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PROBLEMS PROPOSED IN THIS ISSUE 
H-577 Proposed by Paul & Bruckman, Sacramento, CA 

Define the following constant: C = Up{l-l /p(p -1)} as an infinite product over all primes p. 
(A) Show that 

n=l 

where //(«) and ^(w) are the Mobius and Euler functions, respectively. 
(B) Let 

P(ri) = Y,»(nld)Ld. 
d\n 

It was shown in the solution to H-517 (see Vol. 35, no. 4 (1997), pp. 381-82) that n\P{n\ 
Show that 

c=fi{mrm/n, 
where £ is the Riemann zeta function. 
Notes C is the conjectured density of primes p such that Z(p) = p - (5 / p); see P. G. Anderson & 
P. S. Bruckman, "On the a-Densities of the Fibonacci Sequence," NNTDM 6.1 (2000): 1-13. 
Approximately, C = 0.37395581. 

H-578 Proposed by N. Gauthier &J.R Gmselm, Royal Military College of Canada 
In Problem B-863, S. Rabinowitz gave a set of four 2 x 2 matrices which are particular solu-

tions of the matrix equation 
X2 = X + J , (1) 

where / is the unit matrix [The Fibonacci Quarterly 36.5 (1998); solved by H. Kappus, 373 
(1999)]. The matrices presented by Rabinowitz are not diagonal (i.e., they are nontrivial), have 
determinant -1 and trace +1. 
a. Find the complete set {X} of the nontrivial solutions of (1) and establish whether the proper-
ties det(X) = -1 and tt{X) = +1 hold generally. 
k Determine the complete set {X} of the nontrivial solutions of the generalized characteristic 
equation 
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X2 = xX+yI, (2) 

for the 2 x 2 Fibonacci matrix sequence Xn*2 = xXn+l + yXn, /i = 0,1,2,..., where x and y are 
arbitrary parameters such that x2 /4+y*0; obtain expressions for the determinant and for the 
trace. 

H-579 Proposed'by Paul & Bruckman, Sacramento, CA 
Prove or disprove that, for all odd primes/?, 

V2(p-1), 

«=1 V ' 

Each quantity IIn is to be interpreted as n l (modp). 

H-580 Proposed by Jose Diaz-Barrero, Politechnic University ofCataluya, Barcelona, Spain 
Let 

A(z) = ±akzk 

be a monic complex polynomial. Show that all its zeros lie in the disk C = {z G C: \z | < r}, where 

r=Eg f^fe i a - r = o ' u > 

SOLUTIONS 
Sum Problem 

H-566 Proposed by K Gauthier, Royal Military College of Canada 
(Vol 38, mo. 4, August 2000) 

Let $n:=w/2n, where n is a positive integer, and set Ln = an+bn, Fn-{an -bn)l'(a-b), 
where a = ^ ( n W ^ 2 - 4 ) , b = ^(M-^U2-4), u & ±2, and show that, for n > 2, 

w—1 | I n 

Solution by Paul & Bruckman, Berkeley, CA 
The notation "l^2" in the statement of the problem evidently means "tan2". We make use of 

a general identity which was derived in this solver's solution of Problem H-559, Part (a) (Feb. 
2000) by the proposer of this problem. This identity is the following, valid for all integers n > 1, 
complex x and y with x1 * y2: 

tf ^ V * ^ rt = f ( * - 2 y «*2*» '" -»y)- 1 - (1) 
l x " J Ax "~J J &=i 

If we set x = a and j = b in (1), we obtain (using the proposer's notation): 

nL* / {u(u2 - 4)Fn} = ]T (w2 ~ 2 -- 2 cos2Jbr / w)"1. (2) 
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We may transform the sum in the right member of (2) as follows: 

so the sum becomes: 
n 

1 / 2i/]T {(u - 2 cosfor / n)~l + (u + 2 coskn: I n)~l). 
k=l 

Therefore, 

2nLnIFn = (u2 - 4)]£ {(u - 2 cosfor / n)"1 + (u + 2 cos ATT / w)"1} 

= (w2 - 4) J {(« + 2 - 4 cos2 jty,)-! + (u - 2+4 cos2 i ^ ) " 1 } . 

Let Z\ denote 1 + {(I/ + 2) / ( i / -2)}tan2^n . We note that the transformation k~*n-k trans-
forms tmk(j)n to l/tan&^„. Then using standard trigonometric manipulations, we obtain after 
some effort: 

w-l 
2 / i 4 / ^ = ^ { M - 2 + 4 / D J + X{ii + 2-4(ii + 2)/(ii-»2)tan2%/Dfc} 

= («-2)n + | ; 4 / Z \ + ( « + 2 > i - 4 § ( A - l ) / A . 

since the terms for k = 0 and £ = » involving Dk vanish. Then nLnIFn =un-2(n-l)+4S„(u). 
Hence, 4S„(u) = nL„ I F„ - (u - 2)n - 2, or 

S„(«) = - l / 2 + « { 4 - ( « - 2 ) F „ } / 4 i v (3) 

We note that a2 = au -1, b2 = bit -1, which implies (a +1)2 = a(« + 2), (b +1)2 = ft(« + 2), so 
(a +1)3 = a(a +1)(«+2),(b +1)3 = A(ft + l)(w + 2). The sum Ln+^ + 3ZW + 3X^14- Z/n_2 reduces to: 

a"~2(a3 +3a2 +3a + l)+Jn-2(£3 +3*2 +36 + 1) = a"-2(a + l)3 +b"-\b + l)3 

= an~\a +!)(« + 2)+ft""1^ +l)(w + 2) = (K +2)(L„ + Z„_i)-

Therefore, letting R„(u) denote the expression in the right member of the statement of the 
problem, we have 

R„(u) = n(L„ + L„^/{2(u + 2)Fn}-l/2. (4) 
We next prove the following identity: 

uL„ = 2L„_1 + (u2-4)F„. (5) 

Proof of (S): Let 0 = («2 - 4)1/2. Note that a -b = 0, ab = 1. Hence, 

2I„_, + (a2 - 4)FH = an~\2 +0a)+b"~l(2-0b) 

= a"-\l+a2)+b"-1(l+b2) = Ln+l + L„_l = uL„, 

since the characteristic equation of the L„'& (and of the F„'s) is C/B+1 = uU„ - U„_t. 0 

Comparing the results of (3) and (4), we see that it suffices to prove the following: 
(L„ + Ln_^!(ti+2) = (ln-(u-2)F„}/2, 
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which (after simplification) reduces to (5). Thus, Sn{u)-Rn{u), which completes the proof. 
Incidentally, although not required, we could also express the result as follows: 

Sn{u)^an-ax, whereaw=«(Fw-Fw_1)/2F„. (6) 

Also solved by H.-J. Seiffert and the proposer. 

Am UfiEqimi Problem 

H-567 Proposed by Ernst Herrmann, Siegburg, Germany 
(Vol 38, no. 5, November 2000) 

Let Fn denote the 11th Fibonacci number. For any natural number n > 3, the four inequalities 

K+ 1 <. 1 
17 27 37 
"n rn+a%

 rn-l 

• 1 ( 1 ) 

F F 

1 , 1 , 1 1 
- + -= + "= <" P P P P 

<-L+- ! - +—L^, ( > 

P P P 

determine uniquely two natural numbers ax and a2. Find the numbers ax and a2 dependent on n. 

Solution by H.-J. Seiffert, Berlin, Germany 
It is known [see A. F. Horadam & Bro. J. M. Mahon, "Pell and Pell-Lucas Polynomials," The 

Fibonacci Quarterly 23.1 (1985):7-20, Identity (3.32)] that 

With (m,h,k) = (n,-1,1), (n-1,1,2), ( « - l , - l , 4 ) , (n-1,-1,5), (n-l,-l,2), (n,-2,2), we 
obtain, respectively: 

F^F^-Ff = (-l)», (3) 

^ i - ^ W 2 = ( - i r ! , (4) 
^ - 2 ^ + 3 - ^ - i ^ + 2 = 3 ( - i r 1 , (5) 
F^2Fn+4-F^F„+3 = 5(-l)"-1, (6) 

F^2F^-F^F„ = (~irl, (7) 
F„-2Fn+2-F^{-\y-\ (8) 

valid for all integers n. Also, the easily verifiable identity 
F3n=5F* + 3(-irF„,neZ, (9) 

and the following inequalities are needed below. 

Lemma 1: For all integers n > 3, it holds that 

F3n_4 < Fn^FnFn+l < F3n„3. 
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Proof: From (3) and (9), we have 
Fn-iFnFn+i = K3 +(-l)»FB = |(F3?I +2(-iyFn\ 

showing that the left side Is equivalent to 5F3n_4 < F3n + 2(-l)nFn. But this inequality follows from 
F3n = 5F3n~4+3F3n_5 and, by n>3, F3n_5 >F„. Using (9) withn replaced by n-1, we see that the 
right side is equivalent to FnFn^ <$F^l-3{-tf> so that, in view of (4), we must show that 
Fn-iFn+i < 5^-i - 2(-l)n. Since Fn+2 = 3 / ^ + 2Fn_2, this inequality becomes Fn_2Fn_x < Fn

2_t -
(-If. Clearly, this holds for.it = 3. For #f>4, the latter inequality follows from \<Fn_2< 
Fn.t-1 Q.E.D. 

Lemma 2: For all integers n > 5, it holds that 

*+3 F _ F M - 1 < 1 W 

Proof: After multiplying the left side by Fw_2i^-1>0? we see that we must prove the 
inequality Fn(Fn_2Fn+3 -Fn_xFn+2) < Fn+3 which, by (5), reduces to 3(-l)nFn < Fn+3. However, this 
follows from Fn+3 = 2Fn+l + Fn> 3Fn. Similarly, the right side is equivalent to 

Fn+4 <Fn(Fn-2Fn+4-Fn-lFn+2)' 

Using Fw+2 = Fn+3-Fn+t and (6), we see that we must prove that Fn¥A < 5(-iy~lFn+Fn_lFnFn+h 

which follows from Fn+4 = 5F„ + 3Fn_t < %Fn and 13 < F^F^; note that n > 5. Q.E.D. 

Let n > 3 be an integer. Since Fn - F„mml = Fn_2> it is easily verified that (1) is equivalent to 

We claim that 
(l ifwisodd, 
[2 ifwiseven. 

For odd », we must show that Fn_2Fn <Fn^Fn <Fn_2Fn+v The left side is obviously true, while 
the right side follows from (7). If n is even, we must show that Fn_2Fn^ <FnmlFn < Fn„2Fn+2, 
whose left side again follows from (7). To prove the right side, observe that 1 < Fn„t < Fn - 1 , so 
that i v ^ F ^ - F n ^ F n >Fn„2Fn+2-F* + Fn=F^l>09 where we have used (8). This proves the 
above claim. Next, we shall prove that 

cu = 

2w-4 ifnisodd, 
3 ifw = 4, 
2 ifw>4iseven. 

If n > 3 is odd, thee ^ = 1, and based on Fn+Fn+l = Fn+2 and (4), it is easily seen that (2) 
becomes F^ < /V-i^Wi < Fn+^+v Applying Lemma 1, it follows that % = 2n-4. If n £ 4 is 
even, then at = 2 and, since Fn - Fn_t = F^2, (2) is equivalent to 

^w+ao+l — 17 17 17 17 1 ^ + a 2 + 2 ' 
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Since, by (8), Fn^2Fn^2 = F„ - 1 , and since Fn - Fn_l = Fn_2, these inequalities are equivalent to 

J7 < VrA+2 f E* 
rn-2rn l 

Direct computation shows that a2 •= 3 if n = 4. For even # > 6? from Lemma 2, we find a^ - 2 . 
This completes the solution. 

.4fe0 solved by P. Bruckman, JL A. G. Dresei, R Martin, and the proposer. 
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the conference Proceedings, manuscripts that include new, unpublished results (or new proofs of known theorems) 
will be considered. A manuscript should contain an abstract on a separate page. For papers not intended for the 
Proceedings, authors may submit just an abstract, describing new work, published work or work in progress. 
Papers and abstracts, which should be submitted in duplicate to F. T. Howard at the address below, are due no later 
than May 1, 2002. Authors of accepted submissions will be allotted twenty minutes on the conference program. 
Questions about the conference may be directed to: 

Professor F. T. Howard 
Wake Forest University 

Box 7388 Reynolda Station 
Winston-Salem, NC 27109 (U.S.A.) 
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