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1. INTRODUCTION 

We study certain paths In the first quadrant from (0,0) to (/', j). These paths consist of 
segments from (x0, y0) = (0,0) to (xl3 yt) to ... to {xk, yk) = (f, j). If we write 

then ph > 0, qh > 0, and 

Thus, the ^ form a composition of/, the % a composition of/. 
The paths we shaM study will have some restrictions on the ph and qh. For exairole, in Sec-

tion 3, we shall enumerate paths for which 

<*x*>Ph^hx> ay^9h^by9 *=1,2,. . . ,*, * ^ 1 , 
where o ^ l , a >\. 

2. COMPOSITIONS 

A composition of a nonnegative integer n is a vector (p1?..., /^) for which 

Note that the order in which the ph are listed matters. Each ph is called a, part, and £, the number 
of parts. Let c(#f, £, a, h) be the number of compositions of n into A parts ph with a<ph<b. It 
is well known that 

On subtracting a from each part, it is easy to see that 

c{n, k,a,oo) = c(n-ka,k,0,») = T ~ * *i " J- 0 ) 

With a = 1, this gives the number of compositions of n into k positive parts, 

c(n,k,l*>) = ^Z1^ 

and the number of compositions of n into positive parts, 
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3, SOME MESULTS ON PATHS 

Theorem 1: Suppose aX9 bx, ay9 by are integers satisfying \<ax<bx and \<ay<b . Let 
T(09 0) = 1, and for i > 0 and j > 0 but not i = j = 0, let T(i, j) be the number of paths satisfying 

®x^Ph^K and ay<qh<by (2) 

for h = \2,...,k and fc-=l,2,...,min(/,7). Then 
min(i, j) 

T(j> J) = X <#> *> Qx> bx)CU> k> ay* by) • (3) 

Proof: Suppose 1 < k < min(z, j). Corresponding to each path of the sort described in the 
introduction satisfying (2) is a composition of i into k parts and a composition of j into k parts 
satisfying (2), and conversely. 

There are c(i,k,ax,bx) such compositions of i and c(J,k,ay,by) such compositions of j , 
hence c(i, k, aX9 bx)c(j, k, ay9 b) such paths consisting of k segments. Summing over all possible 
numbers of segments yields (3). • 

Corollary LI: The number of paths T(i9 j) with ph>ax, qh> ay (where ax > 1, ay > 1) is 

Proof: Let bx = oo and iy = ao in Theorem 1. D . 

Lemma LI: If I and */ are nonnegative integers, then 

Proof: The assertions clearly hold for / = J = 0. Suppose that / + J > 1 and that both iden-
tities hold for all / ' and J' satisfying P + Jf<I + J. Then 

-C#,M/+/~,M';J) 
and 

Although both of the identities in Lemma 1.1 are needed inductively In the foregoing proof, 
only the Irst Identity will be used below. 

Corollary L2: The number T(i9 j) of paths satisfying ph > 1, qh > 1 Is given by 
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Proof: Put ah = l, ay = 1 in Corollary 1.1, and apply Lemma 1.1. D 

Theorem 2: The number T(i, j) of paths satisfying ph > 1, qh > 0 is given by 

^,y)=s^*A»K/,*^oo)=t(i:1
1)(-/j!71} 

Proof: The method of proof is essentially the same as for Theorem 1. Here, however, the 
greatest & for which there is a path for which all ph > 1 is /, rather than min(j, j ) . D 

The array of Theorem 2 is of particular interest; for example: 
(A) r(7,0) = 2 / - 1 for />l ; 
(B) r(i, 1) = (# +1)2'"2 for / > 1; 

( Q X (̂J> i ) = ^ w ^or n -*> *e> antidiagonal sums are Fibonacci numbers; 
/>0,/>0 

(D) ^ (~0J T̂'V J)~Pn for w > 1, i.e., alternating antidiagonal sums are Fibonacci numbers; 
i+j-n 

i>0,j>0 

(E) the diagonal T(n,n-l) = (1,3,13,63,321,...) is the Delannoy sequence, A001850 in [1]; 
(F) the diagonal T(n, n) = (1,1,4,19,96,501,...) is the sequence A047781 in [1]. 

We leave proofs of (A)-(F) to the reader, along with the determination of the position and magni-
tude of the maximum number Mn in the rfi" antidiagonal of T. The first fourteen values of Mn 

are 1, 2, 4, 8, 20, 48, 112, 272, 688, 1696, 4096, 10496, 26624, 66304. One wonders what can 
be said about limw_̂ 00 Mn IFln. Initial terms of the sequences in (A)-(F) appear in Figure 1. 

The T(i9 j) given in Theorem 2 are determined recursively by T(0,0) = 1, 7(0, j) = 0 for 
j > 1, T(i, 0) = 2'"1 for i > 1, and 

iv,j)='tin*>i)- (4) 
To verify (4), note that each path with final segment terminating on (/, j) has penultimate seg-
ment terminating on a lattice point (A, s) in the rectangle 

RiJ:={0,l,...,i-l}x{0,l,...J}. 

Therefore, the number of relevant paths from (0,0) to (/, j) is the sum of the numbers of such 
paths from (0,0) to a point in i^;J. 

More generally, all arrays as in Theorems 1 and 2 are determined recursively by 

TQJ)= Z r ( M ) f o r / > 2 a n d . / > l , 

where initial values and lattice point sets % j are determined by (2) or other conditions. 
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FIGURE 1. ph > 1, qh > 0 (see Theorem 2) 

4. RESTRICTED HORIZONTAL COMPONENTS 

Suppose m > 2. In this section, we determine T(i, j) when \<ph<rn and qh > 0. By the 
argument of Theorem 2, 

where c(i, k, 1, m) is the number of compositions of/ into k positive parts, all < rn. By the remarks 
at the end of Section 3, the numbers T(i9 j) are determined recursively by T(0,0) = 1, J(0, j) = 0 
for j > 1, T(i, 0) = 2'"1 for i = 1,2,..., w, and 

TQJ)= Z Z ^ , 0 . (5) 

Values of r(i, 7) for m - 2 are shown in Figure 2. 
In Figure 2, the antidiagonal sums (1,1,3,7,17,41,99,...) comprise a sequence that appears 

in many guises, such as the numerators of the continued-fraction convergents to V2, (See the 
sequence A001333 in [1].) 

Also in Figure 2, the numbers in the bottom row, T(i, 0), are the Fibonacci numbers. Since 
the other rows are easily obtained via (5) from these, it is natural to inquire about the bottom row 
when m > 3; we shall see, as a corollary to Theorem 3, that the w-Fibonacci numbers then occupy 
the bottom row. 
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FIGURE 2. Enumeration of Paths Consisting of Segments 
with Horizontal Components of Lengths 1 or 2 

Lemma 3.1: Suppose m>\. The number F(m9 ri) = Ej[=1 c(n, k, 1, m) of compositions of n into 
positive parts < m is given by: 

F{\n) = lioim>X 
F(m,n) = 2n~l forl<n<m, m>2; 
F(m,n) = F(m9n-l) + F(m9n-2) + "'+F(m,n--m) forn>m + l>3. 

Proof: For row 1 of the array F, there is only one composition of n into positive parts all 
< 1, namely, the w-dimensional vector (1,1,..., 1), so that F(\ n) = 1 for n > 1. Now suppose that 
the row number m is >2 and \<n<m. Then every composition of n has all parts <m, and 
F(m,ri) = 2"-1. 

Finally, suppose n>m +1 >3. Each composition (pl9pl9...9pk) of n into parts all <m has a 
final part pk that will serve our purposes. For u = 1? 2,..., m, the set 

Su = \(pl9p2,...9pk):l<p.<m£ori = X29...9k; 2 /%=i? pk=u 
i = i 

is an obvious one-to-one correspondence with the set of compositions (p1? />2> •••> A-i) f°r which 
l<pr<m for # = 1,2,...,*-1 and TfZiPt =n-u, of which, by the induction hypothesis, there 
are F(m, n-u). The sets Sl9S2,...9 Sm partition the set of compositions to be enumerated, so that 
thetotdcountm F(m,n-l) + F(m9n~2) + °--+F(m,n-m). D 
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Theorem 3: Suppose m > 1. Thee the bottom row of array T is given by T(i, 0) = F(m, i +1) for 
i > 0 . 

Proof: We have T(0,0) = F(m91) = 1. Suppose now that / > 1. The sum In (5) and Initial 
values given with (5) yield 

J ( | . 0 ) [2'"1 If l<i<M? 

[r(/-m,o)+r(/-wf+i,o)+ —+r(#-i,o) ifi>#w+i3 
and by Lemma 3.1, 

17/ • , i \ J2' IfO<J<W~l? 
F(wi, i +1) = < ? 

[F(w, i) + F(m, / -1) + • • • + F(m, i + \-m) If i > m. 
Thus, the Initial values and recurrences of the sequences {T(i, 0)} and {F{mJ + t}} are Identical, 
so that the sequences are equal. 
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NEW PROBLEM WEB SITE 

Readers of The Fibonacci Quarterly will be pleased to know that many of its problems can now 
be searched electronically (at no charge) on the World Wide Web at 

http://problems.math.umr.edu 
Over 20,000 problems from 38 journals and 21 contests are referenced by the site, which was 

developed by Stanley Rabinowitz's MathPro Press. Ample hosting space for the site was gener-
ously provided by the Department of Mathematics and Statistics at the University of Missouri-
Rolla, through Leon M. Hall, Chair. 

Problem statements are included In most cases, along with proposers, solvers (whose solutions 
were published), and other relevant bibliographic information. Difficulty and subject matter vary 
widely; almost any mathematical topic can be found. 

The site Is being operated on a volunteer basis. Anyone who can donate journal issues or their 
time is encouraged to do so. For farther Information, write to: 

Mr. Mark Bowron 
Director of Operations? MathPro Press 
P.O. Box 713 
Westford, MA 01886 USA 
bowroe@my-deja.com 
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