with characteristic
polynomial x* - 612x> —80928x* +2073600x + 149299200 and initial values

{1,180,153072,106173504}.

Let us suppose now that » is even. Of course, in this case, when & is even, N(7, k,a)=0.

We consider the subsequence formed by the terms with £ odd, £ =2s+1. From equation (1), we
obtain

N(T,2s+1,a)= "z_lph [[(-1)Al(n—h-D)TF,
h=0

which can be rewritten as

21

N(T,2s+1,a) = ZZD,, (A (n—h-DIP).
h=0

Then the subsequence N(7,2s+1,a), s=0,1,..., is recurrent with characteristic polynomial

n_1

feve,,(n)=g(x—(h!(n—h—1)!)2)

of degree Z.. For example, if n=6, N(7,2s+1,a) is recurrent of third degree with characteristic
polynomial x> —15120x? +10450944x — 1194393600 and initial values

{1, 5040, 69237504}.

2. SMALLER DEGREE OF RECURRENCE

As we have seen, the sequence N (T, k,a) is always linearly recurrent with degree at most
n = |G| for any subset T'in which we confine the variables x;, x,, ..., x;.
Sometimes we can find recurrences of lower degree.

Definition 2.1: A partition T={T,, T,,..., T,,} of G is said to be closed if Vh, k €{l,...,m} the
set-product 7, * 7, is a disjoint union of elements of 7.
We can write
¥ (L) *y (L) = X Ay (T)

in the algebra ZG, where 1), is the number of solutions of the equation x * y = g, where x € 7,
yeT,, geTI. This number does not depend on g itself but only on the fact that g € 7. Then
Aw=N(1,2,g) with g e T,. Ofcourse,
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y(5) *7 () #-+ %y () = EN(G, k, )T, where g, € T,
kti;nes
We abbreviate N(7,, k, g,) to N(h, k, s).
Now let 4, =6(y(T,)), h=1,...,m. Thentheset d={A4,:h=1,...,m} satisfies

Z 4, = J where J is the all one matrix. 3)
h=1

There exist natural numbers 1}, s.t.
m
Ay =D M. ©)
s=1
The numbers 1), are those we are searching for, that is,
m
AF =Y N(hk, 9)4,. Q)

s=1

If we compute A4, the k™ power of 4,, the number N(h, k, s) appears in the places of the first
row of Af, where A, has ones.

Let us define the set of matrices B, B ={B,:h=1,...,m}, where (B,), = %},. By the fol-
lowing theorem, we obtain recurrences of degree lower than |G| when 7'is an element of a closed
partition.

Theorem 2.2: Let T, — G be an element of a closed partition J. Then the sequence N(7;, %, g),
g € G, satisfies a recurrence of degree at most m = |J| with characteristic polynomial any poly-

nomial f(x) s.t. f(B,)=0, where the matrix B, is defined by (B,); = 4,

Proof: Again by Theorem 1.6 of [3], it is enough to prove that N(7,,n+1, g) = (B}),, for
every h=1,...,m and n>1, with g € 7,. We prove this by induction.
FOI‘ n= 1, N(h, 2, t) = i’hh = (Bh)hl
Let us suppose that N(h,n,t) = (B;™"),,. Then
(4)" =X N(hn,0)4,= 3 (B A,
t t

and
(Ah)n+1 = Z (Bh—l)ht A4, = Z(Bh —l)ht ey
t t,s

=Y By B A, = 2. (B A,

It follows that (B}),, = N(h,n+1, s) by equation (5) and the independence of the 4,. O

Corollary 2.3: Let G and H be, respectively, a finite group and an automorphism group of G.
Let 0={0,,0,,...,0,} be the set of orbits and let N(h, k,¢) be the number of solutions of
X, *x X, - xx, =g, with x, €0, and g€ §,. Then N(h, k,?) is linearly recurrent with charac-
teristic polynomial of degree at most m.

Proof: The proof follows from Theorem 2.2 and the fact that O is a closed partition. O

292 [AuG.



COUNTING THE NUMBER OF SOLUTIONS OF EQUATIONS IN GROUPS BY RECURRENCES

Remark 2.4:

(@) In the case of Corollary 2.3, the matrices 4, form an association scheme (see [1]), where
A} = A, and 4, is the matrix corresponding to the orbit O, = O;.

(b) The characteristic polynomial can be computed as the minimum polynomial of the matrix B,.

(c) The set of conjugacy classes is a well-known example with A = Inn(G). The example 1.2
falls in this case, where conjugacy classes are those of n-cycles and transposition. Let us
observe that, from Theorem 1.1, we could only suppose a recurrence of degree n!=|S,|.

Instead, from Theorem 2.2 and Corollary 2.3, we know that the recurrence degree for equa-
tions in S, with variables constrained in conjugacy classes is at most equal to the number of

partitions of 7.

3. CYCLIC GROUPS AND RANDOM WALKS ON THE CIRCLE

Let Z, be the additive cyclic group Z, ={0,1,...,n—1} and Z, = Aut(Z,). If H <Z, acts on
Z,, we get m orbits:

0,=0(0), 0,=0()=H,...,0,=0(g), 0<i<m—1,

with a set of representatives R={g,=0,g,=1,g,,..., 8,-1}. We know that T={0(g;), 0<i<
m—1} is a closed partition.

Let us now consider the special case H = {£1}.

If n is odd, we have 2 orbits with Rogq = {0, 1, ..., %51}, if n is even, we have 22 orbits with
Reven = {0,1,..., 3}

Let z be the n x n circulant matrix with first row [0, 0, ..., 0, 1], that is, the permutation matrix
corresponding to the n-cycle (1,2, ..., n).

The adjacency matrices of the well-known "polygon scheme" determined by the action of H
are:

(a) ifrisodd,

dy=1, Ay =2+ forlsks”T“;

(b) ifriseven,
=1, 4 ,=2"% A =zF+2F for 1<k s"zﬁ.

We divide the circle in n equal parts labeled 0, 1,...,7—1.

Let P(k,a) be the probability that we get the vertex a starting from 0 and flipping a coin k&
times to decide whether to move one step clockwise or counterclockwise. Of course,

NOQ),k,a
)= MOOE0)

Theorem 3.1: Let g(x)=x"+bx™ " +..-+b_ be the characteristic polynomial of B,.

The sequence P(0,a), P(1,a),..., P(k,a),... is recurrent with polynomial

o by
fx)y=x"+Y Lxmh
712
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Proof: From the proof of Theorem 2.2, we know that we find P(k,a) in the first row of
(3 B))F. The result follows because, if g(x) is the characteristic polynomial of B, then f(x) is
the characteristic polynomial of 1 B,. O

Example 3.2: Let n=7. The matrix 14, is the double stochastic transition matrix of the
Markov chain associated with this random walk (see [4], p. 82).

0o1oo0oo0o01
1010000
0oLo0olooo
4=[0 0 1oL ool
00021010
0000401
L0000 10
C = 3 B, is the stochastic matrix

o%?o

1 0 5 0

C= 2

010

00 5 3

We find P(k,0), that is, the probability that we come back to the origin O after & steps, in the
place (1, 1) of C¥. ,
From Theorem 3.1, the sequence P(k,0), k € N, is recurrent with polynomial x* —%x3 -
2 .« e,
x?+3x+1 and initial values {1,0,1, 0}.
This recurrence sequence is convergent to +; in general, the first row of C * converges to
1

11 1 : :
( > 'ﬁ), that is, Valim, ,,, P(k,a)=—

71' 5 ;I- 5 en
The polygon scheme is a particular polynomial scheme. Then the matrix B, is tridiagonal and
has the form

* 1 ... 11
B =40 0 ... 0 1 ©6)
21 ... 1 =
for n odd, and
* 1 1 2
B, =40 ... 00 @)
21 ... 1 =

for n even (see [1] for notation).
Let B be the tridiagonal matrix of the polygon scheme with n vertices, and g,(x) be its

minimum polynomial. Then

g, = I[i][ (x -2 cosz—nfdl). ®

h=0
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We now see that g, can be computed easily using recurrence.

Theorem 3.3: The sequence g,(x) is recurrent with polynomial

Y-+l ©)
and initial values {g,(x), g,(x), £,(¥), &(x)} = {0, x -2, x? -4, x> —x - 2}.
Proof:
¥ oG G ... Cy G
BM =20 a a .. a;, a,f, (10)
k b b .. b, =*
where ¢, =¢, = =¢c; =1, a,=a,=+"=a;_;=0,and k=2, by=b,=---=b,_; =1, also, for n

odd,c;=1,a,=1, n=2d+1,and forneven, ¢;=2,a,=0, n=2d.
Let us consider the sequence
Fy(x) =1, F(x)=x+1, F(x)= (x =k +b_; +¢)F_;(x) —b_i6_,F_,(x).
Then (see [1], p. 202), (x —2)F,(x) = g,(x).
If nis odd, we have

F =xF_ (x)-F_,(x) (1)
Vi, 2 <i <d, which implies immediately that
gn(x) = xgn—2(x) - gn—4(x)’ (12)

and (9) is proved.
If nis even, (11) holds true Vi, 2<i<d,but F; =(x+1)F;_ |- F, ,=xF,_ +F, - F,_,.
Then (x-2)F,; = (x—-2)(xF,_, — F;_,) +(x—2)F,_,, that is,

8n(¥) = &1 (%) + 8,.1(¥) (13)
with n=2d. Hence,

X8n g~ 8&pa = X1+ 813) — (813t 8ns) = &ns1 + &no1 = &n (14)

by (13) and (12). O
Of course, the sequence g (x) has a geometrical meaning only if £ >3; we have extended it
adding g,(x), g,(x), and g,(x) by computing the recurrence backward.

Remark 3.4: Let

even _ _ 82d d Fodd — S2d+
CTe-) T Ty

Theorem 3.3 is equivalent to saying that the sequence F*™®, ¥, .. and F%, F°%, . are both
recurrent with characteristic polynomial y? — xy +1, with initial values, respectively, {1, x +1} and
{0, x+2}.

Theorem 3.5: Let C be the matrix
(x_+11 x_+12) (15)
Then the first row of C? is [Fy%, F5**"] Vd > 0.
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Proof: The characteristic polynomial of C is y? —xy +1 which is, by Theorem 3.3, the recur-
rence polynomial of both F and F{*". Then the result follows from Remark 3.4 and Theorem
2.5 of [2], where the ring R is Z[x]. O

Corollary 3.6: The first row of (x—2)C¥ is [gy4,1(¥), g,4(¥)] Vd > 0.

4. DIHEDRAL GROUP

Let D, be the group of symmetries of a regular polygon D, = {o*, 70, k=0,1,...,n-1},
where n is the number of sides of the polygon, p is a rotation of 2z /7, and 7 is a reflection.
When »n is odd, the regular representation & is a direct sum of irreducible representations:

0= W1+V/2+2¢1+2¢2+"'+2¢y%l_’
where y, is the trivial representation, y, is the alternating representation, and ¢, is the two-

dimensional representation such that
~lk

$i(p) = (aolk a(—)lk] ¢:(7p") = (ng aO ), a= eXngl‘-
Ifnis even,
O=y,+y,+y;+y, +2¢,+24,+ +2¢%l,
where y3(0%) = y4(0F) = (-1 and yy(504) = (=D, py(ph) = (~1)4.

Let us now consider the case of two reflections which generates D,, 7, and 7p, that is,
suppose T ={7, 7p} and a € D,.

Theorem 4.1:

(a) The sequence N(7, k, a) is recurrent with polynomial

P =22 (19

(b) The sequence p,(x) for n=1,2, ... is recurrent with polynomial
Y=t +(2x? -2)yr - x2y +1 17
and initial values {x?—4, x*—4x? —4+9x?—6x*+x5, —~16x*+20x*-8x%+x®, —4+25x*—50x*+
x® —10x® + x1%} .

Proof:
(a) From the decomposition of @, if n is even,

2,(x)= x2(x—2)(x+2)ﬁ(x — 4co? 2’”’) (18)
and if n is odd, "
() = (x— 2)(x+2)H(x _4coé 2””) (19)

Collecting appropriate terms and using equation (8), we find (16). O
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(b) By remark 3.4, p,(x) = £2(F;**"(x))*. Inthe ring Z(x)ZZ is constant and the sequence
P,(x) is recurrent with the same recurrence of (F:*"(x))*. By the same remark F™(x) is

recurrent with polynomial y? — xy +1 whose companion matrix is

_{0 -1
(¢ )
By Theorem 2.6 of [2], (F™*(x))* is recurrent with the characteristic polynomial of the

Kronecker product C®C, that is, y* - y°x? + (2x? -2)y* —x*y+1. O

For example, if n=7, the sequence N(T,k,e) is recurrent with polynomial —4 +49x? —
196x* +294x°% —210x® + 77x'% — 14x'? + x'* and initial values

{0,2,0,6,0,20,0,70,0,252,0,924,0,3434}.

We now consider the case of the basic rotation p and the reflection 7, that is, 7= {p, v} and
aebD,.

Theorem 4.2:
{a) The sequence N(T, k, a) is recurrent with polynomial
2
odd & n
= 20
7 =B (20)
if r2is odd, and
gZ
()= —E @)

—2)(x+2)"
if 7 is even.

(b) The subsequences p5 and pS'™ are recurrent with polynomial

Y=t (2x —2x)yt - By + P 22)
and initial values, respectively,

{[xz —2x,-2x° - 3t 428 —2x° +5x8 - 5x% +x10 2x7 —Tx® +14x10 — 7x12 +x14}

and
{=4x® + x5, — 4x5 +9x® — 610 + %12 —16x10 +20x"* —8x™* + x'6,
—4x19 +25x12 — 50x™ +35x1® — 10x"® + x?%}.
Proof:
(a) From the decomposition of &, we find
o 27h
even - ¥ _ 2 _ 7T 273
PR () = x(x—2)(x+2) gx (x 2c0s=— ) (23)
and
e 27h Y
p,‘,’dd (x)= xz(x -2) H x? (x -2 cos-Z—) . 24)
=l

Equations (20) and (21) follow from (8). O
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(5) Inthe ring Z[x], p3%,(x) is equal to x(x —2) multiplied by (F°% (x))?>x?. Furthermore,
(F°% (x))? is recurrent by characteristic polynomial y*—?x? +(2x2 -2)y? —x2y+1= u(x) and
x* by y—x?. We again use Theorem 2.6 of [2]: the characteristic polynomial of x*U , where U
is the companion matrix of u(x), is precisely y* — 3°x* + (2x° — 2x*)y? — x%y + x®.

The same holds for p5,*"(x). O

For example, if n=7, the sequence N(T,k,e) is recurrent with polynomial —2x” —7x® +
14x'° — 7x'2 + x'* and initial values

{0,1,0,3,0,10,1,35,9,126,55,462,286,1717}.

If n =8, the sequence N(T, k, e) is recurrent with polynomial —16x'® +20x'2 — 8x'* + x'¢ and
initial values

{0,1,0,1,0,3,0,10,0,36,0,136,0,528,0,2080,0,8256}.
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FERMAT'S BIRTHDAY

August 20, 2001 marks the 400th anniversary of Fermat's birth.
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