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A general linear recurrence with constant coefficients has the 
form 

U0 = a l* Ul = a
2 " ' " U r - l = ar ; 

u = b, u , + b~u 0 + . . . + b u , n > r n 1 n-1 2 n-2 r n-r 

The Fibonacci sequence is the simplest non-trivial case. Consider, 
however, the following sequence: 

a) V 1 ; 
^ n = *n-l + ^ [n /2J ' n > 0 

In this case, successive terms are formed from the previous one by-

adding the term "halfway back" in the sequence. This recurrence, 

which may be considered as a new kind of generalization of the Fib-

onacci sequence, has a number of interesting properties which we will 

examine here. 

The sequence begins 1/2, 4, 6, 10, 14, 20, 26, 36, . . . . It is easy 

to see that all terms except the first are even, and furthermore 0 
2k-1 2k n 

is divisible by 4 if and only if n = 2 (mod 2 ) for some k > 1. 
We leave it to the reader to discover' further arithmetic properties 

of the sequence. 

The sequence <$> has an interesting combinatorial interpreta-

tion: <£ is precisely the number of partitions of the number 2n into 

powers of 2. For example, 6 = 4 + 2 = 4 + 1 + 1 = 2 + 2 + 2 = 2 + 2 + 

1 + 1 = 2 + 1 + 1 + 1 + 1 = 1 + 1 + 1 + 1 + 1 + 1 , and <t> = 6. To ver-

ify this interpretation, let P(m) be the number of partitions of m 
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into powers of 2. If 2n = a + a +„ 0 . + a , where a1 _\ a > . . „ A a-i 

and each a. is a power of 2, there are two cases: (i) a = 1; then 
1 K. 

a1 +. . . + a is a partition of 2n-l; (ii) a > 1; then a, /Z + a? /2 + 
„. .+ a, /2 is a partition of n. Conversely, all partitions of 2n are 

obtained from partitions of 2n~l and n in this way, so P(2n) = P(2n-1) 

+ P(n). We also find P(2n+1) = P(2n) by a similar argument; here 

only case (i) can arise since 2n + 1 is an odd number. These recur-

rence relations for P, together with P(l) = 1 and P(2) = 2, establish 
the fact that <t> = P(2n). n 

The same sequence also arises in other ways; the author first 

noticed it in connection with the solution of the recurrence relation 

(la) M(0) =0 

M(n) = n + min (2M(k)+M(n-l-k)) 
0 4 k < n 

for which it can be shown that M(n) - M(n-l) = m if 0 < 2n <£ <£> , , 
N ' x ' m - ^rn+1, 

a n d 

^V^^n-L^Zn-ll • 
Recurrences such as (la) occur in the study of dynamic programming 

problems, and they will be the subject of another paper. 

Let us begin our analysis of <t> by noticing some of its most 

elementary properties. By applying the rule (1) repeatedly, we find 

(2) * 2 n + 1 = 2 ( * 0 + . . . + « n ) . 

Another immediate consequence of (1) is 

( 3 ) 4>l ' <*>9 M * , T = < * 2 . x ' 2n 2n+l 2n-1 n 

The sequence <t> grows fairly rapidly; for example, 

4» A = 1981471878 

*IOOOO = 2 - 1 4 X 1 ° 2 ° • 

In fact, we now show that <t> grows more rapidly than any power of n: 
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T h e o r e m 1. F o r a n y p o w e r k, t h e r e i s a n i n t e g e r N, s u c h t h a t 
k k 

0 > n for a l l n > N, . 
n k 

k+1 * 1 k+1 
P r o o f : L e t N be s u c h t h a t (2 +1) > (2 + ^ ) , and l e t 

a = m m ( 0 / n ) . 
n 

N . 4 n 4 2N 
k+1 T h e n by i n d u c t i o n 0 A an fo r a l l n A N, s i n c e t h i s i s t r u e for 

N 4 n < 2N, and if n > 2N 

* n = *n- l + < ^ [n /2 ] ^ t * - 1 ) * * 1 + j > / 2 ] k + 1 ) 

^ // i \ k + 1 . ,11-Lk+l 1 n k + l > 1 x k + l . 1 Nk+l 
> a ( ( n - l ) + (-j-) ) = a ( l + - E T r ) ( n - l ) - a( l + ^ ) (n -1) 

. ,_ ^ 1 . k + 1 . 1 Nk+l k+1 
> a ( l + r ) (n -1 ) = an 

n - 1 
If w e c h o o s e N, $> 1 /a and N , > N, t he p r o o f i s c o m p l e t e . 

K. K. 
We now c o n s i d e r t he g e n e r a t i n g func t ion fo r 0 . L e t 

& ° n 
(4) F(x) = 0 + 0 x + 0 2 x 2 + <*> x + . . . 

N o t i c e t h a t 

( l + x ) ( F ( x 2 ) = <£ + 0 Q x + 0 l X
2 + ^> 1 x 3 + 0 2 x 4 + <*>2x5 + . . . 

= 0 Q + ( 0 r 0 o ) x + ( 0 2 - 0 1 ) x 2 + ( 0 3 - 0 2 ) x 3 + ( 0 4 - 0 3 ) x 4 + . 

t h u s 

= ( l - x ) F ( x ) ; 

F(x) = |±E F(x2) = ill2Hl±4- F(x4) 
X ' X ( l - x ) ( l - x * ) 

We h a v e t h e r e f o r e 

l*\ VM - ( l + x ) ( l + x 2 ) ( l + x 4 ) ( l + x 8 ) - - - _ 1 _ _ _ _ _ _ 
\D) r vx/ - —7 —x £ ~ — 7 ? 2 g— 

(i-x)(i-xA)(i-x*)(i-x°)--- (i-Kr(i-x)(\-x)(i-x)-
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F r o m this form of the generat ing function, we see that F(x) 
converges for | x | < 1. (As a function of the complex var iab le z, F(z) 
has the unit c i r c l e as a na tura l boundary. ) It follows that 

lim sup \/<& = 1 > 

i. e. the sequence <t> grows m o r e slowly than a for any constant 
a > 10 This is in marked con t ra s t to l inear r e c u r r e n c e s such as the 
Fibonacci numbers 0 

In the r ema inde r of this paper we will de t e rmine the t rue ra te of 
growth of the sequence <t> ; it will be proved by e l emen ta ry methods 
that 

1 2 
In <t> * -j -j- (In n) , 

n In 4 x ' 

— 4 ( l n n ) 2 + o ( ( l n n ) 2 ) 
(6) <f>n = e 

The techniques a r e s imi la r to o thers which have been used for d e t e r -
mining the o rde r of magnitude of the par t i t ion function (see F2J ). 

We s t a r t by observing that 

^ k 
In F(x) = - ln ( l -x ) + V ^ ( - l n ( l - x 2 )) 

k=0 

E v E E 
? k 2 r x 

r=l k=0 r=l 

and hence by differentiation 

oo °° JS^ 

^-E"'-, + 2-2-.A2' 
r=l k=0 r=l 

= 2 + 4x + 2x2 + 8x3 + 2x4 + 4x5+. ..+$, xk~l+. 
k 
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w h e r e $ i s t w i c e the h i g h e s t p o w e r of 2 d i v i d i n g k. T h e r e f o r e 

J J ^ - ( 1 - X ) ( 2 + 6 X + 8 X 2 + 1 6 X 3 + 1 8 X 4 + 2 2 X 5 + . . . + ^ xk"X+8 e . ) _b (x) ^k ' 

w h e r e if 

a, a 
1 r 

k = 2 + . . . + 2 , a , > a» > . . . > a > 0, 1 Z r -
k - 1 the c o e f f i c i e n t of x in the p o w e r s e r i e s on the r i g h t h a n d s i d e i s 

a, a 
^ = 0 + 0 + . . . + e = a, 2 +. . . + a 2 r + 2k . ^ k 1 2 k 1 r 

(The r e a d e r w i l l find t he v e r i f i c a t i o n of t h i s l a t t e r f o r m u l a a n i n t e r -

e s t i n g e x e r c i s e in the u s e of the b i n a r y s y s t e m . ) We c a n e s t i m a t e 

t he m a g n i t u d e of w, a s f o l l o w s : 

a - 1 a -2 . 
0 A a k + 2k - (2 x + 2 • 2 x + " a ' + a l ' 

a +1 
= (a +2)k - 2 + a + 2 > (1+log k)k - 2k ; 

h e n c e 

(7) k l o g 2 k - k 4 i | i k 4 k l o g 2 k + 2k . 

T h i s e s t i m a t e and the m o n o t o n i c i t y of <t> a r e t he on ly f a c t s a b o u t 

F(x) 'which a r e u s e d in t he d e r i v a t i o n b e l o w . 

Le t E - * < l n ( l - x ) ) 2 

G(x) = e 

T h e n 

G'(x) _ - l o g ( l - x ) _ 1 5 2 13 3 77 4 
G(x) _ In 2 (1 -x ) u X ' T H T X + 2 In 2 x 3 In 2 x + 1 2 In 2 x r-• • >• 

Since the d e r i v a t i v e of - l o g ( l - x ) / ( l -x) i s ( l - l o g ( l - x ) ) / ( l - x ) , we 
k - 1 find t h a t the. c o e f f i c i e n t of x in t he p o w e r s e r i e s on t h e r i g h t i s 

w h e r e 
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(9) h k = l + A - + . . . + | . 

Since £L = In k + 0(1), we have therefore es tabl ished the equations 

k=l k=l 

and 

( i i ) ^ k - x k + o(k) . 

This suggests a p o s s i b l e re la t ion between the coefficients of F(x) and 
those of G(x). Note that if 

| ^ ) = ( l - x ) f ( x ) . 

then 
x 

F(x) = exp J ( l- t)f(t)dt . 
0 

Therefore the following lemma shows how re la t ions (10) and (11) might 
be applied to our problem: 

Lemma 1. Let 
x 

A(x) = exp / ( l - t )a( t )dt , 
0 

x 
B(x) = exp J ( l - t )b(t)dt , 

where 

A(x) = A x , a(x) 2}kxk_1' B(x) 53kxk- b(x) ^}y*k~l • 
A s s u m e the coefficients of A(x) and of b(x) a r e non-negat ive and non-
dec reas ing . Then if a, <_ b for al l k, A, <̂  B ; if a, > b for al l 
k, A k > B k . 
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Proof: AQ = B Q = 1. Assume a k < b R for all k, and A < B fo 
0 L k < n, Then since A'(x) = (1-x)a(x)A(x), we have 

nA = a A + a . (A -A ) + . . . + a. (A . - A J) n n o n - l x 1 o' l v n-1 n-2 7 

< b A + b . (A . -A ) + . . . + b . (A ,-A 0) ^ n o n - l x 1 o' lv n-1 n-27 

- A (B -b J + A ^ b _-b J + . . . + A . b , o n n-1 1 n-1 n-2 n-1 1 

< B (b -b .) + B. (b . -b 0) + . . . + B . b, = nB o n n-1 lv n-1 n - 2 ' n-1 1 n 

Essen t ia l ly the same a rgument works if a ^ b for all ke 

The problem is now one of es t imat ing the coefficients of 

I ^ l n ^ l - x ) 
G(x) = e 

Theorem 20 If 

(12) 

we have 

(13) 

Proof: 

(14) 

Fi-r s t we 

U. JL1JL I J. - JS . J ' V ^ 1 1 

c = a In n + 0((ln n)(ln In n)) n 

show that 

00 

In (1-x) = > — H x Zm^ n m, n 
n=m 

where 

H 
m =y * 

^™* 1 m-1 
summed over al l i n t ege r s a, , . . . , a . such that 1 = a. < n, and 

te 1 m-1 l 
the a. a r e dis t inct . This follows inductively, since the der iva t ive 

I 
of (14) is 

In^V-x) _ Y" H x11"1 

(x-1) " Z J m3nX 
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and we have 

(15) H = H , + " ^ H . . . x m, n m , n - l n-1 m - l , n - l 

Turning to equation (12), we have 
oo oo 

(16) V c x n = V a m i n 2 m ( l - x ) = ^ X ) ^ ( — ) H 7 
/ ^ n Z«^ m • i^"^ ^^ ml n 2m, n 
n=0 m=0 n=0 m=0 

(We define H = 0 if m > n, so the paren thes ized summat ion is 
m, n 

actual ly a finite ,sum for any fixed value of n. ) 
Our theorem re l i e s on the e s t ima t e s 

(17) (h . - h . ) m _ 1 < H L h1*1".1, if m < n . 
n-1 m - 1 ~ m , n ~ n-1 

The righthand inequali ty is obvious, since this is the sum 

Z ^ a i ° ' * ' m - 1 

without the r e s t r i c t i o n that the a ' s a r e dis t inct . On the other hand, 
given any t e r m of 

we form a t e r m 

n-1 xn-1 L.-J a , • • • a , 
, / 1 m - 1 

m L a1 4- n 

b - - - b 1 1 m - 1 

belonging to H , where b, = a, - r if a, is the r - t h l a rges t of 
& 6 m , n k k k te 

j a , , , . . ^ , | o Thus, we d e c r e a s e the l a rges t e lement b y l , the I 1 m - l . f 
second l a rges t by 2, and so on; in case of t i es , an a r b i t r a r y o rde r is 
taken. No two t e r m s 

1 
a."* ° a 1 m - 1 

map into the same 
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and 
1 m - 1 1 m - 1 1 m - 1 

so the l e f thand s i d e of (17) i s e s t a b l i s h e d . 

P u t t i n g t he r i g h t h a n d s i d e of (17) i n to (16), we o b t a i n 

oo 0 JiiL m - L 2 m - 2 . 2 
_ _ m 2 ah 1 T"^1 a h . -. n ah 

(18) c ^ V ^ H , < — 2 - . I Tv =—e n" 
n n Z_^ ( m - l ) I 2 m , n ~ n A—* ( m - l ) . n 

m = 0 m = l On the o t h e r h a n d , 

? m 
(19) c > - , a

M > H 9 
n n ( m - 1 )I 2 m , n 

for a n y p a r t i c u l a r v a l u e of m„ We c h o o s e m to be a p p r o x i m a t e l y 
2 

ah + 1, a s s u m i n g n i s l a r g e . T h e n we e v a l u a t e the l o g a r i t h m of 

the t e r m on the r i g h t , u s i n g S t i r l i n g ' s a p p r o x i m a t i o n and the left h a n d 

s i d e of (17), and d i s c a r d i n g t e r m s of o r d e r l e s s t h a n (In n ) ( ln In n): 

i , / 2a a /n , , 2 m - 1 1 
In c > In I — T r r r ( h i " h o i ) / 

n I n ( m - l ) I x n - 1 2 m - l / 
2 2 2 2 

= ah , In a + 2 a h . ln(h , - h 0 . ) - a h , ( ln (ah , ) - 1) + O(lnn) n - 1 n - 1 n - 1 2 m - l ' n - l x n - 1 ' 

= a h 2
 1 + 2a h 2 . ln ( l - 2 m " 1 ) + 0( ln n) n - 1 n - 1 h , ' 

n - 1 

= a h 2 . - 2a h . h 0 . + 0( ln n) . n - 1 n - 1 2 m - l 

T h i s t o g e t h e r w i t h (18) e s t a b l i s h e s t h e o r e m 20 

T h e o r e m 3 . Le t c be a s in t h e o r e m 2. T h e n n 

,. n+1 . 
h m = 1 . 

c 
n*-+~ oo n 

P r o o f : S ince H . , > H , we h a v e 
m , n+1 — m , n 

n+1 y n 
c n+1 

n 
by (16) . 
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We also observe that H < h . H , and hence by (15) 
m, n "" n-1 m - 1 , n 

H ^ < H + H l L h .H 0 ; 
m, n+1 - m, n n n-1 m-Z,n 

thus 

E a. (2m . 2a V"^ a 

ml W r ) n Z m , n (n+1) n-1 £^i I™7 

2m-l ) (2(m-l) 
• l ) !7m-2 / v n ' 2(m-l),n 

m=l m=2 

3 ah . n n-1 
< - - n - c + -ps— c 
~ n+1 n n+1 n 

Corollary 3. If P(x) is any polynomial, and if 

y ^ c x n = e a l n 2 ( l - x ) + P(x) 

then 

In C = In c +0(1) . n n 

P(x) . . 2 
- aQ + axx + a2x 

C n a0Cn + a l C n - l + ' ° - + an°0 P(l) 
— = _> e 
c c 
n n 

1 2 
Theorem 4. In 0 ^ -p—^-(ln n) 

n In 4 
Proof: Let € > 0 be given. By (11), we can find N so that when 

n> N, (1-€)X < {p < (I +€) x
k . Apply lemma 1 with A(x) = F(x), 

oo 
b(x)= ^ + ^ x + . . . + V^1 + X ) ( l + c j x x ^ 1 . (1+€)X x 

k=N+l 
We find <t> < C where, by Corollary 3, n "~ n 

In C ^ t - r in n . n ln4' 

Then apply lemma 1 with 

A(x) = F(x), b(x) = ^ ( l -€)Xkxk _ 1 

k=N+l 
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This gives us <p > C' where n — n 

Therefore 

1 -€ 2 In C ~* (T /l)ln n n In 4' 

In 0 , 
n 1 

(In n) 

is arbitrarily small when n is large enough. 

Of course, the estimate we have derived in this theorem is very-

crude as far as the actual value of <t> is concerned. Empirical 
n ^ 

tests based on the exact values of 4> for n < 10000 reveal excel-
n ~" 

lent agreement with the following formula: 
(20) In <£ & J2-2L ( l n n . 2(ln In n) + 1) + In n - .843 . 

n In 4 

The error is less than .05 for n > 10; it reaches a low of about -o05 

when n is near 50, then increases to approximately . 032 when n is 

near 5000, and it slowly decreases after that. Thus we can use (20) 

to calculate 

log2 n 
(21) 0 ^ s472nle 12l(1lIL) 

n in n' 

with an error of at most 5% when 10 < n < 10000. Although formula 

(20) gives very good accuracy, it should be remembered that only the 

first term of the expansion has been verified, and the comparatively 

small values of ln ln n for the range of n considered makes it pos-

sible that (20) is not the true asymptotic result. On the assumption 

that the true formula is a relatively "simple" one, however, equation 

(20) gives striking agreement. A similar situation exists in the study 

of the partition function; the methods used here can be applied with 

ease to that problem, to give 

log p(n) *v 7r\/-^ n ; 

the actual asymptotic formula for p(n) itself is 
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W!n-I6 A r-
P(n) - ( — — j — ) T + 0(e V ) 

4VT 4 w V r ( n - ^ ) ( n - l 4 ) 

w h e r e A < ^ "|/ — 

p(n) <- —— e 
4 V 3 n 

It i s doubt fu l t h a t i t w o u l d h a v e b e e n g u e s s e d e m p i r i c a l l y in e i t h e r of 

t h e s e formSo F o r a n a c c o u n t of t h i s a n d a b i b l i o g r a p h y , s e e f l l . 
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