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1. F . D. P a r k e r (Problem H-46, this Quar te r ly , Vol. 2 (1964), 
p . 303) has proposed the evaluation of the de te rminant 

' F n + i + j - z ' (i, J = 1, 2, 3, 4, 5,) . 

This suggests the m o r e genera l problem of evaluating 

D, = D. = | F k , , | (r , s = 0, 1, . . . , k) . k k, n n+r + s ' ' 

We shall show that 

Ik(k+l)(n+l) ^ 
(1) D k = (-1)Z TJ (*) • (F* F ^ 1 . . . F k ) Z . 

j=0 

For example 

D ^ - t - l ) 1 * 1 , D2 = ( - D n + 1 2 , D 3 = 3 6 , 

D„ = 13824, 4 

To prove (1) we cons ider the quadrat ic form 

k 
Q = V * F k , , u u . 

£smaj n+r + s r s 
r , s = 0 

Since 

we have 

a11 - p n , 1 + /5 " R 1 - -/5 F n = i r r f - <a = 2 — ' P = — 2 — 

k 
k k 

Z^ u^s JLJ{ 
^k"j /k\ n(n+r + s)j (n - r - s ) (k - j ) (a_f3) Q = ZJ urus 2^( _ 1 ) 9 a p 

r, s=0 j = 0 
129 
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=y\i)k-^Yanv<k-j> E *(r+s)j p(r+s)(k-jVs 

k / k 

=^(-l)k-J(^) anJ pn(k-J) V « r J 
j=0 \ r = 0 

If we put 

1 r 

r=0 

it is c lear that 

(3) (a-^Q^^'fy^^^v) • 
j=0 

Thus by means of the l inear t r ans fo rmat ion (2), we have reduced Q to 
diagonal form. If A denotes the de te rminant of the l inear t r ans fo r -
mat ion (2), it follows from (3) that 

I k 1 
z^^1)—r k -k(k+n ynk(k+i) 2 

(4) Dk= (-1)Z TT q) • (a-P) k ( k + i ) (ap)Z AZ . 
j=0 

Now 

lc s I 
A = | ( a r p K " r ) I ( r , s=0, l , . . - , k ) . 

S i n c e t h i s i s a V a n d e r m o n d e d e t e r m i n a n t we ge t 

A . , s,-1jbc-*s r_K."~r. 
A = J 7 (a p - a p ) 

0 <Lr < s <_ k 

a r p k " S ( a - p ) F r % ' s - r 
0 <. r < s <_ k 

k-1 k - r 
( a _ p ) | k ( k + l ) T T T 7 a r p k - r - s F 

r=0 s=0 
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Ik(k+1) k-1 I ( k - r ) ( k - r - l ) k " r 

= (a-(3)Z JT a r ( k - r ) (32 J ! F
s 

r=0 s=l 

Ik(k+1) *k(k+l)(k- l) , 
= (a -P) 2 (a-(5)6 F l F 2 •'• • F

k • 

Therefore (4) becomes 

Ik(k+l)(n+l) k
 k k k _ x 2 

D, = (-1)Z T T (*) • ( F f F k . . . F, ) 
j=0 

This comple tes the proof of (1)„ 

2. As for the de te rminan t 

D k ( L ) = | L n + r + J ( r , B = 0 , 1, . . . ; k) , 

cons idera t ion of the quadra t ic form 

k 
L , , u u n+r+s r s 

r , s = 0 

k 
= X ) ^ aiijpn(k"j) £ *(r+s)j p(r+ 

j=0 r , s = 0 

j=0 \ r = 0 / 

S ) < k " j>u u 
r s 

j=o 

yields 
k 

Dk(;D=rr § anj
 P

n(k-j) • A 2 

j=0 

1 k 

= ( - l ) 2 n k ( k + 1 ) J T (k) • (a-(3)k<k+1> ( F k F ^ 1 . . . F J 2 
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It f o l l ows t h a t 

i -nk(k+l) y k ( k + l ) k , , , 1 ? 
(5) D k (L) .= ( - 1 ) Z 5 Z T T (*) • ( F * F * " 1 . . . F^r . 

j=0 

3„ F o r m u l a s ( l ) a n d ( 5 ) c a n be g e n e r a l i z e d in a n o b v i o u s w a y . C o n -
s i d e r t he s e q u e n c e -J W J de f i ned by 

W ,. = p W - q W (n > 1) , 
n+1 n n - 1 

w h e r e W n , vV, a r e a s s i g n e d . P u t 

D k (W) = k | j + r + s | ( r , s=0, 1, . . . . k) . 

2 
If p - 4q / 0 a n d 

a = P + ^/P - 4<1 f p = P - / p - 4 q 

t h e n W = A a11 + B p n , w h e r e n 

Wx - (3W0 aWQ - Wx
 W f P W 0 W l + q W 0 

A = a . ^ , B = a - p ' A B = ^"7^ 

We find t h a t 

Ik(k+1) Ink(k+l)4k(k+l)(k-l) J L , 
(6) D k (W)=(- l ) Z qZ TT (*) 

7 o y k ( k + l ) , , , ~ 

' ( W1 " P W o W l + ^ V <U1 U2 * * * V ' 

w h e r e 

n an U - a - p 
n a - (3 

2 
I n d e e d (6) h o l d s a l s o w h e n p - 4q = 0, p r o v i d e d we now t a k e 

U = n ( p / 2 ) . T h i s c a n be p r o v e d d i r e c t l y in t he fo l lowing w a y . We 

h a v e 

W n = (f)n (A + Bn) ' 
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where A = W , pB = 2W - pW . Then 

D,(W) = |(£) < n + r + s > k (A + B(n+r+s))k | (r, s=0, 1, . k) 

= ( p ) n k ( k + l ) + k 2 ( k + l ) | ( A + B ( n + r + s ) ) k | 

We r eca l l that for a de te rminan t of the type 

|u , , | (r, s = 0, 1, . e . , k) 
i n + r + s i / 

we have 

kn + r + s l = I Ar S u J (r, s = 0, 1, OOBJ k) 

where A is the usual finite difference operator* (See for example 
r k 
| 1, p. 103] , ) In the p re sen t ins tance u = (A+Bn) , so that 

A1" S u = 0 (r + s > k), A u = ki B 
" n ' n 

It follows that 

|(A+B(n+r+s))k| = (-1 ^ ^ V l )k + 1 B k ( k + 1 ) 

and there fore 

(7) Dk(W) = (- ir ( k + 1 ) ( f )n k ( k + 1 ) + k ( k + 1 ) ( k - 1 ) (k])k + 1(W1 - f W0)k<k+1> 

On the other hand (6) becomes 

1 k 
. l ) 2 k ( k + 1 )

( P ) n k ( k + l ) + | k ( k + l ) ( k - l ) j-j ( k 

j=0 
D (w> = < - i r ( P p i ^ i ^ M ^ T i , ^ - ! , -pj- ( - } 

M w 1 - f w / < k + 1 > n J
2 < k - J + 1 ) ( f ) Z ( J " 1 , ( k " J + 1 ) 

j=l 

±k(k+l) nk(k+l)+k(k+l)(k-l) 
(-1) (f) (Wx - | W 0 ) k ( k + 1 ) 

• TT (k) j 2 ( k " j + 1 ) 

j=l 



134 SOME DETERMINANTS CONTAINING POWERS Apr i l 

Since 

T7 <*> j2(k"J+1> =1̂ T <> ( -^yr ) 2 ( k " j + 1 ) = H ( > ) 2 

j=l y j=l j=0 

- I i ( k _ j ) : - I*-) 
j=0 

i t . i s c l ea r that (6) and (7) a r e in ag reemen t . 
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