A NOTE ON A THEOREM OF JACOBI
JOSEPH ARKIN, Suffern, New York

It has been shown that the sequence, Ln’ or 1,3,4,7,11,18,29,47,°°"

is defined by
@ = (1+V5/2) ,

@) L o=u + (™"
n
. th
where Ln is the n* Lucas number.
n=2,3,4,°-+), p is aprime 4m + 3,

Theorem 1. If L =c
—_— 2n—l n
M, = 2P -1 and

®. n- n-1 n
F(x)=| I(l—x2 )<1+3x2 1,42 _2)=1+§ cmx2 ;

n=2

Then, Mp is a prime if and only if cp =0 (mod Mp’).
Proof. Using the famous identity of Jacobi from Hardy and Wright [1,

p. 282],
o0 [e o} 2

@ TT@=-Na+ e+ 2Ny =140 5 @ ea™
n=1 =1

weput z + z_1 =3 (z = (3+A/5)/2), and combining z with u in (1) we have

u2 = z, so that LG

z® + 2™, which leads to

Il
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n=1
Next, in Theorem 1 weput L n-1"C%p andreplace n with 2n—2’ where it
2

is evident the resulting equation is identical to F(x).
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We complete the proof of Theorem 1 with the following theorem of Lucas
appearing in [2, p. 3977:
eo. If 4m + 3 is prime, P = 24m+3 - 1 is prime if the first term of the
series 3,7,47,.-+, defined by Tl < 1’][21 -2, which is divisible by P is of
rank 4m + 2; but P is composite if no one of the first 4m +2 terms is
divisible by P... .

Corollary. If [x] denotes the greatest integer contained in x and n!/

@ - r)ir! = ‘1} , then
[0/2] -
22+ 2z =n Z )@ - r)_1< >bn—2r .
=0 r

The proof of the Corollary is obtained by elementary means if we put

2tz = (b B - /2% 4 (b +VBE - 4/

and then add the right side of the equation.
In conclusion, although there are many special cases to the Corollary,

the one obtained by setting b = 0 may be worth mentioning.

Let
p(@m) = the number of unrestricted partitions of an integer n,
pm(n) = the number of partitions of n into parts not exceeding m, where

p(0) = p,(0) = 1.
We then have the following:
Theorem 2. If

m )
F_@) = ]_[(1 -yt =1y me(n)xn
n=1 =1

and

ﬁ(ﬁl -y g +ip(n)xn ,

n=1 n=1
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then

DR = Dy(u - 2) + Dyl - 8) + =++ + py (@ - 20%) + =+ (mod 2)

and

PEU+ 1) = p (W) + pg(@ = 4) + +++ + Dy, (u=227 - 27) oo+ (mod 2).

1

Proof. Putting z +z = 0, then z 2

-2n

1l

i (iz = -1), sothat z Dy
= 2(-1)11° Then applying these results, together with our replacing x with x2

in Egs. (2) and (3), leads to

W(l B Xn)(1 + XZn—l) =1 4 2}_‘: (_l)rXZr

n=1 r=1

and it is evident that

o0 e 2}
4) -I—I-(l + in—l) = Z p@)x" (mod 2) .
n=1 n=0

According to Hardy and Wright [1, p. 281], Euler proved that

S 2n-1 QN
l I(1+x]“')=1+Zxr F <)
n=1 =1

and combining this result with Fm(x) in Theorem 2 and with Eq. (4), we

complete the proof of Theorem 2.
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