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1. INTRODUCTION

Functions defined by Dirichlet series . ja,n~* are interesting because they often code and
link properties of an algebraic nature in analytic terms. This is most often the case when the coef-
ficients a, are multiplicative arithmetic functions, such as the number or sum of the divisors of 7,
or group characters. Such series were the first to be studied, and are fundamental in many aspects
of number theory. The most famous example of these is undoubtedly £(s) =2 #n~° (Re(s) > 1),
the Riemann zeta function. Initially studied by Euler, who wanted to know the values at the posi-
tive integers, it achieved prominence with Riemann, who clarified its intimate connection with the
distribution of primes, and gave it lasting notoriety with his hypothesis about the location of its
ZEeros.

Another class of Dirichlet series arises in problems of Diophantine approximation, taking a,
to be the fractional part of #8, where @ is an irrational number. Their properties depend on how
well one can approximate @ by rational numbers, and how these fractional parts are distributed
modulo 1. The latter is also a dynamical question about the iterative behavior of the rotation by
angle @ of the unit circle. Such functions were defined and studied by Hardy and Littlewood in
[3], and also by Hecke [5], Ostrowski and others.

A Dirichlet series typically converges in a half-plane Re(s) > o,. The first step in retrieving
the information contained in it is to study its possible analytic continuation. Even its existence is
not usually something that can be deduced immediately from the form of the coefficients, however
simple their algebraic or analytic nature may be. For instance, as is well known, {(s) extends
meromorphically to the whole complex plane, with only a simple pole at s=1. In addition, it has
an important symmetry around Re(s)=1/2, in the form of a functional equation, a hallmark of
many arithmetical Dirichlet series. It has "trivial" zeros at —2,—4, -6, ..., and its values at the
negative odd integers are rational, essentially given by the Bernoulli numbers.

The Diophantine series described above also extend to meromorphic functions on C, but
there is no reason to expect a symmetric functional equation. Indeed their poles form the half of a
lattice in the left half-plane. Other series, more fancifully defined, are likely not to extend at all.
For instance, it is known that 3 p~°, where p runs over the primes, cannot extend beyond any
point on the imaginary axis, even though it is formed from terms of X, #~* (Chandrasekharan's
book [1] is a nice introduction to these arithmetical connections, whereas Hardy and Riesz's book
[4] is a good source for the more analytical aspects of the general theory of Dirichlet series).

The function ¢(s) we study in this paper, defined by the Dirichlet series 2 F, *, where F, is
the ™ Fibonacci number, shares properties with both types mentioned above. We will show that
it extends to a meromorphic function on all of C and that it has, like the Riemann zeta function,
"trivial" zeros at -2, —6, — 10, .... However, it has trivial simple poles at 0, —4, -8, .... Again like
£(s), we show that at the odd negative integers its values are rational numbers, in this case
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naturally expressible by Fibonacci and Lucas numbers. In addition, we derive arithmetical expres-
sions for the values of ¢(s) at positive integers.

On the other hand, we also show that ¢(s) is analytically similar to the Diophantine series
with the golden ratio as the irrational number 6. Indeed @(s) has the same "haif-lattice" of poles.
More recently, Grabner and Prodinger [2] describe a "Fibonacci" stochastic process in which
there arise analytic continuations sharing yet again this kind of pole structure, thus adding a third
interesting context in which similar analytic behavior arises. This can be explained by a formal
similarity in the calculations in each case, but it would be interesting to study further if there are
deeper connections between them.

2. FIRST STEPS

The Fibonacci numbers grow exponentially, and, in general, if a >1 and v, are integers with
v, 2 a”, then for o = Res >0 we have the estimate

il v, < i v, < i a " =(a® -1

n=1 n=1 n=1

Hence, the Dirichlet series 2., , v,* defines an analytic function f(s) for o > 0, and furthermore,
7)< Isl(@” -1 = (loga)* L+ 00

as o — 0", so that sf(s) is bounded in every angular sector with vertex at 0 opening into the half-
plane Res>0.

Applying this to the Fibonacci numbers F,, we get an analytic function ¢(s) defined for o =
Re s> 0 by the Dirichlet series X, F,*. It is interesting to express this as a Mellin transform in
the classical manner (see Ch. 4 of [4], for example). This is accomplished by the counting function
D(x)=#{n=>1:F, <x}, which counts the number of Fibonacci numbers less than or equal to x,
where we start with F and count F,=F, =1 twice. Equivalently, ®(x)=max{n>0:F, <x}
(but this is not the same as starting from F; = 0 and counting distinct F;). Then

P(s) = s D(x)xdkx.

Note that ®(x) =0 for 0 < x <1, so the integral actually starts at x =1.

Let N(x)=[log, x+/5], where log,, means the logarithm in base ¢ and [x] is the integer part
of x. Then it is not hard to see that ®(x)= N(x)+5(x), where 5(x)=0,1,—1 and, in fact,
8(x) =1 if and only if x is in an interval of the form [F,,, ¢*"/+/5), n>1, and 8(x) = -1 if and
only if x is in an interval of the form [@?™*!//5, F,,,;). Let E c[1,) be the union of these
intervals. Then m(E) < oo, where m is Lebesgue measure, and thus we have

o(s)=s]; w[——"’lg(f;‘f)]x-’-&ms [ 60 0

The first integral may be calculated explicitly, and defines a meromorphic function on the whole
complex plane. The second integral converges at least for o > -1, since for such o,

IElx“’llcbc = jE x % <m(E) < co.
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In fact, we do not need to calculate the first integral once we realize that approximating ® by N is
equivalent to approximating F,, by ¢” /+/5 in the Dirichlet series. Indeed,

(4 /I ..g }72n+l -
A(s)= ?;L e [ s

0 21\ "¢ 241\~ F
S ] (7
;Zﬂ 2 T L1~ ( N N

—25
:w(s)__l_s—s/Z V4 —
l-¢

for o > 0. Thus,

cs

-1’

o(s) = A(s) +1+-2
@

where ¢ = log¢,(J§) —1. This is an analytic continuation of @(s) to ¢ > ~1, and we see that ¢ has
a simple pole at s =0 with residue 1/log@. In fact, the series expression
A@s)= 2 B (9" 15y
n=2
converges for o > -2, since by the mean value theorem,
|Ey* = (0" 13)| < |F ~(@" 1D supy, sl

=—=_0 —n(o+1) slO —n(c+2) .
J— (™) = Is10(p )
Note also that A(s)—>1 as |s|—> o and s lies in an angular sector at 0 opening onto Res>0.
This is consistent with @(s) —> 2 as |s|—> o in this manner.

Now we proceed to determine the analytic continuation of ¢(s) to a meromorphic function

on C, and determine its poles. From this we will see the reason for this first "jump" from o =0
too=-2.

3. ANALYTIC CONTINUATION

Proposition 1: The Dirichlet series X, F.* can be continued analytically to a meromorphic
function @(s) on C whose singularities are simple poles at s =2k + Z&™8 £ >0 5 e Z, with

logg >
residue (~1)¥52(3¥)/log(p).

Proof: We obtain the full analytic continuation of @(s) by refining the approximation to F,
to a full binomial series

n *np *"p
Fr-|9 =0 | _5pi2pml1_| L
=[5 ser{i2

=5 pl2 np( ( 1)n+l ) =5 pl2 z (i) (__ 1)(n+1)k ¢n( p-2k) .
k=0 (2)

2001} 411



ANALYTIC CONTINUATION GF THE FIBONACCI DIRICHLET SERIES

This expansion is valid for any p € C and principal powers since then (xy)? = xPy? for x,y >0,
and the binomial series converges since @ >1. Substituting this into the Dirichlet series for ¢(s),
we get

o(s) = Z F= 5s/2z Z( ) (~1)FD gn(@+16). 3)

n=1 k=0

The double series (3) is absolutely convergent for o > 0, for we have the estimate

! (—ks) _ ! (—s)(-s-1) ki (-s—k+1)

< |S|(|S|+1)-;!(lSl+k—1)‘Z(ISHkk—l) (- 1)k( iSl)

4

and then

el

2

n2l, k20

(-]-(s )(_ 1)k(n+1) ¢—n(s+2k)

i (- 1)k( |Si) —n(o+2k)

n1, k20

— Z na'(l (D—Zn) 5] < (1 —2)—|slz¢na < 0,
n=1

n=1

8

Interchanging the order of summation, we get, since [p~ 2| = ¢~*?H) <1 for ¢ > 0,k > 0,

09 =573( 7)) 0ty
k=0 n=1

Nk —(s42K)
“53/22( )( )k_l_(_(l_)l)_f_:@_k)_ (5)

- (- 1
=552 ( S) '
Z;.) k ¢s+2k + (_1)k+1

This series converges uniformly and absolutely on compact subsets of C not containing any of the

poles of the functions
1

which are at the points s = -2k + ="~ '(2"+k) for k>0 and n e Z. Thus, they he on the lines o = -2k
spaced at intervals of 13;’;; 5= —2k 1s a pole when £ is even, and s = -2k +;Z- 1s a pole when k is
odd. Here we see the reason for our initial jump from o =0 to o =-2. For any s € C, we have

|p° % 4+ (=1} 2 97+ — 1> @™ for k> 0; hence,

% o1z Zen (ot -oa-gyce

k>ky

for k,> 0, and this bound is uniform when s varies in a compact set. Hence, (5) defines the

analytic continuation of ¢(s) to a meromorphic function on C with simple poles at s, = -2k +
zi(An+k)

D , k>0, neZ. The residue at s,, is easily seen to be
og 9
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55 /2 (_Iikn) (_ l)k 55%:/2 (_ikn)
d s = lo :
ag_ ((0 2k + (— l)‘:.,.l)x=.<)',‘,l g(?)

(©)

4. VALUES AT NEGATIVE INTEGERS

Next, we discuss the values of ¢(s) at the negative integers. We already know that 0, —4,
-8, ... are simple poles.

Proposition 2: @(s) has "trivial" zeros at —m, where m >0, m=2 mod 4, and the values at other
negative integers are rational numbers, which can be expressed in terms of Fibonacci and Lucas
numbers.

Proof: Let m=0 be an integer not a multiple of 4. By (5),

g 1
pm) =53 (7 |-
’; k P +2k +(_l)k+l

and since m € Z*, all terms with & >m are 0, so that this is really a finite sum belonging to
QWS). Let oy = (F)e™™* +(-)**")" and @, = 0}, +0,,_,, so that &, =, ; and

l _ m
PE) =25 a,
k=0
with

m_z—L
p(-m)=5""23 a
k=0

if m is odd. We compute

_(m 1 m 1
T =\ T 4 (—1)FT -k @™ (=) EH

_ (m) 1 N 1
—\k ¢2k—m + (_ 1)k+1 (_ 1)m ¢t(2k—m) + (__ 1)m+k+1

_(m 1 + -1)”
“\k ¢2k—m +(_l)k+1 (D*(Zk—m) +(_1)k+1 >

so that a} = @, if m is even, and aj, = —a, if m is odd, where a* denotes the Galois conjugate in
Q(5). Thus, if m is even, we have o, € Q for all k, and since also 5™ e Q, we see that
@(-m) € Q in this case. Ifm is odd, then e, if of the form a,+/5, where a, € Q, as is also 52,
so that again ¢(—m) € Q. We get further information by carrying through the computation of «, :

o = (m) (_1)m¢2k—m +(___1)m+k+1 +¢*(2k—m) +(_1)k+l
k k (¢¢*)2k—m + (_1)k+1(¢2k-—m + ¢*(2k _ m) + 1)

_ (m) (—1)+ (@) "+ M + () (A+(=D)™)
k PP+ P 4 (A (-D™)

™
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If m =2 mod 4, then this simplifies to &, = (7)(~1)**!, and then

o(-m)=— 5"”’22( )( D=0 (m=>0 even). 3
These may be considered the "trivial" zeros of ¢(s).
If m is odd, then
QP k)
+9
ay “( )( 1)k+1 2k— ¢*(2k—m)
F m F
=J§( ) _lk 2k—m :Jg( ) -1 k+1 m—2kJ
k ( Iﬂk—m k ( ) Lm-2k

where L, = 9" + ¢ is the Lucas sequence 2,1,3,4,7, ..., and both F, and L, are extended to all
nelZ,sothat F,=(-1)"""F, and L_,=(-1)"L,; hence, F,/L_,=—F,/L, forall n=0. Then

1 & (m k41 Fpg
k=0 ‘m—2

All that has been done for the Dirichlet series >, F.~* may be carried out in an entirely anal-
ogous manner for Y- ,(~1)"F,*. Carrying out the corresponding calculations, which amounts to
chasing sign changes in the previous ones, yields the following result.

Theorem 1: The Dirichlet series X, (—-1)"F,” can be analytically continued to a meromorphic
function y(s) on C by the series

The singularities of y/(s) are simple poles at
’s=—2k+M, k>0, neZ,
loge
with residue

153 () ogto).

These are "complementary" to the poles of ¢(s). Thus, —m is a simple pole for integers m >0,
m=2 mod 4. Similarly, w(s) has trivial zeros at —m, where m>0, m=0 mod 4 (note that
w(0)=-1/2). Finally,
< F,
'//(_m) — ¢(_’n) - 5—(m—1)/22( )( 1)k+1 -2k
k=0 m—2k
form>0, m=1mod 2.
In particular, 1(¢(s)—@(s)) analytically continues the series X, 5,5, to a function with
simple poles at

s——2k+ ,k>0,ne”,

log o’
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hence, at all even negative integers. The odd negative integers are trivial zeros of this function.
Similarly, 1(@(s)—@(s)) analytically continues the series X, 5, to a function with the same
singularities, and rational values at the odd negative integers.

5. VALUES AT POSITIVE INTEGERS

Theorem 2: For meN, p(m)=5"2%7, cp™, where the coefficients ¢, are combinations of
sums of powers of divisors of /. In particular, we have the formulas

p()=BY (D + (D' D) o™,

I=1

p@=5 Y DMo(h)e?,

I=0mod 2
o) = 23O - + (D~ g™
=1 ‘

11
pW=2 T (@ UB-oxh)e™ v

I=2mod 4

£25 Y [1 L o gy + CB 1 03([11'2)(0”’,

I=0mod 4

where dik(n) = Zdin, d=i(4) dk’ d, = dil, O’k(n) = Zd!ndk, [l]z = 2ord2(1) is the 2—part of I, and [l]& is
the part of / prime to 2.
- +k-1
@)

Proof: Starting from (2) and
g2 z (m +k— 1) (=Tyengnm20).

Let d = m+ 2k, which ranges over S,, = {d >m:d =m mod 2}, so

5m/2 Z ( ) (__1)11—-— —nd

desS,

we have, for m e N,

Let St ={d>m:s=m mod 4} and S, = {d >m:s=m+2 mod 4}. Then

" d+m=-2 d d+m-2 —nd
Er_m:Sm Z (mil)¢—n +(_l)n Z (m11)¢ nd |

deS;, deS,

To sum over n, we will collect like powers /=nd , so that / runs over all natural numbers and we
restrict to d|/, obtaining

>Fm- 5’”’22( 2 (,;mwl) 2 (D”“(m :)Jw"- (12)

n=1 I=1\d|l,d S, d|l,deS,
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Similarly, we may sum over subsets § of the natural numbers, letting / run over multiples of S,, by
ne§. For example, if m is odd, then the divisors d € S,, are odd, so if we wish to sum over odd
n, then we let / run over odd numbers. If we wish to sum over even », then / runs over even
numbers. If m is even, then the divisors d € S,, are even, so / runs over even numbers. In the
case m=1, we have S ={d >1,d =1 mod 4} and S ={d >1,d =3 mod 4}. The binomial coef-
ficients reduce to 1. Noting that ¥, ;.; 4 (~D"? = (-1)'d/(J), this gives us the formulas:

ZF ~ Jﬁlz () + (D dyD)p™;
S Iy E = J?li«— ' d () +dy(D) o7
n=1 =1

= (13)
Z Fz_nl+1 =5 z (@ ()—ds(D) ¢‘_l;
n=0 I=1mod 2

25l =5 ) d+aD)e™.

n=1 I=0mod 2

Horadam [6] treats other approaches to these and other sums of reciprocals (s =1) of quadratic
recurrence sequences involving elliptic functions (see Proposition 3 below).

x+m=2
neor=(2F)

is a polynomial in x of degree m—1, divisible by x if m is even. Write

m=1
By(X) = ) @X”,
k=0

In general,

where a,, € Q. Then p(m)=5"2X3, cp™, where

clzmz—:lakm( > db+ ) (—l)lldd"). (14)

k=0 d\l,d &S}, kll,deS;,
This observation proves the theorem. 0

To get the specific formulas for fixed /, m, let s, denote the expression in parentheses.
Note that, for odd m, we have sums over divisor classes d =1, 3 mod 4, so the signs do not
bother us:

m-1

G = Zakm( > db -y Y d"J

k=0 \d|LdeS; kil deS;
and the greater difficulty is the size restriction on divisors, d >m. For even m, the signs are more
of a nuisance. The classes S, S,, are of divisors d =0, 2 mod 4. We are summing over even /,
and we write /=2"4 with r >1 and A odd. Then the divisors d|/ with d =2 mod 4 are of the
form d =28 with §|4. Thus, forgetting for the moment about the restrictions on the size of d,
we note that Xy seomeaa @ =250, (1) and Ty 4oy meaa(-)"d* = (-1)"*2%0(4), since 1/d =
A /6 is odd or even according to whether A =1//2 is odd or even.
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The divisors d|/ with d =0 mod 4 are nonexistent if 7 = 1; otherwise, they are of the form
d=2P8, with2< p<r and §|4. Thus,

=3 ¥ sy =2

k
d|l,d=2 mod 4 S|4 p=2 27 -1

k(r+1) _ 22k o (/1)
k

and

S ()M=Y Z’: 2°5) (- 1)2"/’%

d|l,d=2 mod 4 S|4 p=2
r=1
=-»2%5*+3 3 (2°6)F =-2%0,(A).
S|4 S|4 p=2

Putting it all together, we obtain the formulas

2ba (1)~ D dF, 1=2 (4),
dszd,’xfou
P d<m
@ -2, Ydk - TN, 1=0 (4),
d.=_2dnfod 4 d52erlod 4
d<m d<m
if m=2 mod 4, and
(ko (A)+  YdE, 1=2 (4,
ds2dnlmlod 4
d<m
Skim = . Qk(r+D) _ 92k ) y
Yo +E o ()~ Yd - d, 1=0 (),
2" -1 d|l d|l
d=2mod4 d=2mod4
L d<m d<m

if m=0 mod 4, from which we get the formulas in the theorem.

A curious result may be derived from these formulas in the case m =1, which is probably the
subject of Landau's centenary paper [7], to which, unfortunately, the author did not have access.
Let ®(2) = X,z €™z denote Jacobi's theta function. We write also ®(g) = X,z g, for g =™
with Im z > 0. Then,

Proposition 3: The following formula holds for & = {2
V5ol _1Y _of-2Y
Z 53 o5 ) @

Proof: Note that g =g for z=-1/8 (8 is the minimum difference of the poles of ¢(s)
along the vertical lines o =-2k). We have @(g)? = X2, 7,(Dq’, where r,(I) is the number of
representations of / as a sum of two integer squares. Since r,(/) = 4(d,(l) - d,(I)), we have shown

Z Fn_lzﬁ Z nDe™,

n=1mod 2 4 I=1mod 2

and the formula follows from noting that r,(2/) = r,(I) since d,(2/) =d,(/), hence
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0(¢")* =Y (D" = rn2hg*
=0 =0
and so

> n(hd'=0()*-0(¢")* O

I=1mod 2

6. DIOPHANTINE APPROXIMATION

The "Fibonacci zeta function" ¢(s) has much in common with the meromorphic function
obtained by analytic continuation of the Dirichlet series f(s)=X2, %2 (where {x} is the
fractional part of x) studied by (among others) Hecke in [5] and Hardy and Littlewood in [3] and
related papers. Indeed, they show that this function has the same singularities as ¢(s), namely,
simple poles at —2k& + (2;:;2”’ They work with any reduced quadratic irrational «, and it is easily
seen that we have analogous results in that case also. In particular, f(s) and ¢(s) differ by an
entire function. The function @(s) is not in those papers, which have in mind the study of the
distribution of the fractional parts {na} (see also Lang [8]). Hecke mentions that Y., .g#~* also
has an analytic continuation when S is the set of positive integers satisfying {na} < & for a given
£>0. Note that F,,,, €S except for finitely many », but by Weyl's equidistribution theorem
there are infinitely more numbers in S, making these continued functions have an additional pole at
s=1. Comparing (5) with formulas in [5] and [3], we find similar summands multiplied by zeta-
like functions. It would be interesting to obtain more qualitative information. Further questions
about ¢(s) might involve finding nontrivial zeros and studying their distribution, and more prop-
erties of the values @(m) at integers m.
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