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PROBLEMS PROPOSED IN THIS ISSUE
H-583 Proposed by N. Gauthier, Royal Military College of Canada
A Theorem on Generalized Fibonacci Convolutions

This is a generalization of Problem B-858 by W. Lang (The Fibonacci Quarterly 36.3, 1998).
Let n>0, a, b be integers; also let A, B be arbitrary yet known real numbers and consider the

0

generalized Fibonacci sequence {G, = Aa" + Bf"};._.,, where

a=%[l+\/§], ﬁ:%u-ﬁ].

For m a nonnegative integer, prove the following generalized convolution theorem for the
sequences {(a+n)"},__, and {G,}r-_.,

Z @+k)"Gy_yy = Z Ne"(@)Gy-piin — '@+ +1)Gy_ i1}y
k=0 1=0

where the set of coefficients {¢/"(v); 0<m; 0</<m;v=aora+n+1} satisfies the following
second-order linear recurrence relation

W) = W+ D)+ 0); (W) =1, g5 ) =v, i (v) =1
with the understanding that ¢”}(v) = 0 and that c},,,(v) = 0.
Prob. B-858 follows as a special case if one sets a=0, m=1, b=n, and A=-B=(a-p)™
in the above theorem. Indeed, one then gets that
G,=F, c(0)=0,d0) =1, ¢(n+)=n+1,and f(n+1) =1
and the result follows directly.
H-584 Proposed by Paul S. Bruckman, Sacramento, CA
Prove the following identity:
(Frya+ L)’ +(F, + L)’ + 2Fy + L)’
=Q2F.;+ Ln+2)5 + (E1+2)s + (5E1+2)5 +1920F,F, \F, 0 FriaFis
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SOLUTIONS
Some Operator!

H-571 Proposed by D. Tsedenbayar, Mongolian Pedagogical University, Warsaw, Poland
(Vol. 39, no. 1, February 2001)

Prove: If (T, f)(f) = 1*], f(s)ds, with @ R, then

[ 'oar +1\n—
(ZH= PTG jo(t 1o syl () ds, for a # -1

and

(L@ =

t(nl— Di I; (ln ..tg)n‘lf(s)dg, fora=-1

Remark: If o = -1, then T, is a Cesaro operator; if & = 0, then T is a Volterra operator.

Solution by Paul S. Bruckman, Sacramenio, CA

QOur proof is by induction on n. We let S(a) denote the set of positive integers » such that
the statements of the problem are true. Note that the statements of the problem are true for n=1,
since they reduce to the definitions of (7,)(f(¢)). Thatis, 1 eS().

Suppose n € S(a). Then (T,)"*'(f (1)) = (LUL)"(f (1))
faz-1,

@Y @) =(T) [Laen - sy £ (s)as

(a+ 1)”"(" pto

i (oﬁﬁﬂﬁf it = uey f oy dudis

If( )J' (sa+l a+1)n—1dgdu

J,, f( )(Sa+l _ua+1)n ]f i

(a+Dn |,

T+l ”'l(n Diro

(a+1)"-1(n Dido
(a+1),,( ik e [ (! - sy ds

which is the statement of the first part of the problem (@ #-1) for n+1. That is, n €S(a@) =
n+) eS(a) ifa=-1.

The second part of the problem (for o = —1) is treated similarly. In this case,
i
(@) = @)/ =D (logt/s)™ f (s)ds
= (/1= 1/s[ (ogs/ uy™ f (u) duds

= /1=, f@)] 1/ s(logs/uy dsdu
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= U/ n= DD, f () In[(logs/u)"] diu
= (Ut £ u)logt /uy du
= (/@] f(s)loge /)" ds.

This is the statement of the problem for a = -1, n+1. Therefore, n e S(-1) = (n+1) e S(-1).
We have shown that, for all real @, neS(a)= (n+1) €S(a). The desired results follow by
induction.

Sum Problem

H-572 Proposed by Paul S. Bruckman, Berkeley, CA
(Vol. 39, no. 2, May 2061)
1

Prove the following, where ¢ = o™
DA (Sn+ 1)+ @ (Sn+2) — o (Sn+3)— 9™ [ (Sn+ 4)) = (w1 25)(50 ~ 104/5),
n=0

Solution by Kenneth B. Davenport, Frackville, PA
Since, for |x|<1,

: 1 5:1«1—3554—)510+x”’+---=23«75", ¢y
—-X n=0
we let, for —-1<x <1,
3 ? 3 __w ¢5n+l
4= [ et S @
@ x ) ¢5n+3
= = 3
B(x) gofol_xscbc Py 3)
{4 2 ) Sn+4
Clx) = - X =52 4
W=-0f =TS @
P x3 < ¢5n+4
= k= : 5
b Ll—fdx ,;)(Snw) ©)

Making use of an integral expression:

J lx'; dx = —%cosiw;"—lﬂlog(l—ucos%+ xz)—%cosﬂﬂ;'—lziog(l~2xcos%+ xz)

S 27
. xsin <&
—lcos6 ml ”Hog(l—ZxcosQEerz)— -~n+2sm 2(m + 7 arctan T
n n 7 n n I-xcos**
Ty i OF
. xsin 2% ) xsin 2& 1
+gsmMarctan r +42?sm 6(m+1)”arctan Lt ——log(1-x).
n n I-xcos®™ n n 1-xcos2E n

From Tables of Indefinite Integrais by G. Petit Bois (Dover Publications, 1961), we derive
the following.
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For A(x):

For B(x):

For C(x):

For D(x):
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L os2Z10g[1- V2
5 C0s log(l 2x cos s +x)

L osMi0a(1- Ar 2
5008 log(l 2xcos S +x)

2. 27, 4| xsin?E
+EZsin = tan™H | ————
5 5 [l—xcos%’i

2 . 4r, 4| xsin¥
+Zsin—tan™ | ———|.
5 5 [l—xcosi‘sl

1 os M i00f1- 27 L2
zCos— log(l 2xcos s +x)

1 cos?g£ log (1 -2x cos% + xz)

5
1 27
X sin < ]

2. 4, _
+Z sin — tan™ ——
1-xcos<¢

5 5

2 . 87, | xsinif
+—=sin—tan | ———1|.
5 5 [l—xcosis’i

+%c056?ﬂlog (1 -2x cos-2—5£ + xz)

5

2 sin 2 tan™| sin %
5 5 1-xcos%

=2 0 127 a1 xsin %
5 5 1-xcos?Z |

+%cos—1—25£log (1 —2xcos?Z 4 xz)

L oos¥ toel1— 2 c0s 2% 4+ 42
+5°°S 5 log(l 2xcos z +x)

10510 100( 1~ Ar 2
+5cos 5 log(l 2x¢os 5 +x)

in 27
. _ X Sint “~

5 5 1-xcos?&
_2n 167 | XSS sin ¥
5 5 1-xcos?E |

©)

™)

®)

©)
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And now, keeping in mind that (7) is multiplied by the factor ¢, (8) by —@, and (9) by -1, we
observe that (6) and (9) when summed cancel the logarithmic parts due to sign and likewise (7)
and (8) when summed will cancel the Jogarithmic parts. Thus, upon evaluating (6) and (9) as well
as (7) and (8) between the bounds 0 and ¢, one will then have:

©+@=

2. 27w 2. 4n, | @sin®f

4 — —_—— o — —_— -_—

5 Sin—— T+ sin = tan [l—gocos%”

2 8rom 2 167 ) psing |

5 SN TS sin = tan l:l—qwosis’i ; (10)
M+@=

2gdn oz 2 8n o o[ gsin®

+ssm 5 5+55m 5 tan [l—wcos%

2g6rx 2 1om ol gsin

5sm 5 5sm 5 tan [l—qocos“T”' an

And now, noting that

. 4r . 167w . 87 . 127

[sm 5 sin 5 +¢sm——5— @ sin 5 }—0,
we may simplify (10) and (11) to obtain

%[sinz?ﬂ—sin%+sin%z~sin§g—]. (12)

Analytically, this reduces to the expression:
/2
235-(10 +23) + (-31“?‘5) (10+245)"2 = %(10 +25)V% +(20-845)"2. (13)

And (13) is equivalent to

T V2

-—{50-10v5)"°.

75 ( V5)
Also solved by F. Ovidiu, H.-J. Seiffert, and the proposer.

Fee Fi Fo Fam

H-573 Proposed by N. Gauthier, Royal Military College of Canada
(Vol. 39, no. 2, May 2001)
"By definition, a magic matrix is a square matrix whose lines, columns, and two main diag-
onals all add up to the same sum. Consider a2 3 x 3 magic matrix ® whose elements are the
following combinations of the #™ and (n+1)® Fibonacci numbers:

®),=3F,,+F,;, ®u=Fy By =2F,,, +2F,;
Dy =F, +2F,;, @p=2F,+F;, ®,5=3F;
@,y =2F,,; @y, =3F,, +2F,;, Du=F,+F,
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Find a closed-form expression for ®”, where m is a positive integer, and determine all the values
of m for which it too is a magic matrix."
Solution by the proposer

It is well known that the elements of a 3 x 3 magic matrix can generally be written in the
form;

@, =a+b; ®Q,=a-(b+c);, @z=a+c
Cy=a-(b-c); Pp=q @y =a+(b-c);
D, =a-c @y, =a+(b+c); Dyy=a-b.

In the present situation, a=F, ;, b=F, |, c=F,.

Now define three magic matrices, as follows:

1111 1-!~1-—10 0 -1 +1
A==|1 1 1}; B=—=}-1 0 +1|; C= +1 0 -1}
3111 Blo +1 -1 -1+ 0
Then ® = a4+ fB+yC, where a =3F,,;, B=3F,,,, 7 = V3E,.
Next, for m an integer, one can simply verify the following multiplication properties:

A" = A,m>0. AB=BA= AC=CA=N; BC=-CB:
B =-C*=]-4; B =B*m>0, B™'=B m>0.

w|’“‘

N and I are the 3 x 3 null and identity matrices, respectively. Consequently,
O = @24 +(B -y H)B?,
and since A, B commute, with 4AB=BA=N, and
Byt =(B-r)B+y)=3F,aF,
we find that
e R L0 (B () [ (e
=a®A+(f*-yH)"B? ”
= 33" F2 - I Fr A+ 3" Fr el
for m a positive integer. Furthermore, for m a nonnegative integer,
O* = (@A + fB+yC)a®™ A+[(B*-y*)"BY
= 4+ (- Y IBB+ 5C]
=3 Rt A+ 3™ B L, B+ F,Cl.
Odd powers of the magic matrix © are always magic as well, whereas even powers are only
so if % =y2. This completes the solution.

Also solved by P. Bruckman.
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