MORE FIBONACCI IDENTITIES
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In an earlier article [1] the author has discussed in detail the properties

of a set of polynomials Bn(x) and bn(X)' It has been shown that [2],
By(x) = [{(x + 2+ V2t 4x)/2}n+1_{(x 2 - =+ 4x)/2}n+1]/\/(x2 + 4x)

Putting x = 1 and simplifying we can show that

(1a) B() = F .,
. th . .
where Fn is the n Fibonacci number,

Hence,

(1b) bn(l) - Bn(l) - Bn—l(l) = FZIH'Z - an - F2n+1

We shallnow use (1) and the properties of Bn and b][1 to establish some
interesting Fibonacci identities:

It has been shown that [1],

B B "B B
@) . m bn _ bm—r n-r
m n m-r-1 On-r-1
and
B B B B
) m n _ m-r n-r
Bm—1 Bn—1 Bm~r—1 Bn—r—1

From (1) and (2) we can establish that

F F F F
(4) m n _ m-2or n-2r
F F_o.l~ F
m-1 n-i m-2r-i n-ar-1

and from (1) and (3) that
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F F F F
(5) m n m-2r n-2r
F

m-2 n-2

Fm-21‘-2 n-2r-2

Using equations (33)-(37) of [1] we may deduce that [3],

Fpt Fot oo + Py, = T

(6) Fi+ Fg+--c + F‘m_3 = an_inn
Fygt Fodeee 4 F o 7 FonFons
Fgy+ Fg+-..o +F4n = Fz'ann+2

From (33)-(37) of [1] we may establish the identities

n
(x* + ‘iX)ZBi- = Bypyy - @0+ 3)
0

n

S B B B
bmd T TH 2n+3
0

(x2 + 4x)

i

- (o + 2)x + 2)

1]

b2n+2 + m+ 1)x -1

n
(2 + 4x)Zerr
0

and

n

(x2 + 4X)Z b"; = B2n+1 + 2(n + 1)
0

From the above identities and (1) we can deduce fhat

(7) 5(F;Fy + F,Fg + +++ + F ) - 3n

2n—2F2n F4n

(8) 5(FFy + FgFy + -+ + F, F ) =TF

+
2n-1"2n in+1

(n -

1)
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2 2
) 5(F{ + F§ + -+ + F& ) = Fyy + 2n
and
2 2
(10) o(Fy + Fy * an) = Fipip ~ Gnt 1)

Combining the identities of (9) and (10) we get

2, F2 ... 2, _
(11) 5(F1 + F2 + + Fn) = lef1+2 +

n+l
F2n + (1)
Also, we have the well-known identity,

2 2 2
(12) F{ + Fy + o+ + F = FF

Hence from (11) and (12) we get

_ 4D
(13) F -5F F = (1)

a2 ¥ Fon
From (14) and (31) of reference [1] we have the results,

2

(14) B -B B _ =1
and
(15) err ~brgBrg =1

Therefore, (B, /br ) - B /br) =1/ (b,b. ). Hence,

(L/b b )+ @/b b )+ e+ (U/bby) = (B /b

-1""n

Since BO = b0 =1, we may write this result as,

n

Z (l/brbr—l) = (Bn-l /bn)
1
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Therefore
n

(16) (B,/b) =1+ (@B, ,/b) =1+ Z /b b__1)
1
Similarly starting with (14) we can establish that
n
- @n by /Bn) =1- E /BB, ;)

1

Combining the identities (16) and (17) we have,

n n
(18) 1+ E @mo bl - Z(l/BrBr_l) =1
1 1 2

Substituting (1) in (18) we derive an interesting result that

n n
1 1
19) T PR S b PR U S
12 Fon-1Fant1 21: FonFonta

Many other interesting Fibonacci identities may be established using the
properties of Bn and bn’ and it is left tothe readerto developthese identities.
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