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1. INTROBUCTION 
In [3], Shonhiwa considered the function 

Gk(n)= I 1, 
\<ai,...,ak<n 
(ax,...,ak)=l 

where k>2, n > 1, and asked: "What can be said about this fiinction?" As a partial answer, he 
show7edthat 

J=l d\j L 

where ju is the Mobius fiinction (see [3], Theorem 4). 
There is a more simple formula, namely, 

G*(")=2>0) 
leading to the asymptotic result 

( i ) 

Gk(n) = -—- + < , , (2) 
t(k) {0(rf-l\ if* £3, 

where £ denotes, as usual, the Riemann zeta function. Formulas (1) and (2) are well known (see, 
e.g., [1]). It follows that 

lim^M=_L 
ra-»oo n

k g(k)' 
i.e., the probability that k positive integers chosen at random are relatively prime is -^r. 

For generalizations of this result, we refer to [2]. 
Remark 1: A short proof of (1) is as follows: Using the following property of the Mobius func-
tion, 

l<ax,...,ak<n d\{ax,...,ak) 

and denoting a. = dbj, 1 < j < k, we obtain 

Gk(n) = ±M(d) X 1 = Z^)^T 
d=l 1<6!,.. . ,^<«/J d=l L a j 

In what follows, we investigate the question: What is the probability Ak that k positive inte-
gers are pairwise relatively prime? 
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For k = 2 we have, of course, A^ =7^7 = 0.607... and for k > 3, Ak <7^y. Moreover, for 
large k, -Jj-r is nearly 1 and Ak seems to be nearly 0. 

The next Theorem contains an asymptotic formula analogous to (2), giving the exact value of 
4. 

2. MAIN RESULTS 

Let k,n,u>\ and let 

tf°oo= I 1 
(a/,fly)=l,j>y 

( « , • , « ) = ! 

be the number of Ar-tuples (al9...,ak) with 1 <a1?...,% <n such that a1?...,% are pairwise rela-
tively prime and each is prime to u. 

Our main result is the following 

Theorem: For a fixed k > 1, we have uniformly for n, u > 1, 

i f >(») = Atfk(u)n>+0(e(u)nk-1log?-1n), (3) 
where 

it /,(n)=nfi-
and 0{u) is the number of squarefree divisors of u. 

Remark 2: Here fk(u) is a multiplicative function in u. 

Corollary 1: The probability that k positive integers are pairwise relatively prime and each is 
prime to u is 

l i m^M= A / ( M ) 

Corollary 2: (u = 1) The probability that k positive integers are pairwise relatively prime is 

3. PROOF OF THE THEOREM 

We need the following lemmas. 

Lemma 1: For every k,n,u>l, 

Proof: From the definition of F$u\ri)9 we immediately have 
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ak+l = l \<ax,...,ak<n ak+l = l / = ! 
(fl^+1,«) = l {ahaj)=\,i*j (ak+l,u) = l (j,u) = l 

Lemma 2: For every £, w > 1, 

where 

and © (¥) stands for the number of distinct prime factors of u. 

Proof: By the multiplicativity of the Involved functions, It is enough to verify for n = pa a 
prime power: 

fa ak(d) -1
 P{1+ P J -1 p+k-r'&y 

Note that, for k = 2, a2{u) = y/(u) is the Dedekind function. 

Lemma 3: For k > 1, let r^(w) denote, as usual, the number of ordered ^-tuples (aly..., %) of 
positive integers such that n = ax""-ak. Then 

f«) ^ 1 ^ = 0 ( 1 0 ^ ^ (4) 
n<x n 

<b) I ^ = 0 ( ^ ) . (5) 

Proof: 
(a) Apply the familiar result E„<x T*(W) = 0(xlog^-1 x) and partial summation. 
(6) By induction on k. For k = 1, Tx(ri) = 1, w > 1, and 

!£=«*>•<£) (6) 
is well known. Suppose that 

^ n2 ^ x 

Then, from the identity t^+1(w) = Z^|w ^(rf), we obtain 

yliilM = y £t̂ ) = y _ L V Tk(e) 
La m2 LJ ^ 2 ^ 2 La J2 La Jl 
n<x " de<x u * d<xa e<xld * 

,2^+0((|)V-f)) 
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=<r(2)*Ii+o 
d<x' 

b g ^ X y 1 
x 2-1 d x dix" 

\ 

:W(«2) + 0(I)) + 0(i9^£lpgx 

by (6), and we get the desired result (5). 
Now, for the proof of the Theorem, we use induction on k. For k = 1, we have the Legendre 

function 

\<a<n a=\ d\(a,u) a=\ d\a 
(a,u)=l d\u 

«/|K \<j<nld d\u L " J |̂M V " J 

Hence, 

P^\n) = X 1 = " — + O(0(«)) 
a = l 

and (3) is true for & = 1 with Ax = 1, /j(i/) = -^p, ^ denoting the Euler function. 
Suppose that (3) is valid for k and prove it for k +1. From Lemma 1, we obtain 

(/,«) = ! 

= 4 A ( ^ lAO)+o 0(u)tf-Hog*-liiZ0U) 
0 » = i /=i y 

Here E"=i^(j) ^ £/=i r2C/) = 0(wlog/i), where r2 = r is the divisor function. 
Furthermore, by Lemma 2, 

£ A 0 ) = ^ /W(t° _ v / W w 
•= I I i-

(y,«)=i 
7<w ^ ( r f ) ftn ak(d) e^nld 

( / ,«) = ! (cf,w) = l (e,K)=l 

Using (7), we have 

f/.c/>= I ^ ( ^ + 0 ( W ) -
(tf,K)=l 

/=1 
(/,«) = ! 

M £ ^ ^ I itn d ) 
(</,«)=! 

since ak(d)>d. 

(7) 

(8) 

(9) 
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Hence, the main term of (9) is 

(d,u) = l 

•»nu 

)u\ p(p + k-\) 

>(/' + ̂ -l)JS!l1 PK Pip + k-l)) ' 
and its 0-terms are 

( _ k^dA f 

d>n d2 nldu^l 
d>n 

= 0008*-'») 

by Lemma 3(b) and 

O ml, £»(<0 
d<n 

= 0 <K«)T, rk(d) 
d<n 

= O(0(u)logkn) 

from Lemma 3(a). 
Substituting into (8), we get 

»)=Ani • S F ^ / ^ H H I 1 " * ^ v.k+1 

+ 0(nk log*"1«)+0(G{u)nk log* n) = Ak+1fk+1(u)nk+1 + 0(6(u)nk log* n) 

by an easy computation, which shows that the formula is true for k +1 and the proof is complete. 

4. APPROXIMATION OF THE CONSTANTS Ak 

Using the arithmetic mean-geometric mean inequality we have, for every k > 2 and every 
primep, 

1- 1 \ * - i 

1 + k-\\ 1 
, m™I'-prr p 

l k-l 

and obtain the series of positive terms, 

Slog 
( 

1- 1 •k+i 

1 + k-l 
•y\ 

:2>g| 
\-k+l 

where pn denotes the /1th prime. 
Furthermore, the Bernoulli-inequality yields 

\jfe-i 

hence, 

i - i 

i -

\ fc - l 

1 + 

> 1 -

Pn 

k-l 

1 + k-l 
Pn 

\k 

-l\ 

• L 

= -log4> 

k-l >1- k-\ 

for every A: > 2 and every prime/?. 
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Therefore, the N^ -order error RN of series (10) can be evaluated as follows. Taking 
N > k-1, we have pN>k-l and 

«=T+1 iV Pn) \ Pn ) ) ^ l I, V Pn ) ) 

= J+ll08l1+/«-(*1-l)2J<^+i?V:1 
2 

i) 
Now using that pn < 2w, valid for n > 5, we have 

KN< Z^ AJL <u rt - n L 
00 

z 
ft-1 

(*-D2 

4«2-(/t-

— + 

2 „ = V + A 2 H - ( * - 1 ) 2W + ( * - 1 ) 

J__+...+ I ^ (*z£ 
2 UAT-/fc + 3 2tf -* + 5 2N+k-lJ 2(2N-k + 3)' 

In order to obtain an approximation with r exact decimals, we use the condition 

C*-1)2 <l . io-
2(2JV-/fc + 3) " 2 

and have N > \{{k -1)2 • 10r + k - 3). Consequently, for such an N, 

with r exact decimals. 
Choosing r = 3 and doing the computations on a computer (I used MAPLE v), we obtain the 

following approximate values of the numbers Ak: 
A2 = 0.607..., A3 = 0.286..., A4 = 0.114..., A5 = 0.040..., 
4=0.013..., 4 = 0.004..., 4 = 0.001... 

Furthermore, taking into account that the factors of the infinite product giving Ak are less than 1, 
we obtain 
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