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INTRODUCTION 

The upper symbiotic number U(RhR2) of two linearly-ordered sets Rt and R2 Is here Intro-
duced as the greatest number of elements of Rt that lie strictly between consecutive elements of 
J?2. Similarly, the lower symbiotic number Z(Rh R2) is the least number of elements of R{ that 
lie strictly between consecutive elements of R2. Henceforth in this paper, we shall consider only 
upper symbiotic numbers. We are interested in pairs of positive irrational numbers a and y for 
which U(RhR2) is finite, where R2 = {i + ja:i,j eZ + } , Rx=R2+y, and Z+ denotes the non-
negative integers. 

Let sn =in+jna be the sequence obtained by arranging the .elements of R2 in increasing 
order. The main objective of this study can now be indicated specifically by this question: If y is 
rationally independent of «, what is the greatest number of numbers of the form i+ja+y that lie 
between consecutive numbers in+jna and in+1 + jn+i(xl The special case a = (l + V5)/2, along 
with some possibly new appearances of Fibonacci numbers, are considered in Example 1 and just 
after Theorem3. 

1. CONVERGENTS AND THE SEQUENCE s 
First, we recall the notation of continued fractions: Write a - |a0, ax, a2,...], 

p,2 - 0, p_t = 1, pt - OfR^ +#_2, 
and 

q-i = i, f-i = °> % = m-i+(ii-2> 
for / > 0. The numbers ai9 for i > 0, are the partial quotients of a, and the rational numbers 
pi /qi9 for i > - 2 , are the principal convergents of a. For all nonnegative integers i andj, define 

Pij=JPi+i+Pi and qUJ=jqi+i+q,. 0 ) 

The fractions pUj /qUJ, for 1 < j < ai+2 -1, are the Ith intermediate convergents of a, and for 
l<j<ai+2-2, 

...<R<...<ELL<?LJ« <...<£**.<...<a ifi.iseven (2) 
* %j VIJ+I ft+2 

and 

^..m>£L>...>E!il>^L>...>Pb2.>...>a ifiisodd. (3) 
% 9ij ViJ+l ft+2 

Note that, if j = ai+2 in (1), then pUJ = pi+2 and qUJ = qi+2. This extension of the range of/' will 
enable certain proofs to cover simultaneously the two cases, 1 < j < ai+2 -1 and j = ai+2. 

Let s denote the sequence whose terms, sn =in +jna, for n = 0,1,2,..., are as given in the 
Introduction. A difference \p-qa\ first occurs at sn if 
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sn-sn-i-\p~qa\ and sm-sm_l^\p-qa\ (4) 

for all m < n, and last occurs at sn if conditions (4) hold for all m > n. (In these definitions, plq 
need not be a convergent to a.) 

Define Al = sl-sQ. Let r^ be the least n such that sn-sn_l & Al5 and let A2 = sni -sni-h 

Continue inductively, so that nh is, for each h > 2, the least n such that sn - sn_l is not among the 
numbers Al3 A2,..., Ah_t, and Â  = snh -snh-h 

It will be helpful to provide single Indexing for the doubly-indexed numbers ptj and qij9 as 
follows. Let Pj = p0j and Qj = q0J for j = 0,1,..., a2 -1, and for w = 1,2,..., let 

for y = 0,1,..., aw+2 - 1 . Below, [xj represents the greatest integer < x, and the fractional part of 
x Is given by ((*)) = x-[xj. 

Lemma 1: Suppose i Is even, 0 < j < ai+2 - 1 , and p and q are nonnegative integers such that 
0 < -p + qa < -py +qfJa; then q > qu J+l if j < ai+2 -1, and q > qi+2 if j = ai+2 - 1 . Suppose / Is 
odd, 0 < y <a i + 2 -1 , andp and q are nonnegative integers such that OKp-qaKp^-qfJa; then 
P ^ #, ;+i i f J < V+2 ~ h and p > pi+2 if j = a/+2 - 1 . 

Proof: In case /' is even, pfj lqtj is a best lower approximate to a, as proved in [1], so that 
q>qfj. There are two cases: 

Case 1: j < aj+2 - 1 . Here, piJ+l /qitJ+i is a best lower approximate to a; since q>qjJ, we 
haveqZqu+l. 

Case 2: j = a/+2 — 1. Here, /?/+2/#/+2 *s a best lower approximate to a; since q>qiJy we 
havef >g/+2. 
If/ Is odd, then ptj lqtj is a best upper approximate, and the asserted inequalities follow. D 

Lemma 2: The differences Ah are given In three cases: 
Case 1: a < 1. Here, Â  = \Ph_x -Qh„xa\ for h = 1,2,.... 
Case 2: a > 1 awrf((a))> 1/2. Here, Ax = 1 and Â  = \Ph-2-Qh-2a\ f o r ^ = 2,3,.... 
Case 3: a > 1 awcf ((a)) < 1 / 2. In this case, Ax = 1, A2 = ((a)), 

Afc = l-(((A-2)a)) forA = 3,4,...,a1 + l, 
and Â  has the form \Pk-Qka\ for all h>al+2. 

Proof: First, suppose / Is an even nonnegative Integer. It Is easy to check that (3) implies 

•' * > ~PiO + «f0* > "fll + ftl« > " • • > "A, a/+2-l + qU ai+2-l® (5) 
and (2) Implies 

• •' > Pt+u o ~ qi+i o« > fl+i, i - flr+i, ia > • • • > /7/+lt a/+3_! - g/+ls ̂ + 3 ^a ; (6) 

In the former case, for example, (3) implies pM > qMa9 so that 

0' + i)#+i +fl -Ofl+i + A ) > ( ( /+ i)«+i+«• -C/ f t+ i+*)K 

366 [AUG. 



SYMBIOTIC NUMBERS ASSOCIATED WITH IRRATIONAL NUMBERS 

Le-? Pij+i-Pv>(<li,j+i-<lij)a, so that ~Pij + qija>-piJ+l+qiJ+la as desired In (5); chain (6) 
likewise follows from (2). 

Since pi+2 lqi+2 <a<pi+3/qi+3, we also have 

" f i , a , r l + ? U , r # > M o - f t + U ^ (7) 
and 

Pi+l ai+3-l ™ * + l , ai+3-la > -Pi+2,0 + ft+2. ffl' ( 8 ) 

Inequalities (5)-(8) are clearly equivalent to the chain 
((a)) = -p0 + q0a=\PQ-Qoa\>\Pl-Qla\>\P2-Q2a\>^. (9) 

The numbers Pij/qiJy alias PhIQh, comprise the complete set of best lower and upper approxi-
mates to a. Consequently, any difference Ah not included in chain (9) must exceed ((a)). We 
consider the following cases: 

Case 1: a< 1. Clearly si = a9so that Al = $l~-s0 = a = ((a)). No difference Ah can exceed 
Aj since, for any sn=u + va where v > 1, we have 

3 . - V i ^ s n - (u + (v-l)a) = ((a)), 
and, for 5W = w 4- Oa, we have 

sn~ sn-\ ^ sn~ ((u -I) + \\ I a]a) ~l-\l I a]a< a. 

Thus, A,, = \Ph_x -Qh_ta\ for A = 1,2,.... 
Case 2: a > 1 awe/ ((a)) > 1/2. Write /w = [ a j . Then ^ = i for / = 1,2,...,m, and ^ + 1 = a. 

Consequently, Ax = 1 and A2 = a-m = ((a)). Write m = sm and a = 5w+1, and, for any n>m, 
write sn=u + va. If u>m7 then 

^ ! - ^ < w - w + (v + l ) a - ^ = ((a)), 
whereas, i£u<m, then 

•Vu-A ^w-fw + l + (v- l )a-5„ = /w + l - a = l-((a)) < ((a)). 

Thus, AA < A2 for all A > 3, so that Ah = \Ph.2~Qh-2a\ for ^ = 2,3,.... 
Case 3* a > 1 aracf ((a)) < 1 /2. As in Case 2, clearly At = 1 and A2 = a - \_a\ - ((a)). It is 

easy to check that ((ja)) = j((a)) for j = 1,2,..., ax = [1 / (a - a0)J. 
We seek conditions under which terms ja and U+joz] are not consecutive in s: spppose 

ja < w + va < [1 + ja]. ^Equivalently, (j - v)a < u < 1 + \Ja] - va. Such an integer u exists if 
and only if [(/ - v)aJ < [1 + ija] - vaj or, equivalently, LO* ~ ̂ )^J < L / a J -L v a X o r Yet again, 
(((j - v)a )) < ((/#)) ~ ((v # )) • Since 0 < j - v < j , this last equality, hence the nonexistence of u, 
is equivalent to the condition j>at + l. That is to say, each [l+ja]-ja9 which is equal to 
l - ( ( / a ) ) , is one of the differences Â  for j = l,2,...,a:i, and this fails to be the case for all 
y ^ + 1. 

Every difference Ah is necessarily of the form \p-qa\. By Lemma 1, if \p-qa\< ((a)), 
then \p -qa | is one of the differences Ah. We have already seen that in addition to these Ah are 
the ax numbers 1 - ((ja)), for j = 0,1,..., ax -1. In order to see that there is no other difference 
Ah, we consider two possibilities. 
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Case 3,1: p-qa>0. Here, \p-qa\ = l- ((qa)), which exceeds ((a)) and is a differ-
ence Â  for q = 1,2,..., al9 and for no other values, as already proved. 

Case 3,2: -p + qa> 0. Here, \p-qa\ = ((qa)). If ((qa)) > ((a)), then for any n we 
have sn <sn + (-[a\ + a) = sn + ((a)) < sn + ((qa)), so that ((ga)) is not a difference Ah. • 

Theorem 1: Suppose a is a positive irrational number. If i is even and 0 < j < ai+2 - 1 , then 
\Pij ~ %ja I first occurs at qtja and last occurs at pi+l - 1 + (qtJ + #/+1 - T)a. If / is, odd and 0 < j < 
ai+2 -1, then \ptj - qtja | first occurs at ptj and last occurs at ptj + pi+l - 1 + (qi+1 - l)a. 

Proof: Suppose i is even, and let h be the index for which Ah = \ptj -qtja\. Since i is even, 
Ah = -piJ+qiJa. Let m be the index such that sm-qija, and suppose that Ah first occurs at 
sw - u + va, where w<m. Then sw_x = u + ptJ+(v- qtj)a. Since sw_t is a term of sequence s, 
we have v>qij9 but then ^ + va>qfJa9 contrary to sw <sm. Therefore, Â  does not occur before 
sm. Next, we show that 

4 , - V l = A A - (10) 
Since sm = ̂ . a , it suffices to prove that sm_l = # . . Now # . < qtja9 since i is even. So, suppose, 
contrary to (10), that ptj <sx = y + za < qfja for some nonnegative integers x, y, z. Then qtja~ 
Ptj > (% -z)a-y > 0, but this is untenable because ptj lqtj is a best lower approxi-mate to a. 
Therefore, (10) holds. 

Turning now to the last occurrence of Ah, let n be the index such that sn = pi+l - l + (qtj + 
qi+l-l)a. Then 

$n-Ah=Pi+l+Pij-l + (%+i-1)®, 

and this is clearly a number in the. sequence s. We must show that, for any difference A = | -pkl + 
Qkla | less than Ah9 the number sn - A is not in s. (By Lemma 2, the only-differences A that need 
be considered are, in fact, of the form | -pkl + qkia |.) 

Case 1: Even k. Here A = ~Pki+^kia • ^Y Lemma 2, we have qkl > qiJ+i (which is qi+l if 
j = ai+2-l). Then 

sn-A = pi+l+pkl~l + (qiJ+qi+l-l-lkl)a, 

and the coefficient of a is < qtj + qi+l - 1 - qu -+1, but since this number is - 1 , the number $n- A is 
not in s. 

Case 2: Odd k. Here, A = pki-qkia. By Lemma 2, we have pkl > piJ+\ (which is pi+l if 
j = ai+2-l\ and 

Since /?/+1 - pkl - 1 < 0, the number ^ - A is not in s. 
We now know that sn-sn_l = Ah. That is, Ah occurs at sn. To see that this location in s 

marks the last occurrence of Ah9 suppose m>n. We must show that sm -sm_l <sn- sn_t. Write 
sm as u + va; then one of the following cases holds: (A) u > pM; (B) v > <?/,••+<fc+i. 

Case At u> pi+l. Here, the number u - pi+l + (v + qi+1)a is a term sm, in the sequence s. 
Since -pi+l + #/+1a <0, we have sm,=u-pi+l + (v + $.+1)a < w + va = sm9 so that sm, < sm_l9 and 
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Case B: v > qtj + qi+1. Here, qv +qi+l = (j + l)qt +i + ft - ft, 7+i- Therefore, the number 
u+Pij+i + (v ~ ft,7+i)« Js a term ^ , . Since piJ+l - qiJ+la < 0, we have sm, < sm_h so that 

= -Pw+i + ftf/+i«<^-Vi-
This finishes a proof for even i. A proof for odd i is similar and thus omitted here. D 

Corollary LI: Suppose a is a positive irrational number. Let n = n(h) be the index such that Â  
last occurs at sn. If a < 1 or ((a)) > 1/2, the sequence n{h) is strictly increasing. If a > 1 and 
((a)) < 1/2, the sequence n(ax+2), n{ax + 3), n{ax + 4), ... is strictly increasing. 

Proof: 
Case 1: i even. Assume first that a < 1. If 0 < 7 < a/+2 - 2, then, by Theorem 1, the differ-

ence Ah = -ptj + qtja last occurs at nx = pi+l - 1 + {qtj + qi+l - T)a. By Lemma 2, we obtain AA+1 = 
~~Pu7+1+ ft,j"+ia> which last occurs at n2 = pj+l-\ + (quJ+l + g/+1 - l ) a . Since quj+l >qtj, we have 
n2>nl. 

If j = ai+2 -1, then the difference Ah = ~pfj + qtja last occurs at nx = #•+! - 1 + (qfj + qi+l - l)a 
and, by Lemma 1, Ah+l, namely pi+l - qj+la, last occurs at pi+l + pi+2 - 1 + (gi+2 - l)a. We have 
(ft,ai+2-i + ft+i)^ < PM + ft+2«, so that 

Pi+i ~ 1 + (ft, a,+2-i + ft+i ~ 1)« < PM + fl+2 - ! + (ft+2 ~ 1)«, 
which is to say that the last occurrence of -ptj + qtja precedes that of pi+l 0 - qj+l 0a. 

Next, assume that a > 1 and ((a)) > 1/2. The difference Ax = 1 occurs at L^J and is easily 
seen not to occur thereafter. Clearly, this last occurrence of Ax precedes the last appearance of 
A2 = ((a)). The proof given above for the case a < 1 now applies to all Ah for h > 2. 

Finally, assume that a > 1 and ((a)) < 1/2. By Case 3 of Lemma 2 and the method used in 
Case 1 above, the sequence n(ax +2), n{ax + 3)9 n(ax + 4), ... is strictly increasing. 

Case 2s iodd. Aproofmuchlikethat for i even is omitted. D 

Corollary 1.2: Suppose a is a positive irrational number and / > 0. If the difference \ptj -q^a] 
last occurs at sn, then the difference \pi+i~~^i+\a\ f"irst occurs before sn9 and no difference less 
than \pi+2 ~qi+2a\ first occurs before sn. 

Proof: For the first assertion it suffices, by Theorem 1, to observe that, for even i > 2,-

PM < PM ~l + (ftj + 4+i" l)a > 
and for odd i, 

ft+i« < /fy + PM -l + (9M ~ l)a • 
For the second assertion, first suppose i is even. The well-known identity pMqt - ptqM = 1 

implies that aMptqM- pi+lqt > - 1 , so that 

O,+2PM9M(PI+3 -l) + <*i+yPflM ~ PM% + fl+i + ft+i > 0, 
ft+l(^+3(^+2A+l + A) + 0 > P/+l(ft+2ft+l + ft " IX 

ft+ifa+3fi+2 + 0 > PM(<1M - ll 
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from which follows 
Pi+3-Pi+l+l

> Pi+l > a 

so that 

PM > PM ~l + fe+2 - IH+i + ft + 9M ~ l)a 

and, by Theorem 1, the difference pi+3 -qi+3cc first occurs after sn. 
It is clear from Theorem 1 that, if a difference A first occurs after the difference -/?z+2+9/+2a 

first occurs, then either A = pi+3 - qj+3a or else A first occurs after pj+3 - qi+3a first occurs. We 
have therefore finished with a proof for even /. A proof for odd i involving the inequality 

<a 
is similar and omitted. • 

For n = 1,2,..., let 

and define the span ofa&§ 

ai+3qi+2+l 

2. THE SPAN OF a 

nwx{%-%-i} 
f(n) = ^L} - (11) 

k>n 

s(a) = sup{f(n):n = 0,1,2,...}. 

Theorem 2: Suppose a = [a0, ax,...]. Then the span of a is finite if and only if the partial quo-
tients at are bounded. 

Proof: Let n be large enough that the differences Ah = sm-sm_l are of the form {p^-q^a] 
for all m > n; this is possible by Lemma 2. Then, in (11), the numerator ranges through differences 
Ah = \pu- qtja |, where / > 0 and 1 < j < ai+2 - 1 . Now suppose \ptj - qtja | last occurs at s„ and 
\pM -qM

a\ las t occurs at sn,. Then n' > n by Corollary 1.1, and using Corollary 1.2 we find 
mzx{sk-sk_x} ^ \pir%a\ ^ \p~qM ^ \p-qM ^ \P~W 

so that 
" P f a t - V i } mjnK-3t-i} ™ n K - V i ) nun{*t--%-i} XPM-^MO^ 
k<n k£n k<n k<n' 

s(a) < sup l/?» ; a ' (12) 
/>0 \Pi+2"9i+2a\ 

From the standard identity 

l # - * a l = — — — » where ^:=[at ,a^+ 1, . . .] , 
flr2---//+l 

we have 

lf l-g/g| _ 
lfl+i-ft+i*l - ^ + 1 / ^ 
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whence 

1/7+2 ~%-+2"I 

so that 

5(a) < supfa+2 + l)(a/+3 +1). (13) 
j > 0 

Thus, s(a) Is finite if and only if the partial quotients a. are bounded. • 

Example 1: In case a = (1 + V5) /2 = [1,1,1,...], it is easy to verify the following results: 
(a) All the convergents are principal convergents, and pt iqi = i^+2 //J+1, where i^ denotes 

the k^ Fibonacci number, defined by F0 = 0? Fx = 1, F^ = JF̂ _2 + Ffc_2 for * = 2, 3,...; 
ft) A, = \Fh -Fh^a\ = a " M for A = 1,2,3,...; 
(iq) Â  first occurs at sn, where n = (F^j + 1)(FA +1) /2 for h = 2,3,43. „., and 

\Fh_xa if /1 is even and > 2, 
[i^ if A is odd; 

(d) Ah last occurs at sn, where 

fi^+4(i^+1 -1) 12 if A is even and > 23 
W ~ [1 + Fh+4(Fh+l -1) /2 if A is odd, 

and 
fi^+1 - 1 + (Fh+l - l)a if /i is even and > 23 

f̂ j s(a) = a + l = 2.618034. 

Using the upper bound mpt>Q(ai+2 + l/ri+3)(ai+3 + l/ri+4) from the proof of Theorem 3, we 
have three more examples. 

Example'2: s(j2) = ^1,2}) £ (2 +—^) = 31-12^3 = 10.2153. 

Examples: s(43) = 4\\2}) < f1 " ^ ^ ^ ^ T ) ( 2 + V ^ T ) = 2-+-V^ = 3.T3205. 

Example^: s(S) = s(l2,4j) * (4 + HT^) =41 + 1275 = 67.8328. 

3, UPPER SYMBIOTIC NUMBER FOR {i^ja-hy} AND {i+ja} 

We return now to the problem stated in the Introduction. 

Theorem 3: Suppose a and y are positive irrational numbers, y rationally independent of a, and 
suppose a has bounded partial quotients. Let R2 = {/ + ja: /', j eZ+) and let Rl = R2+y. Then 
U(Rl,R2)<s(a) + l. 
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Proof: As before, let sn denote the rfi largest number in i?2, after s0 = Q, and assume now 
that at least one number t in Rx lies between sn_x and sn. Let tm and tm+w be the least and greatest 
such numbers, where w > 0. We seek an upper bound for the number w + l of numbers t between 
sn_x and sn. Let m' be the index for which tm = sm, 4- y. The inequalities 

Sn-\ <tm< *m+l <"< tm+w < s
n 

imply that 

~ vV+1 ~ Sm') + vV+2 ~ Sm'+l) "* *" vV+w ~~ ̂ w'+w-l) 

> w nun{sw,+v - $w,+v-i: 1 < v < w} > w nun{^ - ^_J , 

so that 
„,< ^ - V i <a(g). • 

m p k - 3 t - i } 

Experimental sampling suggests that U(RhR2) = 2 for a = (1 + V5) /2 regardless of the value 
of y (as long as y is positive, irrational, and rationally independent of a), and that similar results 
may hold for other quadratic irrationals. Sampling also suggests, perhaps unsurprisingly in view 
of the proof of Theorem 3, that U(RhR2) may often be considerably less than the span of a. 

We conclude with a particularly easy-to-state related unsolved problem. Let 

R2= {1,3,5,9,1525,27,...} = {3'5>:*>0,j>0} 
and let 

i?1={2,6,10,18,30,50,54,...} = {2r:rEi?2}. 

Is U(RhR2) finite? (For an equivalent formulation of this problem, let R2={i + ja}, where 
a = log5/log3, and let Rx = y+R2, where y = log2/log3.) 
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