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1. INTRODUCTION 

In this paper, we consider the generalized Fibonacci and Lucas functions, which may be 
defined by 

ryX _ pinXOX 

and 
V(x) = ax+e?*xflx, (2) 

where a = (p + -/E)/2, f5=(p-JK)l2> 0, A = p2-4q,p and q are integers with q> 0, andx 
is an arbitrary real number. It is clear that U(x) = F(2x) and V(x) = L(2x) when p = 3 and q = 1, 
where F(x) and L(x) are the Fibonacci and Lucas functions, respectively (see [2]). 

In [2], R. Andre-Jeannin proved that well-known identities for Fibonacci and Lucas numbers 
are again true for F(x) and L(x). Basic results regarding these topics can be found in [1]. Some 
special cases of the functioits U(x) and V(x) are treated in [4] and referred to in the Remark in 
[8]. The aim of this paper is to establish some identities for U(x) and V(x). We are interested in 
calculating the summation of reciprocals of products of U(x) and V(x). 

2. MAIN RESULTS 

From the definitions of the generalized Fibonacci and Lucas functions, we can obtain the 
main results of this paper. 

Theorem: Assume that n, r, and s are positive integers, and x is an arbitrary real number. Then 
« ei„{k-l)rxq{k-l)rx ^ Ujnrx) ( ) 

£"! U(krx -rx + sx)U(krx + sx) U(rx)U($x)U(sx+nrx) ) 

and 

£- V(sx + krx- rx)V{sx + krx) U(rx)V(sx)V(sx + nrx)' { } 

Proof: From (1) and (2), it is easy to verify that U(x) and V(x) satisfy 

V(sx) V(sx+rx)= 2einsxqsxU(rx) ( . 
U(sx) U(sx+rx) U{sx)U(sx+rx) { ) 

and 
U(sx) U(sx+rx) = -2eiKSXqsxU{rx) 
V(sx) V(sx+rx) V(sx)V(sx+rx)' W 

In (5) and (6), replacing s by s, s + r, s+2r,..., s + (n - l)r, and adding the results we can obtain 
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f g ' W > V ^ =e-<*'xq-a(V(sx) Vjsx+nrxV 
^Uisx + krx-rx^isx + krx) 2U(rx) [u(sx) U(sx+mx) 

and 
^ ei<K-i)™q(k-i)rx =e^'xq'a(U{sx) U(sx+nrx)) 
^V(sx + knc-rx)V(sx + krx) 2U(rx) {V(sx) V(sx+nrx))' 

From (5) and (6), we can prove that the equalities (3) and (4) hold. • 
Remark: From (1) and (2), we can show that the following relations are valid: 

V(2rx) - ei7t{r-^xq{r-^xV(2sx) = AU(rx - sx)U(rx + sx); (7) 

V(2rx) + ein{r~^xq^ xV(2$x) = V{rx - sx)V(rx + sx); (8) 

U2(rx) - ei7r(r~s^r^xU2(sx) = U(rx - sx)U(rx + sx); (9) 

V\rx) - ei7l{r-s^xq{r-^xV2{sx) = AU(rx - sx)U(rx + sx). (10) 

From (7) and (8), we have 
n Jitkrxrskrx n Jnkrx^krx 
y e ? = y e <1 
S V(2krx+rx + 2sx)- ein{sx+knc)qsx+krxV{rx) £J AU{krx + sx)U(krx + rx + sx) 

and 
n Jnkrx^krx n Jnkrx^krx 

y e g _y e g 
£J F(2Jbr + rx + 2sx) + ̂ ^5X+^V^+teF(^c) £j> V(krx + ^)F(ATT+rx + « ) " 

By the method used to obtain (3) and (4), we obtain the equalities 
A g/jfaxgto = U(nrx + rx) 
^ 0 F(2An:+nc + 2 5 x ) - e / ^ + ^ ) g ^ + t e F ( ^ ) " W(rx)U(sx)U(sx+nrx+rx) 

and 
A g ' « * y * U(nrx + rx) 
^ 0 F(2Aro+rr + 2sr)+ein{sx+krx)qsx+krxV{rx) U(rx)V(sx)V(sx+nrx+rx)' 

Using (9) and (10) and applying the method used to obtain (3), we obtain the equalities 
& 1

 e2mkrxq2krx ^ U(2mx) 

^ 0 U2(2krx+rx + at) - ^ + 2 ^ V * + 2 ^ 2 ( o ; ) U(2rx)U(sx)U(sx + 2wx) 
and 

A e2inkrxq2krx t/(2llfy) 

^ 0 F2(2Ao: + o: + ̂ ) - e ^ ( ^ + 2 ^ V x + 2 ^ ' / 2 ( ^ : ) AI7(2o:)C/(5x)C/(5x + 2/io:). 

Letting x be a positive real number and | ~ | < 1, due to 

lim TT/ ^m' x =—— and lim ^ = 
n++*>U(px+rx) a™ r,-»+x>V(nx+rx) VAa^ 

we immediately have the following corollary. 

Corollary: Suppose that r and s are positive integers, and x is a positive real number. If | § | < 1, 
then we have 
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* ein{k-\)rx {k-\)rx j 

£ ! U(sx + krx- rx)U(sx + knc)~ asxU(rx)U(sx) 
and 

°o ein(h-\)rxq{k-l)rx j 

~ V(sx + krx- rx)V(sx + krx)~~ ^AasxU(rx)V(sx)' 

We note that formulas (3.3), (3.4), (3.5), (3.6), (3.9), and (3.10) in [6] are special cases of 
the Theorem and the Corollary. 

Valuable references connected with the main results of this paper are [3], [5], and [7]. 
Finally, we give some special cases of the Theorem and the Corollary. If p - 3 and q = 1 in 

(3) and (4), we obtain 
A e^-V™ F(2nrx) 
^ F(2krx -2rx + 2sx)F(2krx + 2sx) F(2rx)F(2sx + 2nrx) 

and 
^ e^-V™ = F(2nrx) 
;£i L(2krx -2rx + 2sx)L(2krx + 2sx) F(2rx)L(2sx)L(2sx + 2nrx) ' 

If p = 3, q = l, and x - 1 in the Corollary, we have 

^lF(2$ + 2kr-2r)F(2$+2Jcr) ~ (3 + S)sF(2r)F(2s) 
and 

A (-i)<*-1>r r 
£J L(2s + 2kr- 2r)L{2s + 2kr) ~ ̂ 5(3 4- S)sF{2r)L{2s)' 
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