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1. INTRODUCTION 

The r e c u r r e n c e re la t ion for orthogonal polynomials q (x) 
(leading coefficient one) a s soc ia ted with the densi ty function f(x) over 
the in te rva l a, b is der ived explici t ly in t e r m s of the moments of f(x). 
Fu r the r , an a l te rna t ive proof is given of the theorem that if f(x) is 
s y m m e t r i c a l about x = 0, then the polynomials q (x) a r e even or 
odd functions according as n is even or odd. 

2. RESULTS 

Let f(x) denote the densi ty of a d is t r ibut ion function F(x) with 
infinitely many points of i n c r e a s e in the finite or infinite in te rva l 

a, b , and let the moments 

I = I x f(x)dx 

exist for r = 0, 1, 2, o e e 

It is well known, see S z e g o f l ] , that the re exis ts a sequence 
of polynomials p0(x), p (x), p2(x) , o e e uniquely de te rmined by the 
following conditions: 

(a) p (x) is a polynomial of p r ec i s e degree n in which the 
coefficient of x is posi t ive. 

(b) the sys tem p (x) is o r thonormal , that is 

/ 
Pm(x)pn(x)f(x)dx = 

1 for m = n 

0 for m -f 

If, on the other hand, F(x) has only N points of i n c r e a s e , then 
the p (x) exist and a r e uniquely de te rmined for n = 0, 1, . . . , N - 1 ; 
and if F(x) has only finitely many finite momen t s , say ro71 or 
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r r u , in e x i s t , t h e n the p (x) e x i s t a n d a r e u n i q u e l y d e t e r m i n e d fo r Zk+1 n 
n = 0, 1, . . . , k . 

The p o l y n o m i a l s p (x) s a t i s f y i n g c o n d i t i o n s (a) a n d (b) a b o v e a r e 

of the f o r m 

( i ) 

w h e r e 

p n M ^ 
D . D 

i i - 1 n 

D 

m Q mx m z 

m 1 m z m 3 , 

m , m m 
n - 1 n n + l 

m Q n ^ m 2 

m , m~ m~ 

n+ l 

2 n - l 

n+ l 

m , m m ,, . . . . m n , 
n - 1 n n+ l Zn-1 

m m . , m . 0 . . . . m n 
n n+ l n+Z Zn 

a n d w h e r e t he l e a d i n g c o e f f i c i e n t s of p (x) a r e 

v 
D n - 1 

D 

If we now de f ine the p o l y n o m i a l s q (x) a s 

(2) q (x) 
n 

• ^ p„w • 

t h e n the q (x) a r e o r t h o g o n a l p o l y n o m i a l s w h o s e l e a d i n g c o e f f i c i e n t s 

a r e a l w a y s o n e . 

" r T A c c o r d i n g to S z e g o | _ l ] , t h e fo l lowing r e l a t i o n h o l d s for a n y 
t h r e e c o n s e c u t i v e o r t h o n o r m a l p o l y n o m i a l s : 
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(3) Pn(x) = (Anx+Bn)pn_l(x) - Cnpn_2(x), n = 2, 3, . . . 

where A , B and C are constants, A > 0 and C > 0, If the n n n n n 
highest coefficient of p (x) is denoted by k , then 

k A k k ^ 
A _ 5_ n

 n _ n n-2 
n ~ TT~T J U n ~ A ; 72 

Since k =\l—^ , we shall have k J3-17" 
n-1 n-1 k , 

n-1 

n n-2 

The relation (3) then becomes 

,4> p » M = f o f e i + v K ' M - V ^ ? f t O p-*w 

Multiplying both sides of (4) by 

V D n 

n- 1 

and using (2), we get 

To find B , let us suppose that k! is the coefficient of x " n r r n 
in p (x), w h i l e k i s the c o e f f i c i e n t of x in p (x)e By e q u a t i n g 

t he c o e f f i c i e n t s of x on bo th s i d e s of (3), w e g e t 

k ' = A k ' + B k . n n n - 1 n n - 1 

w h i c h g i v e s 

k» k1 , 
(6) B = * - A *tl 

n kn- l n kn- l 
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But 

A = n 

so that (6) can be wr i t t en as 

(7) B 
n - 1 

n - 1 

k1 
n n-1 

n- 1 

Let D* denote the de te rminan t obtained by deleting the (n+l)th 
row and the nth column of D Then 

kf = -n 
D* n 

J lDD ^ n n-1 

Substituting for k , k' and k' . in (7), we get ° n n n-1 
D 

(8) B n - 1 

J D D 
yj n n-

n 

n - 1 
+ - i l l 

D 7 \ 

n-2 

Using the value of B given by (8) in (5), we obtain 

(9) <Ux> 
D* D* , \ 

D , D , I 
n-J. n-Z I 

d n - l 
( x ) n-1 n -3 

D V 2 ( X ) 

n - 2 

Thus (9) gives the r e c u r r e n c e re la t ion for orthogonal polynom-
ials a s soc ia ted with the densi ty function f(x) explici t ly in t e r m s of the 
moment s of f(x). The r e c u r r e n c e re la t ion (9) is valid a l so for n = 1 
if we set DJT = 0, D , 1 and D = 0. 

If the densi ty function f(x) is s y m m e t r i c a l about x = 0, that i s , 
if f(-x) = f(x) and a = -b , then 

= 0 " 1 " 3 ' ° i iA2r+l ' * 
If the odd o rde r momen t s a r e al l ze ro , we shall prove below in 

Theorem 1 that D* vanishes for n = 1, 2, . . . which will imply that 
B = 0 for n = 1, 2, . . . . n 

We shall a l so prove below in Theorem 2 that, in this case , the 
polynomials q (x) a r e even or odd function according as n is even 
or odd. 
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The r e c u r r e n c e re la t ion for orthogonal polynomials a ssoc ia ted 
with the s y m m e t r i c a l densi ty function f(x) is then obtained as 

(10) q (x) = xq (x) -^n n-1 
D D -n-1 n - i 

D V 2 ( X ) 

n - 2 

In pa r t i cu la r , for n = 0, 1, 2, 3, and 4, the orthogonal poly-
nomia ls a ssoc ia ted with the s y m m e t r i c a l densi ty function f(x) a r e 
obtained as foLlows: 

q0(x) = 1 

qx(x) = x 

q2(x) = x' 

q3(x) = x~ 

4 m 6 ' m Z m 4 q4(x) = x 2_ 
m 4 " ' m 2 

2 A
 m 2 m 6 ' m 4 

x + z _ 
m 4 - m 2 

We now prove the following two Theo rems : 
Theorem 1. Let D d.. b e a n (n x n) m a t r i x where d.. = 0 for 
i+j odd, and d.. is a r b i t r a r y for i+j even. Let D* b e a n (n- l)x(n-1) < 
m a t r i x obtained by delet ing the uth row and the vth column of D 
such that u+v is odd. Then the de te rminan t of D* is z e r o . 

Proof. To prove the theo rem we cons ider two cases : (1) n even and 
(2) n odd. 

Case 1 n = 2k (even) 

Let us a s s u m e that we get D* by deleting an odd row and an 
even column. Then by shifting rows and columns of D*, we obtain 

1 A. 

D** = 

A . 
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where D## is a m a t r i x of (2k- l )x (2k- l ) e l ements and 

A, = k x k m a t r i x with ze ro e lements 

A ? = k x (k-1) m a t r i x with a r b i t r a r y e lements 

A~ = (k-1) x k m a t r i x with a r b i t r a r y e lements 

A . = (k-1) x (k-1) m a t r i x with ze ro e l emen t s . 

If we now take the Laplace expansion of D#* by (k x k) m i n o r s , 
then it can be eas i ly seen that the de te rminan t of D## is ze ro , which 
will imply that the de te rminan t of D* is z e r o . 

The r e s u l t a l so follows if we take D* by deleting an even row 
and an odd column. 

Case 2 n = 2k+l (odd) 
In this case , we obtain 

D## = 

B l B 2 

B 3 B 4 
L 

where D## is a m a t r i x of (2k x 2k) e lements and 
B1 = k x (k+1) m a t r i x with ze ro e lements 

B ? = k x (k-1) m a t r i x with a r b i t r a r y e lements 

B~ = k x (k+1) m a t r i x with a r b i t r a r y e lements 

B A - k x (k-1) m a t r i x with ze ro e l emen t s . 

If we take the Laplace expansion of D** by (k x k) m i n o r s , 
then we shall have the de te rminan t of D*# equal to ze ro , which will 
imply that the de te rminan t of D* is z e r o . 

Theo rem 2 Let q (x), defined by (2), be the orthogonal polynomials 
a s soc ia t ed with the densi ty function f(x) s y m m e t r i c a l about x = 0. 
Then the polynomials q (x) a r e even or odd functions according as n 
is even or odd. 
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Proof If the densi ty function f(x) is s y m m e t r i c a l about x = 0, then 
al l the odd o r d e r moment s a r e ze ro , that is 

1 3 Zr+1 

The proof of the theorem follows immedia te ly by expanding p (x), 
defined by (1), in t e r m s of the las t row of the de te rminan t and making 
use of the r e su l t of Theorem 1. 
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