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Let 7.(n) denote the number of representations of » as a sum of r triangular numbers. In [1],
J. Ewell derived a sextuple product identity, one of whose consequences is

Theorem 1: For each integer n > 0,
t,(n)=0(2n+1)

where o denotes the arithmetical sum-of-divisors function.
In this note we present an alternate proof of Theorem 1.

Proof: Clearly, n is a sum of four triangular numbers if and only if 82+4 is a sum of the
squares of four odd positive integers. Let 7,(n) denote the number of representations of » as a
sum of four squares, while s,(r7) denotes the number of representations of # as the sum of four
odd squares. An elementary argument shows that, if 8n2+4 is a sum of four squares, then these
squares must all have the same parity. It is easily seen that

4
8n+4= Z (2b,-)2
i=1
if and only if
4
2n+1=Y B2.

i=1
Therefore, we have

s, (8n+4) =r,Bn+4)-r,(2n+1)=8(X{d :d|(Bn+4),4|d} - {d :d|(2n+1)})
=8(oc(4n+2)-oc(2n+1)) =160(2n+1),
according to a well-known formula of Jacobi ([2], Theorem 386, p. 312). Therefore, the number
of representations of 8n+4 as the sum of the squares of four odd positive integers is

%s‘,(Sn +4)=0(2n+1)

from which the conclusion follows.
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