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The integer solution of the equation 

(1) 5x2±6x+l = y2 

is interesting because of the Fibonacci and Lucas relationships that 

appear. 

One method of solving the problem involves the solution of the 

Pythagorean* (Py)» equation 

? 2 ? 
(2) X + Y = 2T , 

2 2 2 2 
where X = 2ab, Y = a - b , Z = a + b s and a > b. Since no other 
restrictions are placed on a and b this solution of (2) is not neces-

sarily primitive. 
When 4x is added to both sides of (1) we obtain 

(3) 9xZ±6x+l = y2+4x2 or 

(4) (3x±l)2 = y2+(2x)2 . Now let 

(5a) 3x±l = Z =• a2 + b2 , 

(5b) y•= Y = a2 - b2 and 

(5c) 2x = X = 2ab or 

(5d) x = ab. 

Substituting this value of x in (5a) we get 
2 2 

3ab ± 1 = a + b or 

(6) a2 - 3ab + (b2 ± 1) = 0 . 

Solving this equation for a > b we have 

3b + / 9 b 2 - 4(b2±l) 3b +V5b2±4 (7) a = 2 * L = 2 
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2 / 2 
If the values of b a r e such that 5b ± 4 = Q then 3b + * 5b ±4 is a l -
ways even and there fore a is always in tegra l . Changing equation (7) 
to 
(8) 2a = 3b + V5b2±4 

we p r e p a r e Table I by filling in the column under b with the Fibonacci 
n u m b e r s , F , and the column beneath the rad ica l sign with the Lucas 
number 's , L. The r e s t of the table is then calculated. 

Table I Showing Fibonacci and Lucas Relat ionships 
Involved in the Solution of 

2 2 
5x ±6x+l = y 

n, 
0, 

1, 
2, 

3 , 
4 , 

5, 

6, 

a, 
1, 
2, 

3, 

5 , 
8, 

13 , 

2 1 , 

3b+ V5b2±4; x = a b ; y = a 2 - b 2 2a 
2 = 0 + 2 
4 = 3 + 1 
6 = 3 + 3 

10 = 6 + 4 
1 6 = 9 + 7 
26 = 15 + 11; 
42 = 24 + 18; 

0 
2 
3 

10 
24 
65 

168 

1 
3 
8 

21 
55 

144 
377 

n ' F n + 2 ' F n ; 2 F n + 2 = 3 F n + L n ; ^ l " * " 1 >"= F n F n + 2 ; F ! + 2 " F n = F 2 n + 2 

= < L n + l - F n + l ) / 4 ; = L n + l F n + l 

Note that x +x ,. = F 9 ,~ = F 2 + F 2 

n n+1 2n+3 n+1 n+2 
The solution to equation (1) is 

(9) 

(10) 

x = F 2 , , - ( - l ) n = F F n n+1 
*. ,~ = 2(x , +x 9) - x « n n+2 n-1 n - 2 ' n -3 

y = F ±?~F = F 9 4-9 = L 4 . 1 F 4.1 = 3 y i - y 9 
7n n+2 n 2n+2 n+1 n+1 7 n - l 7 n -2 

F r o m (9) we have the in te res t ing r e c u r r e n t equation 

x = 2(x +x ) - x , 
n n-1 n-2 n -3 
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w h i c h c a n be e x p r e s s e d w i t h F i b o n a c c i t e r m s a s : 

( I D F 2 + 1 - ( - l ) n = 2 [ F 2 - ( - l ) n - 1
+ F 2 _ r ( . 1 ) n - 2 ] . [ F 2 ^ _ ( _ 1 ) n - 3 ] _ 

The (-1) t e r m s d i s a p p e a r so t h a t 

(12) F 2
X 1 = 2 F 2 + 2 F 2 _ - F 2 , o r 

n+1 n n - 1 n - 2 

F 2 - F 2 , = ( F 2 - F 2
 9 ) + ( F 2 + F 2 . ) o r 

n+1 n - 1 n n - 2 7 x n n - 1 7 

F 9 = F 9 - + F 0 , o r 
Zn Zn-Z Zn-1 

F = F 2n 2n 

a n d t h u s w e h a v e p r o v e d (11) a n d (1 2) . E q u a t i o n (12) c a n be w r i t t e n a s 

2 ( F 2 + F 2 . ) = F 2 _ u l + F 2
 9 o r 

x n n - 1 n+1 n - 2 

(13) 2 F 9 . = F 2 , . + F 2
 ? , 

2 n - 1 n+1 n - 2 

a n i n t e r e s t i n g F i b o n a c c i i d e n t i t y - A n o t h e r i n t e r e s t i n g F i b o n a c c i 

i d e n t i t y t u r n s up w h e n t h e a p p r o p r i a t e F and L t e r m s a r e s u b s t i -

t u t e d in e q u a t i o n (8), 2a = 3b + ^ 5 b ±4 . We h a v e 

(14) 2 F , - = 3 F +L 
x n+Z n n 

T h i s i d e n t i t y i s p r o v e d by a d d i n g 3 F to e a c h s i d e of t he i d e n t i t y 

F , + F , , = L a s f o l l o w s : n - 1 n+1 n 

F . + F , , = L n - 1 n+1 n 

F + F + F = 3 F n n n n 

F +(F + F , ) + ( F , . + F ) = 3 F +L n n n - 1 n+1 n n n 

( F + F ± 1 ) + F , 9 = 3 F +L n n+17 n+2 n n 

F ^ . ,+F ^ = 3 F +L n+2 n+2 n n 

2 F ^ 9 = 3 F +L n+Z n n 
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Equation (1) can be written as 

(14) 5x2 + 6(-l)nx + 1 = y2 
v ' n n Jn 

and when the appropriate F terms are substituted, this equation be-
comes 

(15) 5F F + 6( - l ) n F F + 1 = F 
K D) n n+2 K ' n n+2 2n+2 

which equation is equivalent to 

(16) 5F2 , F 2 , - 6( - l ) n F . F x l + 1 = F 2 or N ' n-1 n+1 n-1 n+1 2n 

(17) 5 rF 2 +( - l ) n l -6(™l)nfF2 + (-l)n1 + 1 = F 2 = L 2 F 2 . 1 L n J l , L n
x / J 2n n n 

When the indicated operations are performed we have successively 

5 rF 4 +2( - l ) n F 2 +( - l ) 2 n ] -6 ( - l ) n rF 2 +( - l ) n l + 1 = L 2 F 2 

L n ' n s ' J . ' L n * ' -J n *n 

5F 4 + lQ(- l ) n F 2 + 5 -6 ( - l ) n F 2 - 6 ( - l ) 2 n + 1 = L 2 F 2 
n ' n n n n 

5F 4 + 4 ( - l ) n F 2 = L 2 F 2 
n n n n 

5F2 + 4 ( - l ) n = L2 

n n 

and thus we have proved the identities (16) and (17). 
2 2 2 

Now we examine the solution of equation (2), X + Y = Z , where 
F and L terms are used for (a) and (b). For this purpose we first 

prepare Table II where the a's and b's are transferred from Table I. 
The rest of Table II is then calculatedo 

The solution of X2 + Y2 = Z2 is 

(18a) X = 2ab = 2F F IO 
n n+2 

Y = a 2 - b 2 = F 2 - F 2 = F 9 , 9 n+2 n Lxi-rL 

Z = a2+b2 = F 2 +F2 = 3F2
X 1 -2 ( - l ) n . n+2 n n+1 ' 
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Table II Showing Fibonacci and Lucas Relat ionships 
Involved in the Solution of X2+Y2 = Z 2 

X = 2ab, Y = a 2 - b 2 , Z = a 2 +b 2 , a = F , 0 , and b = F . 

n, 

o, 
• 1 , 

2, 
3, 

4, 

5, 

6, 

n, 

a, 

1 

2 

3 

5 

8 

13 
21 

F , F , n+2 n 

b, 
0 

•1 

1 

2 

3 

5 

8 

2[ 

2ab=X, 
1 

4 

6 
20 

48 

130 
336 

2F F n n 

Fln-^ 
+2' 

n l 

-a2-b2=Y, 
1 

3 

8 
21 

55 
144 

• 377 

F 2 - F 2 , n n+2 

F 2n+2 ' 

a +b = 
1 

5 

10 

29 
73 

194 

505 

2 2 
F^+F^ 

n n 

z, 

+25 

n+1 n 

a-b, 
1 

1 

2 

3 

5 

8 

13 

F n + 1 ' 

+ 1 ) A 

a+b 
1 

3 

4 

7 

11 

18 

29 

n-

« L i + l - F n + l ) / 2 ' ' L n + l F n + r ^ I v 2 ^ 

The identi ty (18c), F .?+F = 3F ,, - 2 ( - l ) , is equivalent to 

(19) F 2 + F 2 , = 3 F 2 + 2 ( - l ) n but 
n+1 n-1 n 

F . ± 1 F . 1 = F 2 + ( - l ) n and 
n+1 n-1 n 

2F t l F , = 2 F 2 + 2 ( - l ) n and therefore 
n+1 n~1 n 

F 2 + F 2 . = 2F , . F . + F 2 or 
n+1 n-1 n+1 n-1 n 

F 2 - 2 F , . F , + F 2 = F 2 or 
n+1 n+1 n-1 n-1 n 

(F , . - F , ) 2 = F 2 or 
n+1 n-1 n 

F - F , = F or 
n+1 n-1 n 

F ,. = F +F . n+1 n n-1 
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a n d t h u s w e h a v e p r o v e d t h e F i b o n a c c i i d e n t i t y for Z in (18c ) . 
2 • 2 2 

A n e q u i v a l e n t e q u a t i o n fo r X + Y = Z i s t h e fo l lowing F i b -

o n a c c i i d e n t i t y : 

<2o> 4 c ^ + i - < " M n ] 2 + FL+2 = i^+i-^nz • 
When the i n d i c a t e d o p e r a t i o n s a r e p e r f o r m e d a n d t h e t e r m s a r e c o l -

l e c t e d t h i s e q u a t i o n b e c o m e s 

5 F 4 _ 4 ( _ i ) n F 2 ••= F 2 o r 
n+1 l } ^ n + 1 2n+2 

5 F 4 + 4 ( - l ) n F 2 = F 2 = L 2 F 2 o r 
' n n 2n n n 

5 F 2 + 4 ( - l ) n = L 2 
n N n 

a n d t h u s we h a v e p r o v e d the F i b o n a c c i i d e n t i t y e x p r e s s e d by e q u a t i o n 

(20) . 

The fo l lowing e q u a t i o n s r e p r e s e n t f u r t h e r o b s e r v a t i o n s . 

(21) Z+X = a 2 + 2 a b + b 2 = ( a + b ) 2 = ( F , - + F ) 2 = L 2 , a n d x ' ' x n+2 n n+1 

(22) Z - X = a 2 - 2 a b + b 2 = ( a - b ) 2 = ( F ^-F ) 2 = F 2 .. x ' ' n+2 n n+1 

A d d i n g t h e s e e q u a t i o n s a n d d i v i d i n g by 2 w e h a v e 

(23) Z = ( L 2 + F 2 ) / 2 v ' v n+1 n + 1 " 

a n d s u b t r a c t i n g t he e q u a t i o n s a n d d i v i d i n g by 2 we ge t 

(24) X = ( L ^ - F 2 , , ) / ^ 
n+1 n+1 ' 

a n d m u l t i p l y i n g (21) by (22) w e o b t a i n 

(25) Z 2 - X 2
= L ^ + 1 F 2 + 1 = Y 2 

<26> Y = L n + l F n + l ' 

The a r e a , A, of the P y t r i a n g l e i s 

(27) A = a b ( a 2 - b 2 ) 
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2 2 In genera l , the module, ab(a -b ), is divisible by 6, consequently 
when the appropr ia t e F a n d / o r L t e r m s a r e subst i tuted in the mod-
ule the resul t ing express ion mus t l ikewise be divisible by 6. Thus 
the following express ions a r e al l divisible by 6: 

F F , , ( F 2 -F?) ; [ F 2 - ( - l ) n l ["F2 - F 2 T ; n n+2% n+2 n L n+1 J L n+2 n J 

F F F L • F F F • 
n n+1 n+2 n+1 ' n n+2 r 2n+2 ' 

CFn+r<-^n]F2n+2 ; 0 ^ + 1 - ( - l ) n ] F n + l L n + 1 

and (L 2 - F 2 ) L , . F ,, 
n+1 n+1 n+1 n+1 

( L n + l - F n + l ) F 2 n + 2 

( L n + r F n + l ^ F n + 2 - F n ) 

a r e al l divisible by 24 since ab = (L ,, - F . ,, ) /4 ; y s n+1 n+1 ' 
In the foregoing cons idera t ions the values of a and b were 

r e s t r i c t e d by equation (1) to a = F ~, b = F . If now, in the solu-
tion of a Py t r i ang le , we subst i tute for a and b any a r b i t r a r y F 
a n d / o r L t e r m s then Fibonacci and /o r Lucas number ident i t ies a r e 
eas i ly produced in infinite va r i e ty and divis ibi l i ty expres s ions a r e 
eas i ly produced and proved. 

XXXXXXXXXXXXXXX 


