ON A GENERALIZATION OF MULTINOMIAL COEFFICIENTS
FOR FIBONACCI SEQUENCES

Eugene E. Kohlbecker, MacMurray College, Jacksonville, Illinois

Let m = ny +ny +---+ n. be a partition of m into k = 2. positive inte-
gral parts and let ¥y = 0, Fy=1,°--,F, = Fy_;+ Fp_, for n > 2, This is
known as the Fibonacci sequence, A multinomial coefficient for the Fibonacci
sequence is defined to be the quotient

m n, n, e
[m; ny,np,--,m ] = I Fj I Fj I Fjye-- ul Fy .
= =t 7j=1 =t

It is the purpose of this paper to show that such quotients are integer
valued, In order to do this we first establish a representation of F,  in terms
of a linear combination of the Fp,. This result is of some interest in itself

since it contains many of the classic formulae for Fibonacci sequences.

Theorem 1: Let Fy =0, F; = 1,-+« ,F, = Fp, ; + F 5, n =2, and let

m = ny +ny +---+ 0 be a partition of m into positive integral parts. Then

k
' Fm = l_ziG]'Panl

k
-1, 1<i=k;and Py = II Fnj.+1_’

where Gy = 1, G; = Fn1+n2+-'- n i

1Si<k,Pk=l.

For the proof of the theorem we require the following Lemmas:
Lemma 1: If nj+mn,+--.+ny and n! +n! +...+ ny are partitions of m
into k> 2 positive integral parts where the parts nj, n%, oo, ni{ are a per-

mutation of the parts n,, ny,..., ny, then

k k o
2. GiPi Fn; = 2 GiPi Fng
i=1 i=1
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where

Gi = Fnpngteeoimy-1 » 2 <1 =k G =13

i'j=¥+1-F'nj+1’ 1=i<k, Pp = 1;

Gi = Fapmprooamy —1s 1 <15k G =1;
k

| — < s =

P! = j=g1Fn3+i , 1= i <k Pl =1,

Proof: Since any permutation of the parts n;,ny,--.,n, canbe obtained by suc-
cessive transpositions of adjacent parts it suffices to show the conclusion for
- ot
the case ng,, = n‘S and ng = ng.y,
inition of G; and G{ we have Gj = Gj for 1=i=<s and s+2=1i=Kk,

n; = nj for i # s, s+ 1, From the def-

Gs+1 = Fngtngte -« +ng_+ng-1, Ggeq = Fn ngte - « ¥0g_ytngyy-1. We ‘also haye
P,=P; for 1=i=s-1and s+1=i= k, Py = Fns+1+1ps+1’ and Py =
Fns+1Ps+1- Thus every term in the unprimed sum equals the corresponding
term in the primed sum except for the terms where i = s and i =s+1, Con-
sidering just these terms, we must show that GsPans + Gs+1Ps+1Fns +

G'P'Fpt + G
8 8 ]

1 -
1 1
s+1Ps+1Fn§,+1 .

G Fg Tog * Gs+1PstiFngyy = GgFngirtiPs+iFng

+ F - P
n1+n2+ ns_1+ns-1 S+1Fns+1

* (FngFnjtngte - ong_ + GsFng=1)Fng,

= Fnans+1Fn1+112+' c°Ng_q

*+ Gg Fng h1Fng * Fng Fng-1)

= Fp F F
Ng Ng iy nytnyte e+ Ng_y

* GsFnging,,

= FnS+1FnSFn1+n2+. o ns__1

* Gg(FngriFngy; * FngFngy-1)
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= GgFng+1Fng+y

+
(Fns+1Fn1+nz+' ceNg-y * GSFHS+1-1 )Fns

= GsFngt1Fng,,

+ F ', F
n1+n2+. ° e +ns_1-|-ns+1—1 ns

1l

GSFnS'H PS+1 Fns+1

+ F
DyFfgde s e 4ng i +Hngy -1 Ps+1 Fns

]

1
GLPLTyy + Gl Pl For

1
s+ Ngyy

where we have used repeatedly the classical formula Fltn = Fm sF T P Fme

Lemma 2: If n;+mny+---+1n is a partition of m into k = 2positive::
integral parts with at least one part (say ng) greater than 1, then

§k: k
G;P.Fn, = ) G!P!Fp
i=1 11 1 = 1 1 i

where ni=n{ for i#s,r;ns—1=n’s, nr+1=n1'c" s # r, and Gi’Pi’

Gi and Pi are all defined as in Lemma 1,

Proof: In view of Lemma 1we can assume that n; > 1 and show the result for
the partitions n; +any +--- +“nk and nj+n+ - -+ + nf where ni=n -1, n = .
ny+1, nf =n for 3<1i< k. For this choice, G; = G} for i =1 and3 <

i
i<k, Gy=F G!=F andPi=P{for1<isk.

ny-1’ 2 ny-2’

Here every term in the unprimed sum equals the corresponding term in

the primed sum except for i = 1,2. Considering only these terms,

k k
GipiFn1 + G2P2Fn2 = (Fni) JIJ2 Fnj+1 + (Fni—anz) JI;Is Fnj+1

k
(Fn Frat + Fp g Fp ) jH_ Fnj+

il

=3
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k
= (Fpgin,) I Fr+e
=3
k
= (F]12+2 Fn1—1 + Fn2+1Fn1—-2) EI Fnj+1
k k

(Fni—ﬁ) jI=12 Fngr + (Fyeo Fn-1) n Fnj+q

J

1
Gy P;Fni + Gy P, Fn}

which completes the proof,

We now proceed to the proof of the theorem., When m = k we have n; =
1, Gy =1,Gj = Fjy for 2<i<k, Pi=1 for 1< i< k and

k=m m=—2
21 GiPjFp; = Fy+ iEFi = Fy+ (Fyy - 1) = Fy
i= =0

by a well-known result for the Fibonacci sequence. When m = k+ 1, all the
parts are 1 except one part which is 2, By Lemma 1 we can assume that nj =
2. For this we have Gj = Fj_, for 1< i<k, G, = 1, P; = FK-i-1F, for 1
<i <k, P =1, Thus '

k
_ZiGiPiFni = FyFgy + Fiip = Fioq + (Fk-y + Fkp) = Flty .
1:

Nowassume m > k+ 2 andlet m=n; + ng+---+ny with nj < ng & -+
£y, There are two cases, nk > 3 or ng > 2 and ng_y 2 2. By applying
Lemma 2 we can reduce the second case to the first. Thus we need only con-
sider ny < my < -+ < np with ng > 3. “We assume' that' the result.is valid

for the partitions

i}

m-1=nj+mn}+-..+nf  where n, =n;,1=<1i<k, np =n -1

1
3
1
1

1 1" .
m-2=mn, +n, +.ee+n"' where n"=n,1=i<k n'=mn_-2
1 2 k i i? Tk k



1966]

COEFFICIENTS FOR FIBONACCI SEQUENCES

and show it holds for the partition

We have G; = Gi = G} for 1= i =k and

P
Pl
s — '_
for 1=1i <k, Pk—Pk—
F =F + F =
m m-1 m-~2

which is the desired result,

311

ceet oy

k-1

= (Fpeq) I Fpgg
T iy I

ket

= (Fp) I Fpen

Tk jEitt 3 ’
k-1

i = (Fog-1) 1L Fnoy

t K7 iy

P!' = 1, Hence,

3 >

> GIP{Fpy + ), GUPUF_,

= 11 i i?i 1 1 ni

k=1 k-1

& i 2 Fags | (Foge + Fryet) Py

K
2 GPiFny
1=1

* GyPy (Foge—g + Fyea)

Utilizing the result of Theorem 1 we prove the following theorem:

Theorem 2: Let m and r be integers,

m= r= 2, and letn;+n,

+e+++np be a partition of m into positive integral parts.
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Then [m;ny,ny,---,np] is an integer.

Proof: If m = 2, then r B 2, and the only admissible partition has n; = n,
= 1. Clearly [2;1,1] is an integer, Now let m > 2 and assume that for
every partition of m - 1 into positive integers where m - 1= s = 2 we have
that [m - 1; ny,ny,--- ,nS] is an integer. If r = m, then each n, =1,1=
i<.r, and [m;n;,ny--- s ] is an integer. If 2<=r< m then m-1=r
= 2, and by the induction hypothesis [m - 1;n; - 1,ny,+++,np], [m - 1;n4,ny -

1,-0+,n.], T [m -1;ny,n5,°,n, - 1] are all integers,

Now

k
[mny,ng,eee,n.] = in GiPi-m - 1;n1"“’ni—1"”nr]

where we have used Theorem 1 to write F,, as a linear combination of the
Fpgs
gers, This completes the proof of the theorem,

1= 1i= r, The right-hand side is an integer since all the terms are inte-

Editorial Comment: The special multinomial coefficient where k = 2, that is,

for m = n;+n,,

m 0y Dy
nE [ F I F
R

has been given the fitting name, '""Fibonomial coefficient,' Fibonomial coef-
ficients appeared in this Quarterly in advanced problem H-4, proposed by
T. Brennan and solved by J, L. Brown, Oct,, 1963, p. 49, and in Brennan's
paper, "Fibonacci Powers and Pascal's Triangle ina Matrix," April and October,
1964, Also, a proof of the theorem of this paper for the case k = 2 appears
in D. Jarden's Recurring Sequences, p. 45.
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