ON EVALUATING CERTAIN COEFFICIENTS

Carolyn C. Styles
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The coefficients to be discussed are those involved when ex-
pressing the generalterm of certain sequences, defined by difference

equations, in terms of the roots ofthe related characteristic equation.
Case I:  If the characteristic equation

m m-1 m-2
(1)

m .
n+l
u = E Ckxk , un—O,l,Z,...,
k=1
where X k=1, 2, ..., m, is a root of (1). If the boundary condi-
tions are given by Ug =8y S oo =0 4 = 1 then
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Expanding the determinants and dividing common factors from
the numerator and denominator gives

139



140 ON EVALUATING CERTAIN COEFFICIENTS April

m
3) N= (-5 om (x, - 1)
i=1
i#k
m
- k-
(4) D= (-1) lxk I (Xi_xk)
i=1
i#k
Since
m m
f(x) = 2 aiXm—l = I (x- Xi)’ a, = 1,
i=0 i=1
m m
fy=1 (1 - Xi) and f’(xk) =1 (Xk- Xi) ,
i=1 i=1
i#k

Using these identities, (3) becomes

™Ry
N = ———r)z;r ) if Xk#l

and (4) can be written
- mtk
D= (-1) xkf(xk)

Substituting these in (2) gives

- £(1)
Cy = ST - )T Tk 1.
Parker [4:] investigated the generalterm ofa recursive sequence
and gives a method for determining these coefficients but does not give
the general formula.

For the Fibonacci sequence the characteristic equation is

xz—x—lzo and u=u1=l .
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Therefore

c . =1 oo

k Xk(Xk - 1)(Zxk - 1) Zxk -1

Some characteristic equations obtained in generalizations of the
Fibonacci sequence and the values of Ck for each follow.

The characteristic equation in the generalization by Dickinson
[l] is x°-x*-1=0, a, c integers. Since l

, - .C a _ a _ a _ _ a
ka (Xk) = oxy - oaxy c:(xk + 1) ax; (c a)xk +c ,

1
(<, - D [ (e - a)xi +c]

Ck=

for the sequence in which Uy =uy = ... =u_ 4= 1.
In the generalization by Harris and Styles [Z_—J the character-
istic equationis xp(x - l)q -1=0, p, q integers, p2 0, gZ 1 and

Yp+g-1 7

U, = U; = s =

0 1

1
C, =
k b T Qx,
(p Wxe_y

as was shown in [2] without this formula.
Miles [3] used the characteristic equation

xk—xk_l—...—x—lz(), k integral > 2 .

For the sequence in which the initial conditions are given by

uO:u1=...=u =1 ,

k-1

C. = —p————, j=1,2, ..., k
J ij—(k+1)

Raab [5:[ used the characteristic equation

Xr+l - axr -b=0, a, b real, ~r integral> 1 .

For the sequence in whichthe initial conditions are given by

Uy =uy = .. :urzl s
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c. = b+a-1

k- 1);{(“ +b [(x+1)x, - ]

The boundary conditions can be generalized slightly. If

_ru_rz -r3 __rn+1
UO—P, 1—[3 ,uz—p ,...,un—-p ’

c = ‘ pf(r)'
kT ox (T -x )x,)

Case II:  If the characteristic equation (1) has a root of multi-

plicity 2 then

m

B n+l n+l _
u.n—(C1+2C2)X2 + E Ckxk , n=20,1,2,...
k=3

and X, is the repeated root of (1). Ifthe boundary conditions are given

by uo =u1 Seee=u 0= 1, then,
I Xy X3 .o Xm
2 2 2
1 sz X3 . X
1 3xg xg . X:’n
m m m
5) . - 1 mx, X3 . X ) N1
1 - - D
*2 %2 ¥3 0 X
2 2 2 2 2
x5 X, X3 SR N
3 3 3 3 3
x, 3%, X3 ee X
m m m m
Xy mx, X3 cee X
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Expanding the determinants gives

m m m-1 m-2 4
(6) N1 = II X, I (xi - 1) I (Xm_xi) H(xl;n_fxi),._,[] (XS_Xi)
i=2 i=3 . i=3 i=3 i=3
(m-2)(m-3) m -
(x,4-%5) | (-1) z [(zxz-l) M (x-%,) - %, (x,-1)
i=3 -

(the sum of all possible factors (Xi - x

m-3 at a time]
Since

m
f"(xz) =2 II (x
i=3

5" Xi) and f"'(xz) =6

(the sum of all possible products of the factors (x2 - Xi)’ i=3, 4,
., m, taken m-3 at a time), the quantityin the braces in (6) can be

expressed

(m-1)(m-2)
(-1) 2 [(sz—l)f"(xz) +x2(x2-1)f"'(x2)]
Therefore,
(m-1)(m-2) m m m-1
N, = (1) C Mmox 1 -1 11 (x_-x)
i=2 i=3 i=3
m-2 4
I1 (xm_l—xi) oo I (XS-Xi). (X4—X3) {(sz—l)f”(xz)
i=3 i=3 7

+ xz(xz-l) f”'(xz)
—

Expanding the determinant in the denominator gives
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m m m m
(8 D = x5 I x I (x-x)° T (gx) I (x,-x)
= x, x; X, =X, X=X, e R
i=2 i=3 i=4 i=5
m m
M Gymxggy T Gymx )
i=m-1 i=m
Substituting (7) and (8) in (5) and simplifying gives
m
m (1 - Xi)
_ X - ti
. - i=3 ZXZ 1) (XZ) N XZ(XZ 1)f (XZ)}
1 - m 2 6 ]
2 2
X, M (xy-%)
i=3
Ifxz'-‘l,Cl=l. Ifxzit/l,
m
2
4(1—x2) I (l—xi) -
_ T - [y
) i3 l:(_sz Df'(x,) +x2(gz L)' (x,)
1- 2 2 2 2 6 |
x, Lf”(xz)] (1-x2) -
Therefore,
Tty
c. = 2 . +]E l x, #1
- - - . El
1 X2<X2 )t (XZ) Lxy X 1 31 (XZ) 2

To determine C., the numerator in (5) is replaced by

2
XZ 1 x3 . Xm
2 1 2 2
XZ X3 . Xm
3 3 3
x5 1 X3 X = NZ
o m m
X5 X3 . X
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Evaluating gives

m m m m
(9) Ny = DT I % (- %) T xp) T (g -%5) e
i=2 i=2 i=3 i=4
m m
I (Xi_xm_z) I1 (X]‘.—.Xm—l)
i=m-1 i=m

Dividing (9) by (8) and simplifying gives

m m
-7 m (-x) 2 (1-x,)
i=2 2
C. = =
2, m ST (x,)
X, M (xi-xz)
i=3
For X2:1’ C2=O. For xzyfl,
2£(1)
C2 =

xif"(xz)(l—xz)

To determine C k=3, 4, ..

K’ ., m, the numerator in (5) is

replaced by

X, X, X4 .. X1 1 X4l ot X
2 2 2 2 2 1 2 2
XZ XZ X3 o e Xk—l Xk'l’]. s e 0 Xm
3 3 3 3 3 1 3 3 _
X5 X5 Xq I X4l o0 Xl T
m m m m 1 m m
XZ mXZ }(3 Xk—l Xk+1 o s e Xm

Evaluating Nk yields
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m m m-1 m-2
an N o= (¥t n To(1-x) ;| ( oo
k= x5 x, I ( -x;) ¥ Xm-xi) o (x _1—xi) .
i=3 i=2 i=2 i=2
ik ik i#k i=k
k+l1 k-1 ‘ 3 2
H (Xk+2-xi) K (Xk-l-l —xi) oo I (x4—xi) | (X3_Xi)
i=2 i=2 i=2 i=2
ik
m
i=3
i#k
Substituting (11) and (8) in (10) leads to
m
D 0x)® B (1ex)
i=3
- ik
Cr = D
X %) BOBgemx) m (gex)
i=2 i=k+l
m
Do) m (1)
; i
- i=3
Cx = k-1 m s 1
: m- T
i=2 i=k+l1
There Ck= 1, X = 1.
_ (1) .
Ck - xkzl‘-xk;f'lxki if Xk 7{ 1
Summary: If the roots of
m
m-1
f(x) = ax =0
i=0
are not repeated and uo = u1 = u2 N um-l =1,



ON EVALUATING CERTAIN COEFFICIENTS 147

1966
Ck = 1 s X = 1
£(1)
C, I= , x, #£1
k x(l—xk) X k
If f(x) has a double root, X = X5, and Uy = Uy T ... = w = 1,
1 s XZ =1
C, = .
1 2£(1) 1, 1 +f"(xz) e 41
L -D (= —— — ,
x5 (%, 1)f (XZ) X, 512—1_ 3?'-'—(;(? 2
0 , XZ =1
C2 =
5 Zf(l?' L ox, 41
xz(l-xz)f (XZ)
1 =
s Xk 1
Ck = , k=3, 4, ., m
:i(l) — ’ Xk7( 1
B S R k
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