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1. INTRODUCTION

As usual, the Farey series &, of order » is the ascending series of irreducible fractions
between 0 and 1 whose denominators do not exceed n. Thus, /#/k belongs to &, = {p,, p1, P2,
coes P}, Where m=g()+¢2)+---+¢(n), if 0<h<k<n, (h k)=1; the numbers O and 1 are
included in the forms ¢ and ;. For example, %; is:
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The many characteristic properties of %, can be found in references [1] and [3]. In this
paper, we shall study the distribution problems of Dedekind sums for Farey fractions, and obtain
some interesting identities. For convenience, we first introduce the definition of the Dedekind

sum S(h, q). For a positive integer ¢ and an arbitrary integer », we define
< h
swo-3(()(7)
) (( 2))(<

x—[x]-% if xis not an integer;

where

Xi)=
@) {0 if x is an integer.
The various arithmetical properties of S(h, k) were investigated by many authors. Perhaps the
most famous property of S(4, k) is the reciprocity formula (see [2], [4], and [6]):
P+g*+1 1
=t
S, q)+S(q,h) 12hg 4 )
for all (h,q)=1, h>0, g>0. Regarding Dedekind sums and uniform distribution, G. Myerson
[5], Z. Zheng [10], and 1. Vardi [7] have also obtained some meaningful results. But for any frac-
tion a; /b, belonging to the Farey series &, , the authors are not aware of the study of the proper-
ties of S(a;,5,). The main purpose of this paper is to study the properties of S(a;,5,) for a, /b,
belonging to the Farey series %,, and give an interesting identity. That is, we shall prove the
following two main theorems.

Theorem 1: Let 0 <a < q be a positive integer with (@, g) =1. Then we have the identity
15 (b, b ), a n
S@q= 12,;1( b, b)) 129 4

where n is the position of p, =a/q =a, /b, in the Farey series %, , b, (0<i <n) is the denomi-
nator of p, = 3~ with §-< p, = £ in the Farey series %, .
d d
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Theorem 2: Let p be a prime and let a be a positi\}e integer with a < p, then we have the identity
Xp-D| & (b b
2@ILQ, P === [ ("“ =i 1+ Z_3p),
z(_lz)=_1 12p kgl b, bk 1) P

where y is the Dirichlet character mod p and L(l, y) is the Dirichlet L-function corresponding
character y.

For a=2 and 3, from Theorem 2 and the properties of character, we immediately obtain the
following two corollaries.

Corollary 1: Let p be a prime and y be the Dirichlet odd character mod p. Then we have

27 (p=D*(p-9)
2L, P = .
Z(;)blx( )ILQA )l g

Corollary 2: Let p be a prime and y be the Dirichlet character modulo p. Then

ﬁ-—(p_l)z(f_w) if p=1mod3;

36
2Q)ILQ, ) = !
x(—iz)=-1 2 PP if p=2 mod 3,
p

It is clear that these two corollaries are an extension of Walum [8].

2. SOME LEMMAS
To complete the proof of Theorems 1 and 2, we need the following two lemmas.
Lemma 1: If h/k and k' /k’ are two successive terms in &, , then kW' —hk' =1.
Proof: See Theorem 5.5 of [1].
Lemma 2: Let k and A be integers with £ >3 and (4, k) =1. Then we have

Stk k)=~ mILQ, )
(4, k) %’;ﬂd)fg%‘iff( ILE 2)I

where ¢(k) is Euler's function.
Proof: See [9].
3. PROOF OF THE THEOREMS

In this section, we shall complete the proof of the theorems. First, we prove Theorem 1. We
write the Farey fractions &, as follows:

04 4 1
R AR R

—_— a
and suppose 7~ b =4

For the successive terms Z~" and Z"" , from Lemma 1 we know that

anb n-1" n Fp-1= =1 (2)
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Using the properties of Dedekind sums and (2), we get

S(an’ bn) = S(anbn— -1 n)
= 8(b,-1(1+a,_5,),5,) &)
=80, .,b,) = S( b,).

n-1> n—1»

Similarly, we also have
S(@y1, 8,0 = S@-1B,by, b,1)
=S((ab,-,-13,,5,.,) 4)
= 8By b,) = =5(5,,,.),

where b, denotes the solution x of the congruence equation xb,=1 (modb,_,).
So, from (3), (4), and the reciprocity formula (1), we obtain

B2 +BE+1 1
( ns n) S(a -1> n-—l) S(bn—l, n) +S(bmbn—l) _—lib—n—bnT 4° (5)
Hence, by expression (5) and Lemma 1, we obtain
S@a,,b,)=S(a,_,, ,,_l)+ ( = ) 2b,,bn ) 4

:S(a ~1> n—1)+_( J ( )_i— (6)

b, b a n
+
12“(bk b)) 12 4
From (6) and the fact that a, /b, = a/q, we immediately have

1S (b b ), a n
S@q)= 122( b b,) 12 4
This completes the proof of Theorem 1.
Proof of Theorem 2: Using Lemma 2, we have

Y 2@IL, PP == (” 2D 54, p). ™

xmod p
z(-D=-1

Then from Theorem 1 and (7), we can easily obtain

Y Z(a)lL(l,x)|2=”2_(II’):_l_).rL§": (£+b_k)+_a__g]

zmod p _12k=1 b, b.,) 12p 4
2-D="-1
nz(p—l)_" (bk 1 b ) a
==L N kel k14 =3
12p = b, b_,) P

This completes the proof of Theorem 2.
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Proof of the Corollaries: If a =2, then the position of 2/ p in the Farey fractions Fp is -”;—3,
son= f—;—3. Thus, from Theorem 2, we have

p3

i (éﬂ+ﬁc_J=l+_I_’__+...+p_£i_—l+l+ -5
k=1 5

b b.) p p-1 - p
p-1_p-2 p-f% __p
+p+ + oot 4 - 8
p p-1 p-Z+1 p-2Z! ®)
- —rl _pl
=p+1+2.2 3+2p 2_1+1 P~
4 P—5 P
So, from (8) and Theorem 2, we have
) [£23
-D|& (b, b 2 3(p+3)
@11, P =D (L+_k_)+___
Z(§_1 l2p kgl bk bk—l p 2
_P@D)| 10223, 2075 poB 2 3(p+d)
12p | 4 porzt p P 2
_72(p=-D(p-5
24p? '

This proves Corollary 1.

Using Theorem 2, or the reciprocity formula (1) and Lemma 2, we may immediately deduce

2(p~- .
, ’;—;-—(p*l)p(f 0 if p=1mod3;
2 ABLGP=y 1 s
2(=1)=-1 I — if p=2mod3.
This completes the proof of Corollary 2.
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