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INTRODUCTION 

The Fibonacci sequence -j F . j = 0, 1, 1, 2, . . . , with F . + 
w J J 

F . . = F - + 2 J J - °> may be r ega rded as one e lement of a ce r ta in 
space of sequences assoc ia ted with the quadra t ic polynomial f(x) = 

— 2 
- 1 - x + x , from which i ts r emarkab l e p rope r t i e s de r ive . In the 
following pages , we p re sen t f i rs t , in .modern a lgebra ic terminology, 
an exposit ion of those pa r t s of the genera l theory of such spaces of 
l inear r e c u r r i n g sequences which form a background for this point of 
view. The spaces a r i s ing from quadra t ic polynomials a r e then con-
s idered in this setting, with some applicat ions to number theory, in 
pa r t i cu la r to var ious t e s t s for p r imal i ty of the Mersenne and F e r m a t 
n u m b e r s . 

It is hoped that the paper may thus se rve as an introduct ion and 
source of re fe rence for these a spec t s of the subject, [ l ] 

1. THE SPACE OF A POLYNOMIAL 

Let f(x) = - a 0 - a , x - . . . -a , x +x = (x - r , ) . . . ( x - r ) be 
an a r b i t r a r y monic polynomial of degree n in Z[x | , i . e . , with 
coefficients a. in the domain Z of ra t ional i n t ege r s , i ts (complex) 
ze ros being there fore a lgebra ic i n t e g e r s . With f(x) we a s soc ia t e the 
set C(f) of all sequences S = i s , s , . . . ^ with components s. in 
the complex field [ 2 ] C, in which s , . . . , s . a r e a r b i t r a r y but 
having 

(R) a_s . + a 1 s . , 1 + . . . + a , s. . = s. 
x ' 0 j 1 j+1 n-1 j+n-1 j+n 
for all j > 0. Clear ly , C(f) is a vector space of o rde r n over G. 
An obvious bas i s cons i s t s of the in tegra l sequences [ 3 ] ( i . e . , with 
components in Z): 

U0= Kji = f1 0 , a 0 , . . . j . . . . . U n . 1 = { u n _ l F . J = { 0 . . . . , l , a i i _ 1 , 
' 'Worked per formed under the ausp ices of the United States Atomic 

Energy Commiss ion . 
**Refer to footnotes at end of a r t i c l e . 
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of C(f), i n t e r m s of w h i c h e v e r y s e q u e n c e S of the s p a c e m a y be e x -

p r e s s e d u n i q u e l y , in t he f o r m 

S = s n U n +0 . . + s , U , , s . £ C . 0 0 n - 1 n - 1 j 

( 2 ) 
A " G e o m e t r i c " s e q u e n c e / j l , r , r , . . . / • w i t h r £,C i s in C(f) if 

a n d on ly if f(r) = 0» T h u s 

R i = I 1 ' r i ' r i ' • ' * ) ' ' i = 1, . . • , n 

c o n s t i t u t e t he g e o m e t r i c s e q u e n c e s of C(f). E v e r y e l e m e n t 

c , R , +. . . + c R , c . £ C , 1 1 n n I 

of the s p a c e t h e y s p a n i s t h e r e f o r e in C(f), in p a r t i c u l a r the i n t e g r a l 

s e q u e n c e V = R. +. . . + R = 1 v . I - \ n, a , , . . . ; , w i t h v . = r . J + . 1 n I j j I, n - 1 ) j 1 
. . . + r , j > 0. Be ing in C(f), i t s c o m p o n e n t s v s a t i s f y the r e -

l a t i o n s (R); t h e s e , t o g e t h e r w i t h t he l e s s o b v i o u s r e c u r s i o n s 

(a )m + a ' v , +. . . + a , v , = v , 1 < m < n 
n - m n - m + 1 1 n - 1 m - I m ~" 

a r e " N e w t o n ' s f o r m u l a s " . 

The g e o m e t r i c s e q u e n c e s R. a l s o f o r m a b a s i s for C(f) o v e r 

C if and only if t he z e r o s of f(x) a r e d i s t i n c t . F o r , the m a t r i x 

R = f " r . ] , i = l , . . . , n ; j = 0 , . . . , n - 1 , h a s the V a n d e r m o n d e d e t e r -

m i n a n t TT, . ( r , - r . ) . When the l a t t e r i s no t z e r o , the i n v e r s e m a -
- 1 k r " ^ " r ^A" - 1 

t r i x R = j r . . J e x i s t s [_4J ( o v e r C) w i t h I = R R, f r o m w h i c h i t 
f o l lows t ha t 

(B) U. = r . - R . +. . . + r . R , i = 0, . . . , n - 1 
i i l 1 m n 

By m e a n s of t h e s e e q u a t i o n s , w h i c h m a y be r e g a r d e d a s the " B i n e t 
f o r m u l a s " for the g e n e r a l c a s e , e v e r y s e q u e n c e 

S= ( S j H S 0 U 0 + S n - l U n - l j °f C(f) 

i s e x p r e s s i b l e u n i q u e l y in t h e f o r m 

S = c 1 R , + . . , + c R , c. €C 1 1 n n I 

w i t h s . = c , r . J +. . . + c r J , j > 0, j 1 1 n n J — ' 
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when the r. a r e distinct- This underlying s t ruc tu re of the sequences 
of C(f), pa r t i cu l a r ly of the in tegra l sequences , is one of the m o s t 
cur ious fea tures of the subject . 

Fo r example , if a l l ze ros of f(x) a r e h - th roots of unity, it 
is c l ea r that eve ry S = I c . R . is pure per iodic , with per iod | 5 J di-
viding h. When a / 0 and the r . a r e dist inct , the exis tence of a 
sequence S, with all the c. d 0, of per iod k, impl ies that all r . a r e 

l ' • i 

k- th roots of unity. For , a / 0 i n s u r e s , via (R), that S is pure 
i k per iodic , and we should then have a l inear sys tem I r . f r . - l ) c . = 0. 

3 l i i 
j = 0, . . „ , n - 1, with de te rminan t det R d 0* Thus (r. - l j c . = 0 

' i I 
for each i, and e i ther c. = 0 or r . is a k- th root of unity,, Con-

l i 

sequently, if f(x) has dis t inct ze ros which a r e roots of unity, and h 
is the leas t posit ive in teger for which all r . = 1, then every 
S = I c . R . of C(f) wi tha l l c. / 0 is pure per iodic of period k equal 
to h. Fo r , by the f i r s t r e m a r k , k | h , and by the second, h £ k, 
hence, eve ry period k = h9 

Note: The following genera l iza t ion of the "geomet r ic b a s i s " 
theorem was suggested by the r e f e ree : If r is a ze ro of mult ipl ic i ty 
m for f(x), then r is a ze ro of the f i rs t m-1 der iva t ives of f(x)„ 
F r o m this one may show that the m sequences 

s ] h ) = (h} rJ; j = °5 h = O ' 1 - * " ™ - 1 -

a r e in C(f), where (^) = 1 for h = 0, and 0 = ( j ) ( j - l ) . . . ( j -h+l ) /h! 
for h. > 1. Moreover , if f(x) has the dist inct ze ros r , , . . . , r, , 
1 i k 1 n, of mul t ip l ic i t ies m , . - . . , m respec t ive ly , then the set of 
n sequences consis t ing of k subse ts such as that above, one for each 
ze ro r . , a r e l inear ly independent, and so form a bas i s for C(f) in 
the genera l case , provided only that ze ro , if it occurs among the r . , 
has mul t ip l ic i ty 1. The l inear independence follows from the non-
s ingular i ty of the "confluent Vandermonde matrix,, " Cf„ refe [ l " | . 

2B LIMIT THEOREMS 

If lim s / s . = r ex is t s for a t e rmina l ly n o n - z e r o sequence 
S of C(f), then r mus t be one of the ze ros of f(x)* For , the 



100 FIBONACCI SPACES April 

recursion (R) imp Lies a A +a 1 ( s . 1 1 / s . ) +. . .+ a . (s . . , / s .) = s . , / s . . N ' ^ 0 1 J+l J n-1 j+n-1' y j+n' j 
Since s . . 0 / s . = (s . , _/s . . , )(s . , . / s .), and so on, we have f(r) = 0 in 

the limit. As a partial answer to the questions arising here we include 

Theorem l.(A). If one zero r, of f(x) exceeds all others in 

absolute value, then S= i s .> = Ic .R. has lim s . / r . J = cn • Hence 
I ]) i i J 1 1 if c, 4 0, S is terminally non-zero, and lim s. , . / s . = r. . 1 j+1' j 1 

(B). If | r . | < 1 for all i 2! 2, the sequence S has lim (s . -c , r,k')= 0o 

i 
Hence, if S is an integral sequence, s. is the closest integer to c , r - J 

for large j , and, if a, ^ 0» n o other integral sequence Ic .R. hats the 

same c, . 
Proof. (A). s . / r . J = c, + c J r , / r , )J +. . . + c (r / r , )J~* c, . j ' 1 1 2V 2' 1' n rr 1 1 

If c, / 0, then s. / 0, j 2 J, and so s. , / s . = 

r i ( s
j + i / r i J + 1 ) / ( s / r i J ^ r i c i / c i = r i • 

(B). s. - c , r / = c^r„J +. . . + c r J—^ 0o Two integral sequences with N ' j 1 1 2 2 n n te ^ 
the same c, are therefore terminally identical, and hence identical, 

if an ^ 0. Indeed, it is clear from (R) that two sequences are equal if 

they agree on any n consecutive corresponding indices. 

3. INTEGRAL SEQUENCES 

The integral sequences F = -If. I of C(f) form a module Z(f), 

with integral basis U '» . . » , U - , every such sequence being uniquely 

expressible, with integral coefficients, in the form 

F = fnUn +. . . + f _U , , f.6Z . 0 0 n-1 n-1 j 

The sequences of Z(f) with f = 0 form a sub-module of Z(f), and 

have remarkable divisibility properties, as we shall see. 

The sequences of Z(f), considered modulo m, form a finite mod-

ule Z (f) of exactly m sequences with components in the modular 

ring Z = Z/Zm, the first n arbitrary, the rest governed by the re -

cursion (R) mod m. 

Suppose now that m ^ 2 is an integer prime to a , and let 

F = jf. ( be a sequence of Z (f). It is clear from (R) that F is pure 
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per iodic if it is per iodic at al l , hence that F is per iodic if and only 
if i t s n - tup les 

(f0. . . . . f ^ ) and (fk, . . . , f k + n . 1 ) 

a r e ident ical for some posit ive k, the leas t such k being i ts per iod. 
Since F = 0, of per iod k = 1, is the only sequence of Z (f) con-
taining the ze ro n- tuple , a non- ze ro sequence F can contain at mos t 
m different n - tup les , and so mus t be pure per iodic of per iod 
k 4 m11 - 1. 

Moreover , F has per iod k = m - 1 if and only if i t s f i r s t 
m - 1 n- tuples 

(f0> . . . . t^.ify . . , . fn), . - . . (fmn_2, . . . . fmn+ n_3) 

a r e a l l d is t inct . In such a ca se , each of the m - 1 non -ze ro s e -
quences of Z (f) is a t e rmina l sub-sequence of F, and so a lso has 
this per iod . The si tuation cannot a r i s e for a composi te modulus 
m = ab, a .> 2, b > 2. Fo r , such an F contains the n- tuples (1 ,0 , 
. . . , 0) and (b, 0, . . . , 0), hence a F is in the space and contains the 
n- tup les (a, 0, . . . , 0) ^ (0, 0, • . . , 0), which is imposs ib le . 

The max imum period m - 1 i s a t ta inable in case of a p r i m e 
modulus , which may be seen from the theory of Galois fields [?]» 
Let p be a p r i m e in Z, and suppose f(x) = -3L -SL, X - . . . -a -x +x 
is an i r r educ ib le polynomial in Z [ x ] . Such an f(x) ex is t s for 
every p and n. The sequences of Z (f) may then be r ega rded not 
only as the in tegra l sequences , mod p, of the space C(f), but a l so in 
a quite different light. For the re exis ts a field C* O Z , the " root -

n n 
field" of f(x) (abs t rac t ly , the Galois field GFp )) of exact ly p 
e l emen t s , uniquely expres s ib l e in the form 

•n 1 
s = j L + f , r + . . . + f , r " , f .€Z 0 1 n-1 ' j p 

in t e r m s of which we may wr i t e 

n-1 
f(x) = (x - r)(x - r P ) . . . (x - r P ) 

with n dis t inct z e ros in C*. 
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Following the plan of g 1, we find that the set C*(f) of al l s e -
quences S = ] s . j , with s .£C* governed by the r e c u r s i o n (R) in C*, 

^ n n 
is a vector space of o rde r n over C#, consist ing of exactly (p ) 

K 
sequences , and containing the or iginal module Z (f) of p sequences 

) p 

. ( , f .€Z . 
|J J P 

The ze ro s of f(x) being dis t inct in C*, the geomet r ic sequences 
R. which they genera te form a bas is for C*(f), in t e r m s of which every 
sequence of the space may be uniquely expressed : 

S = c , R , + . . , + c R , c. €C* 1 1 n n j 

with components s . = c, r . J +. . . + c r J , i > 0. where the r . a r e now ^ j 1 1 n n ' J - ' i 
the z e ro s of f(x) displayed above. 

This s u b - s t r u c t u r e of the sequences S r evea l s the i r per iodic 
c h a r a c t e r . For , the mul t ip l icat ive group G of C* is cycl ic , with a 
genera to r s of per iod p - 1. If h is the period of r in G, then 
h | p - 1, and the e lement rP has per iod h/ (h , p ) = h, which is t h e r e -
fore the per iod of every ze ro of f(x)0 An obvious modification of the 
a rgument at the end of i 1 shows that every jion- ze ro sequence S of 
C#(f) has per iod h. 

The e lement r i tself need not have per iod p - 1; however , some 
e lement s ji 0 of C* does genera te the full group G, and i ts min imal 
polynomial mod p is i r r educ ib le of degree n in Z [ x ] . Hence the re 
ex i s t s , for every p and n, a n i r r e d u c i b l e f(x) of degree n in Z [ x j 
for which the ze ro r in C# genera tes G, and eve ry sequence S / 0 
of the cor responding space C*(f) has per iod p - 1. We s u m m a r i z e 
these r e su l t s in m o r e conventional t e r m s in 

Theorem 2. If m ^ 2 is an integer p r i m e to an , then, modulo 
m, every in tegra l sequence F = if. {. of C(f) is pure per iodic of p e r -

n i • I 
iod k < m - 1. Hence, if m |f , then a lso m | f , f , f , . . . . If 
m is composi te , every per iod is less than m - 1. If p is a p r i m e , 

r -̂ C ft* 
a n d f(x) i s i r r e d u c i b l e |_6J m o d p , a l l i n t e g r a l s e q u e n c e s F of C(f) 
a r e p u r e p e r i o d i c w i t h t h e s a m e p e r i o d h, w h e r e h | p - 1. F o r e v e r y 

p a n d n, t h e r e e x i s t s a n f(x) s u c h t h a t h = p - 1. 
3 

E x a m p l e 1. F o r f(x) = - 2 - x + x m o d 3, 

V = | 0 0 2 0 2 1 2 2 1 0 2 2 2 0 0 1 0 1 2 1 1 2 0 1 1 1 0 0 , . . . ]• , 
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the per iod [ ? ] being n = 260 

I f an in t ege r m .> 1 divides some f., j _> 1, of an in tegra l s e -
quence F , the leas t posit ive such j is cal led the rank of m in F9 

Coro l l a ry 1. If F is- an in tegra l sequence of C(f), with 
f = 0, eve ry posi t ive in teger m p r ime to a has a rank r <̂  k < m 
-1 in F . 

4. THE SPACE OF A. QUADRATIC 
2 For f(x) = - a n - a..x + x = ( x - r ] ) (x-r ), the assoc ia ted space 

C(f) of al l sequences S = -j s. [ , s .£C, satisfying 

(R) Vj+alSj+l = S j+2 ' J = ° 

has the bas i s Un = j 1, 0, a , „ • „ > , U, = J09 1, a , . . . j ., and contains 
the sub-space of vec to rs c . R + C-R., where R. = $ l , r . , r . , e o e £ , 

1. L LL L* X v . l l } 

i = 1,2 a r e i ts geomet r i c sequences . The pa r t i cu la r sequence 

V = RI + R
2 = h j = |2'ai>2ao + ai2' ---j 

consis t ing of the in tegers v. = r J + r ? , j > 0, is of special i m p o r t -
ance . 

The geomet r i c sequences R. form a bas i s for C(f) if and only 
if r ] ^ r , in which case the m a t r i x R of d 1 is 

1 
r r r 2 

• r 2 r l 

1 -1 
The cor responding "Binet f o r m u l a s " a r e accordingly 

(B) UQ = ( - r 2 R x + r 1 R 2 ) / ( r 1 - r^ , 

Ul = (Rx . R 2 ) / ( r 1 - r 2 ) , 

or explicit ly, 

u 0 j = ( " r 2 r l J + *\vzV^\-TZ>> u l j = ( r l J " r 2 J ) / < r r r 2 ) 

The re la t ion u~. = a^u^ . . is h e r e manifes t . 0j 0 l , j - l 
We know from g2 that, if | r | > | r | , l i m u . . / r J = l / ( r , - r )} 

l im v . / r , = 1, and lim u, . , - / u , . = lim v. , . / v . = r_ . 
3 l l , j + l l j J+l J 1 
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A g a i n , if | r ? | < 1, t h e n , fo r e x a m p l e , l i m (v. - r J ) = 0 a n d 
i / 

v . i s t he n e a r e s t i n t e g e r to r , , j 2: J; m o r e o v e r - i f a n f 0, V i s t he 
on ly i n t e g r a l s e q u e n c e R, + c ? R . 

The i n t e g r a l s e q u e n c e s F = If. j- of C(f) f o r m a m o d u l e , w i t h 

i n t e g r a l b a s i s U n , U , , and , m o d u l o an i n t e g e r m p r i m e to a , a r e u i -p • u 
a l l p u r e p e r i o d i c w i t h p e r i o d s l e s s t h a n m . F o r a p r i m e m o d u l u s p , 

if f(x) i s i r r e d u c i b l e m o d p , t h e s e p e r i o d s a r e e q u a l , and d i v i d e p - 1, 
2 

a n d t h e r e e x i s t s an f(x) s u c h t h a t e v e r y p e r i o d i s e x a c t l y p - 1. 

The s u b - m o d u l e of s e q u e n c e s F = f, U, ( i . e . , w i t h f„ = 0) h a s 

the s i n g l e b a s i c s e q u e n c e U1 , w h i c h i s h e r e a f t e r d e n o t e d s i m p l y by 

U = j u . ( = < 0, 1, a, , . • . { . F o r f(x) = -1 - x + x , i t i s of c o u r s e t he 

F i b o n a c c i s e q u e n c e . 
2 

E v e r y i n t e g e r m p r i m e to a h a s a r a n k r < k < rn in U, 
w h e r e k i s the p e r i o d of U m o d m ; i n d e e d m |u, , u ? , , . . . ; s i m i l a r 

s t a t e m e n t s m a y be m a d e for e v e r y F ~ f, U, a n d F = f n U n . 

It i s i n t e r e s t i n g t h a t e v e r y s e q u e n c e of C(f) i s e x p r e s s i b l e i n 

t e r m s of U a l o n e . F o r e x a m p l e , f r o m V = 2LL + a U fo l lows 

v . = a u . +u , j > 1 

E x a m p l e 2 . F o r 

f(x) = T - 2x + x 2 = (x - 1 ) 2 , U = 0 , 1 , 2 , 3 , 4 , . . . . V. ^ 2 , 2 , 2 , 2 , 2 , . . 

E x a m p l e 3 . F o r 

f(x) = 2 - 3x + xZ= ( x - 2 ) ( x - 1), u . = 2 j - 1, v . = 2 j + 1 

s a t i s f y the s i m p l e r e c u r s i o n s u . , , = 2u. + 1 , v . . . = 2v . - 1. No te t h a t 
p 9k J + 1 J J + 1 J 

u = 2 F - 1, v T = 2^ + 1 . The s e q u e n c e U m o d u . h a s p e r i o d j . 
P 2 k J 

E x a m p l e 4 . F o r 

f(x) = - 2 - x + x 2 = (x - 2)(x + 1) , u = ( 2 P + l ) / 3 , v = 2 P - 1 , 

for odd p , and v ^ = 2 ^ + 1, k 2: 1. 

5 . T H E S E Q U E N C E U 

E v e n for t he g e n e r a l q u a d r a t i c [8]' ,* ' the s e q u e n c e 

= JO, 1, a l 3 
2 

U = -]0, 1, a1 , aQ + a x , 
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has some remarkable properties, which flow from the 

Lemma 1. For all 

j i o, t > o, a0u.ut + u j + 1 u t + 1 = u.+t+1. . 
The statement is easily proved, for fixed t 2 0, by induction 

from j , j+1 to j+2, being obvious for j = 0, 1. The induction step 

reads 

a0Uj+2Ut+Uj+3Ut+l = a0(a0Uj+alUjHhl)ut + (a0Uj+l +alUj+2)ut+l = 

a0Uj+t+l +alUj+t+2 = Uj+t+3 ' 

From this follows 

Theorem 3. The correspondence j—»u. preserves divisibility 
I I I ^ 

i . e . . j k implies u. u. , or u. u., un ., u0 ., . . . J ' F J ' k j j 2j 3j 
Since un = 0, u = 1, the final statement is trivial for j = 0, 1. 

Fixing j 2. 2, we prove u. |u. by induction on q > 1. This is trivial 
for q = 1. Fix q 2. 1, and assume u. |u. . Setting t = jq - 1 ( > 1) 

I j JH. 
u., . , v . 

j j(q+i) 

Lemma 2. If a prime p divides any two consecutive u,, then 

p divides an« 

If p |u. , 1 , u. j but not an, thenfrom (R) follows p [u., u. , 

and ultimately P|un = 0, u.. = 1, which is falsee 

Theorem 4. Let m be a positive integer prime to an. Then, 
2 I 

modulo m, U is pure periodic of period k < m , and m \M , u^, 
uon , . . . e Thus m has a rank r <_ k in U. Moreover, m |u , 

2k . U 
u , u^ , . . . and no other u., i . e . , m u« if and only if r \JL . In 

r 2r j < 
particular, r |k. 

We have only to prove m |u implies r \£ , which is obvious 

for .£- 0. For JL >. 1, we have r <.£ , by the minimality of r. 

Write Jl - rq + j , 0 < j < r, q 2 1. For t = rq - 1 (2 0), Lemma 1 

reads 

a^u.u . +u . , , u = u^ 
0 j rq-1 J+1 rq * 

Since m \ua> u , u (Th. 3), we have m a^u.u , . Now m 1 X. r rq ' 0 j rq-1 
is prime to a^, and hence also to u , , since a prime common to r 0 rq-1 r 
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this and m is also in u , contradicting Lemma 20 It follows that 

m |u., where 0 < j < r. Hence j = 0 and £ = rq. We turn to the spe-

cial case of 

Lemma 3. If (an, a ) = 1, the sequence U has the properties: 

(a) (aQ,u.) = 1, for all j > 1, 

(b) (u.,u ) = 1, for all j > 0, 

(c) (uo uk) = ( u
k ' u

i + k ) f o r a I 1 J » k * °-

Proof. (a) Induction on j 2. 1. For j = 1, trivial. Assuming 
(an, u. , ) = 1 for fixed j > 0, we see from (R) that (a , u. ?) - 1 also. 

For, a prime common to these divides a^u.,., and hence u . , , , since 
1 j+1 j+1 

(a , a,) = 1, violating the induction hypothesis. 

(b) is clear from Lemma 2 and (a). 

(c) is trivial when j or k is zero. 

ear-For j , k ^ 1, we have from Lemma 1, a^u.u. : + u. , , u, = u. .. . CI 
I P J k ~ 1 J+1 k J+ k 

ly (u.» uk) |uk, u and hence (u , uk) | (uk, u .+ k ) . Conversely, 

(u, , u. ,, ) anu.u. . 

The former is prime to a„ by (a) and to u, , by (b). Thus it 

vides u., u, , and so it divides (u., u1 ). J k J k 

Note: It is clear from (a) that the only integers m dividing 
components u. of U are prime to a . 

d i -

Theorem 5(A). If Jg-f is an. arbitrary sequence of intege r s 
with gn = 0, then the correspondence j--> g. preserves g. c.d. l s , that 

is- (gj?'Sk) = g(^,k) ifandonlyif (g , gfc) = (gfc, g.+k) for all j , k > 0. 

(B) In particular, the sequence U has this property whenever 

(aQ, ax) = 1. 

Proof: (A) The necessity is obvious. Inprovingthe sufficiency 
we may suppose £ | k. The conclusionis clear for k=0, since gn = 0. 
If £ 2 k> 0 and k \jg = qk, we have 
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• y*u, k) = % = <%' gk> = ( g k ' g2k> = • • • = <8k' g£] • 
In the remain ing case , .£ > k > 0, k j.£ , we wr i te £ - kq + j , 0 < j 
< k <-^, and obtain (g , gfc) = ( g ^ g ) = . . . = (gfc, g £ ). It is then 
c lea r how the Eucl idean a lgor i thm, proceeding from this re la t ion 
through a sequence of s i m i l a r s teps and t e rmina t ing in an equation 
such as L =• KQ + J, 0 < J < K < L, with {£, k) = J | K , leads to the 
conclusion (g^ , gk) = . . . = (g^, gR) - (gK, g j ) = g j . 

(B) The applicat ion of (A) to U is now c lea r from Lemma 
3(c). 

Note: The non- t r iv ia l p a r t of Th. 4 follows elegantly from Th, 
5(B) when (an, a ) = 1. For , if r is the rank of m, and m \Uf , then 

m l ( u > ui;) = u / „ ny r l ( r , . i ? ) | r , and r = (r,£)\X . r x \ r , x ) 

Coro l la ry 2. If r , / r a r e re la t ive ly p r i m e in tege r s the 
cor respondence j - » u. = (r - r ? ) / ( r , - r ) is g. c, d. - p r e s e r v i n g . 

For , f(x) = (x - r , ) ( x - r ? ) = - a n ~a x+x has a, = r , + r? and 
an = - r r re la t ive ly p r i m e . 

Note: It i s . .c lear that the set of al l g. c. d. - p r e s e r v i n g func-
tions g(j) on the in tege r s is a closed assoc ia t ive sys tem (semi-group) 
with identity under the composi t ion f(g(j)). Theorem 5(A), suggested 
by the r e fe ree , c h a r a c t e r i z e s these functions. The sequences U r e -
sulting from quadra t i c s with (a , a ) = 1 a r e non- t r iv ia l functions of 
the kind. As a " t r i v i a l " example consider g(2j - 1) = l ,g(2j ) = 2j„ 
Although "well-known" we include the seldom fully stated 

Coro l la ry 3. For in tege r s r , ^ r ? with (r , r ? ) = 1 and dif-
ference d = r - r , let u. = (r J - r ?

J ) / ( r , - r ), j £ 1. 

(a) (d,u.) = (d,j) 

(b) A p r i m e p |u i f andon ly i f p |d. Such a p r i m e p has rank p 
in U. 

(c) If p jd , then p | u and (d, u ) = 1. 

(d) If p | d , then p |u , (d, u ) = p, and if p is odd, p ju • 
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(e) Every prime factor q ^ p of u is of form. 1 + hp. 
P 

(f) If r > r > 0, then for every odd prime p there exists a prime 

<1 = °l(p) dividing u s> of form 1 + hp, and q(p) is one-one. 
P 

Proof. (a) is trivial for j = 1, and follows for j > 2 from 

U j = (d+r2)J - r 2
j ) / d= (dj"2 + C J

1 d j - 3 r 2 + . . .+C j ._ 2 r 2
J " 2 )d + jr2

J'"1 (a*) 

since (d,r?) = 1 . 

(b) From (a*), u - dp mod p. The statement about the rank 
P 

of p follows from (a). 

(c) follows from (b) and (a). 

(d) follows from (b), (a), and the congruence u =. pr p mod 
2 P 

p implied by (a*) for a prime p ^ 3. 

(e) If q |u , q / p , then r P = r P mod q, r, ^ r mod q, since 

(d, u ) is 1 or p; and qfr , , r ? . We present two proofs: (1) Letting 
P X Lt 

r ? r ' = 1 mod q, we have ( r , r ' )P = 1, r . r ' ^ 1 mod q implies p - per-
I n - 1 n - 1 

iod (r1 rJL mod q) |<I>(q) = q - 1 = hp. (2) r̂  = 1 = r^ mod q, 
q (u , , u ) = u( , ), by Cor. 2. Hence p (q - 1) = hp, otherwise n i q-1 p ' q - l ,p J r ' 
(q - l,p) = 1, q|u1 = 1. • 

(f) Since u = r_p~ + . . . + r_P > pr p > p, it follows that 
x p i 2 r 2 = 

there exists a prime q = q(p) of form 1 + hp £ 7 dividing u for p 

odd, and by Cor. 2, this function is one-one. Of course the construc-

tion is valid for every pair r , , r~ covered by the corollary, the sim-

plest being 2, 1 with u = 2 - 1 . It is not known whether an infinity of 

primes 1 + 2p exist. 
Corollary 4„ If 

(a0, a,) = 1 and a , a > 1, then u = 0 < u = 1 < u = a < u^ < u. . . . , 

and 

(a) j composite implies u. composite, (b) u. |u, implies j | k , 
J J K 

except in the single case a' = 1. If a, = 1, (a) is false only when 
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j = 4 and u^ is p r i m e , while (b) is false only when j = 2 and k is 
oddo 

Proof. It is c l ea r from (R) that u. is inc reas ing as s tated. 
(a) Let j = hi, h 2 2, i > 2. By Th. 3, u h , Ujju. , where 

u, , u. < u., s ince 2 S h, i < j . If u, or u. exceeds 1, u. is com-n i j h I j 
pos i t e . Suppose both a r e 1. Then c l ea r ly h = i = 2, and 1 = u, = u. 
= u ? = a:, , j = hi•'= 4, u. = u ,, and (a) follows with i ts p rov iso . 

(b) If u. |u , then u. = (u., u ) = u , . ,* (Th. 5), where 
(h k) ^ j . If equality holds , j jk; if inequality, we mus t have (j, k) = 
1, j = 2, 1 = u, = u "= a . , k odd, and (b) follows. 

60 THE LUCASIAN SEQUENCES U,. V 

The in tegra l sequences 

U= {u.J"= { 0 , 1 , a , . . . ] and V = {v J = [2, a 1 ? 2 a ( ) + a 1 , . . . ] ; 

with 

u . = ( r 2
J - r 2

J ) / ( r r r 2 ) , v. = r ^ + ^ , 

of the space C(f) a ssoc ia ted with the quadra t ic 

2 
f(x) = -aQ - a x x + x = (x - r ^ x - r 2 ) , 

where 
I I 

ri = i (ai + Q 2 ) J r 2 = i ( a i " Q 2 ) ' Q = a i 2 + 4 a o ' 
1_ 

r j + r^ = a1 ? r ^ = -aQ, i^ - r^ = Q , aQQ / 0 , 

have cur ious i n t e r r e l a t i ons , which have been exploited by Lucas [4 ; 
p . 223] , and Lehmer | "5 j , (in even m o r e genera l form) in the design 
of var ious " tes t s for p r ima l i ty" . We p resen t he re some old and new 
aspec t s of th i s . 

The following re la t ions a r e eas i ly verified using the above fornix 
ulas for u., v.: 

3 J 
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(1) Yk + \VV ( l a ) U J V U 2 J 
<2> u . v k - u k v . = - 2 ( - a 0 ) j u k _ . (k> j) 

(3) v . v k + Qu.u k = 2 v . + k (3a) v . 2 + Qu.2 = Z^. 

(4) v .v k - Qu.u k = 2 ( - a 0 ) j v k _ . (k > j) 

(4a) v . 2 - Qu.2 = 4 ( -a Q ) j 

(5) v 2 . = v . 2 - 2(-a0)J 

(6) u x = 1, v 1 = a]L 

(7) u = Q ' mod p, for every odd p r i m e p. 

For example , we compute 

1_ 1_ 1_ 
ZPQ2u = ( a 1 + Q 2 ) P - (ax - Q Z ) P = XP ( l - ( - l ) V ^ ^ O 1 / 2 . 

ZP~lu = i P c P - a P ^ " 1 ' / 2 , from which p 0 I 1 
i odd 

u , Q ( p - 1 ) / 2 m o d p . 
P F 

A p r i m e is said to be r egu la r ( re la t ive to f(x)) in case p | 2a n Q. 
We know from Th. 4 such a p r i m e has rank r = r(p) |k(p) <. p - 1 in 
U, where k(p) i s the per iod of U mod p, and p |u n , u , u7 , . . . and 
no other u. . More r emarkab ly , we see now, from (2), (1), (6), and 
(7), that 

- Q ^ ' ^ ^ a , = 2a n u . and a, + Q ( p " T l ^ 2 a 1 = 2u ^ mod p . 1 1 0 p-1 1 1 p+1 ^ 

Lemma 4. If p is a r egu la r p r i m e , then p |u , if (Q/p) = 1, 
where p |u , if (Q/p) = -1 (Legendre symboll ), so that always 
r(p) < p + 1 in U. 
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Lemma 5. If p is a r egu la r p r i m e , then p | v k if and only 
if r(p) = 2 k + 1 in U. 

Proof. If p l v - k then p |u2k+l b y ( l a ) > b u t pT u
? k bY (4a)» 

hence r(p) = 2 . Conversely , if p ju-^+i but not u ^, then p |v k 
by ( l a ) . 

These a r e the bas ic l e m m a s , For computat ional r e a s o n s , we 
note that the sequence ?̂v k i , with v ? = 2an + a, , v?]z+i - (v?k) 
- 2an^ , k £ 1 (cf. [5 ] ) is re la ted to the auxi l ia ry sequence | S-, | 
defined by 

Sx =. 2 + ( a i
2 / a 0 ) , S k + 1 = S k

2 - 2, k > 1 , 

^k- 1 
via the s imple equation v -̂  = a

n S- , k > 1. Thus, whenever 
an ja, , 7S j is an in tegra l sequence, and a regu la r p r ime p di-
vides v?k- if and only if p |S, . 

We may s ta te one of L e h m e r ' s r e su l t s as 

Theorem 6. Let M = 2 - 1 , where q is an odd p r i m e , and 
suppose an , a, a r e in tege r s with the p rope r t i e s 

(a) If p is a p r ime divisor of M, then p |2a 0 Q where Q = a, + 
4aQ. 

(b) M p r ime impl ies (Q/M) = -1 and (a /M) = 1. 

Then M is p r i m e if and only if M I v/iyr+i \/2» (equivalently 
Sq_1, if a j a ^ ) . 

Proof. If p r i m e P I M I v / M + i \ / 2 ' P i s r e g u l a r bY ( a ) ' hence, 
in U, r(p) = M+l <, p+1 by L e m m a s 5, 4. Thus p | M < p, and M = p, 
p r i m e . Conversely , if M is p r ime , it is r egu la r by (a), and from 
(b), (3), (6), and (7) follows a]_ - Q = 2 v M + 1 , or v M + 1 = -2aQ mod 
M. Then from (5) and (b), -2aQ = ( v / M + 1 ) / 2 ) 2 - 2 a Q ( M + i ) / 2 , and M 
divides the stated v.. 

3 
Example 5. For an = a, -2, Q = 12, (a) and (b) a r e sat isf ied. 

For , only the p r i m e s 2 and 3 divide 2anQ, and M = 1 mod 2 and 
M =. 1 mod 3. Moreover , if M is a p r i m e (Q/M) = (3/M) = - 1 , and 
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(a /M) = (2/M) = 1, since M =. -1 mod 8. Since a n | a 1 , the sequence 
\ S, J is in tegra l with S, = 4, and M is p r i m e if and only if M |S , . 

In the same fashion one may prove 

Theorem 7„ Let F = 2^ + 1 , t 2 1, and suppose a , a, a r e 
in tege r s with the p rope r t i e s 

(a) If p is a p r i m e divisor of F, then p]2a n Q 0 

(b) F p r i m e impl ies (Q/F) = 1, (a Q /F) = - 1 . 

Then F is p r i m e if and only if F v, , . /oi (equivalently 
Sz^v if aoK }-

Proof. Suppose p r ime p | F | v / T r i\/7« Then p is regu la r and 
in U has r(p) = F - 1 < p + 1, so p | F S p + 2, Clear ly F = p, o ther -
wise 2p <. F < p + 2, p < 2. If F is p r i m e , it is r egu la r by (a), and 
from (b), (6), (7), (4), a, - Q = -2aQv , mod F or v , = 2 mod 
F , F r o m (5) and (b), 2 = (v/Tr i \ /o ) + 2 mod F and the theorem fol-
lows. 

Example 6. For an = a = 3, Q = 21, only the p r i m e s 2, 3, a n d 

7 divide 2a n Q, whereas F = 1 mod 2, F = 2 mod 3; as for 7, note 
t t 

that e i ther 2 = 1 + 3h, and then F = 3 mod 7, or 2 = 2 + 3h, and 
then F = 5 mod 7. Hence (a) holdsQ If F is p r i m e , we have (3/F) 
= (F/3) = (2/3) = - 1 , and a l so (7 /F) = (F/7) = - 1 , since (3/7) = -1 =• 
(5/7) . Hence (Q/F) = (3 /F ) (7 /F ) = 1, and (a Q /F) = (3/F) = - 1 , as r e -
qui red . The auxi l ia ry S, a r e i n t ege r s , with S, = 5. 

Note: The t e s t s indicated in Th. 7 have no computat ional ad-
vantage over the orthodox N and S condition 3 '' = -1 mod F„ 
Indeed, the la t ter is a special case of Th. 7, with an = 3, a, = 2. For 
the la tes t computat ional r e s u l t s see the re levant a r t i c l e s in Math. 
CompQ 18 (Jan. 1964) and Scientific Amer ican (Nov. 1964, p. 12). The 
leas t undecided F e r m a t number is F . 

7. THE SPACE Z (f) 
P 

2 
Let p be a p r i m e of Z, and f(x) = - a n - a , x + x ^Z [ X U The 
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r egu la r i ty condition pJ2a Q, which we he re a s s u m e , i n su re s that p 
is odd, a 
dis t inct . 
is odd, and the ze ros r . of f(x) in i ts root field a r e n o n - z e r o and 

1 

2 2 
Since f(x) = (x -2 ' a , ) - (2!) Q, where 21 is the inverse of 2 

mod p, we see that this root field is Z if (Q/p) = 1, or the Galois 
field C* = GF(p2) of 4 3 if (Q/p) = - 1 . 

o 
(I.) If (Q/p) = 1, t he re is a b 6 Z such that b = Q mod p, 

and f(x) is reducible in Z [x |. . Indeed, in Z , f(x) = (x - 2,(a1+b)) 
p - p l 

(x - 2'(a, - b)) has the dis t inct ze ros indicated. The space Z (f) 
i tself has bas is R , R over Z , each of i ts sequences being ex-
p re s s ib l e in the form s. = c , r , J + c ~ r ~ , c , r . £Z . Since r . = 1 

j 1 1 2 2 i i p i 
mod p, every S is pure per iodic of per iod dividing p - 1 . By an a r -
gument now famil iar , if h is the leas t exponent for which both r . = 1, 
every sequence with both c. p 0 (e. g. , Un, U, and V) has period 
h. 

?t This case is of special i n t e r e s t when p = 2^ + 1 is a p r i m e . 
The conditions (Q/p) = 1, (a /p) = -1 then hold if and only if f(x) 
has ze ros in Z with (say) r a quadra t ic r es idue , and r a non-p 2 1 
r e s idue . In such a case , r has period p - 1 , and r ? may have any 

ll J- z 
period mU-(p- l ) j in Z . F r o m the above express ion of s. in t e r m s i- i2v^ P . J 
of the r . it is c l ea r that one sequence (S = 0) has per iod 1, exactly 
p-1 (those with c, = 0 , c / 0) have period m, and the (p- l )p r e -
maining sequences (with c, / 0 , c a rb i t r a ry ) have period p - 1 . 

(II.) If (Q/p) = - 1 , f(x) is i r r educ ib le in Z [ x ] , with ze ros 
r, r in C*, where , in the cyclic group G of o rde r p - 1, r and 
r have a per iod h | p - 1. The geometr ic sequences R. a r e now 
in C*(f) and form a bas i s for the la t te r space over C*. All s e -
quences S / 0 of C*(f), in pa r t i cu la r those of Z (f), have period 
h. Since (r)P + 1 - (^f+l = r P + 1 ( l - r P 2 " l ) = 0, p f u p + r 

For every p > 3, there exis t s an i r r educ ib le quadra t ic ( re la -
2 

tive to which p is n e c e s s a r i l y regular ) for which r has per iod p - 1 . 2 Every sequence of the cor responding space has per iod p - 1 . Since 
p |u , , and every pair (0,1) , . . „ , (0, p-1) , indeed every pair / (0, 0), 
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m u s t appear exactly once as an adjacent pa i r in the sequence fun , . . . , 
u 2 i | mod p, it is c l ea r that p+1 is i tself the rank of p in U, and 
the above sequence cons is t s of the t e r m i n a l e lement and p-1 blocks of 
p+1 e lements each. Moreover , each block a r i s e s from the f i r s t by 
renaming i ts e l emen t s , since each is the beginning of a sequence of the 
space which is a mult iple of U itself. 

Such a sequence thus provides a solution of very specia l type for 
the m = p, n = 2 problem (Cf. footnote [ 7 ] ) . L e h m e r ' s quadra t ic (Ex. 

2 3 "" 2 
5) f(x) = -2-2x+x mod p = 2 - 1 = 7 has a root r of per iod 7 - 1 = 48, 
and mod 7 we find 

U = {01262216 05323352 04131143 06515561 02454425 03646634 0..J 

FOOTNOTES 

1. Most of the ideas p resen ted may be found e l sewhere , somet imes 
in l ess genera l form. See for example r e fe rences [ 3 , 6, 101. 

2 . A p a r a l l e l v e r s i o n i s o b t a i n e d if C i s e v e r y w h e r e r e p l a c e d by the 

" r o o t f i e l d " of f(x) o v e r t he r a t i o n a l f ie ld , o r by the a b s t r a c t 

r o o t f i e ld of f(x) m o d p . See [7~| . 

30 A l t h o u g h l i n e a r l y i n d e p e n d e n t , one m a y n o t e , a m o n g o t h e r s , t he 

r e l a t i o n u . = a u , . , , j 2l 1 „ oj o n - 1 , j - 1 

4. Explicit ly, for i = 0, 1, . . . , n - 1 ; j = 1, . . . , n, 

r = ( - U M n - l - i i j ) / TV (r - r ) 
3 k^j K J 

where the a denotes the e l emen ta ry s y m m e t r i c function of de-
gree n - l - i in the n-1 roots r other than r . . (Here <r = 1 
when n - l - i = 0). Cf. ref. [ 8 ] . 

5 . P e r i o d a l w a y s m e a n s m i n i m a l p e r i o d , w h i l e p u r e p e r i o d i c m e a n s 
t h a t p e r i o d i c i t y o b t a i n s f r o m the b e g i n n i n g of t h e s e q u e n c e . 

6„ The r o o t f i e ld for a r e d u c i b l e f m o d p e x i s t s , but the p e r i o d i c i t y 

p r o p e r t i e s a r e m o r e c o m p l i c a t e d . 

7o The m e t h o d i n d i c a t e d (wi th s u i t a b l e i n s e r t i o n of a z e r o ) p r o v i d e s 
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an a lgebra ic cons t ruc t ion of a sequence of in tegers mod m, of 
length m +n - l , containing no repea ted n- tuple , in the case of 
p r i m e m. The exis tence of such sequences for a r b i t r a r y m, n 
is a well-known co ro l l a ry of a theorem on graphs [2 , 9~L (Re-
m a r k of r e f e r e e . ) 

For the Fibonacci case , see f 10] , on which the p r e s e n t sect ion 
is modelledo 
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