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INTRODUCTION

If 4 is a positive integer, let the polynomial 4> — 41 -1 with discriminant D = 4% +4 have
the roots:

a=(A++D)/2, p=(4-JD)/2. 1)
Define a primary binary linear recurrence {#,} and a secondary binary linear recurrence {v,} by
u, =(@" =) (a-p), v,=a"+p", @
where 7 > 0. Equivalently, let
=0, =1, u,=Au,  +u,, ®
and
Vw=2, =4, v,=4v,_,+v,, 4
forn>2. Let

D if A is odd,
t=4D/4 if A=0(mod4), )
D/8 if A=2(mod4).

Note that, in each case, ¢ is an integer such that ¢ =1 (mod 4).

Let (£) denote the Jacobi symbol.

In this note, we prove a divisibility property of the {u,} and of the {v,}. In so doing, we
generalize a recent result by V. Drobot [2] about Fibonacci numbers (the sequence {u,} with
A=1). It has been called to our attention that an alternate proof of Drobot's result follows from
[1]. Note that, if 4 =2, then the corresponding u, sequence is called the Pell sequence, and is
denoted P,. Thus, wehave =1, B,=2, B, =5, P,=12, B =29, and so forth.

THE MAIN RESULTS

Theorem 1: Let {u,} and ¢ be defined as above. Let p be an odd integer such that g=2p—1 is
prime, and q|¢. If A#2 (mod 4), let (£)=-1. If A=2 (mod 4) but 4>2, let g==1 (mod 8)
and (£)=-1or g=13 (mod 8) and ()=1. If 4=2, let =13 (moa 8). Then g|u,. Further-

more, u, is composite unless u,=¢, which can occur only in the cases (4, p,q)=(,7,13)

(Fibonacci) or (4, p,q) =(2,3,5) (Pell).
Proof: Equation (1) implies

a-f=JD af=-1. (6)
Applying (2) and (6) with n = p, we obtain VD u, = af — fP. Squaring and applying (6), we get
Dul =’ + 7 +2. ™
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Multiplying by 227! and applying (1), we have

2271 D :%—{(A +DY? +(A—- D)} +47 ®)

If we expand the right member of (8) via the binomial theorem and then simplify, we obtain
p-1
. 2 g
2p-17,,2 _ 42p P 42p-2k 0k P AP

27 'Dul =4 +kz=l(2k)A D* + DP +4P. ©)

Since g =2p —1 is prime by hypothesis, we have

2
q (25:) forl<k<p-1.

Furthermore, by Fermat's Little Theorem, we have 4?7 = 4> (mod g), 4 =4 (mod gq), 2*7'=2
(mod g). Thus, we have

2Du’ = A* +4+DP = D+DP = D(1+ D) (mod g),

which yields 2u? = 1+ D™ (mod g).
Since p—1=(q—1)/2, Euler's criterion yields

D
2l =1+ (7) (mod gq).

Therefore, to prove that g|u,,, it suffices to show that (%) =-1. If A#2 (mod 4), then (—?): (5)
Since # =1 (mod 4) and 7 > 1, we have

(&)(5)-
(2)-()-(2)-

since g = -3 (mod 8) by hypothesis. More generally, if 4=2 (mod 4) but 4 > 2, then

(7)-()-(2)-(@- ()

since # = £1 (mod 4). By hypothesis, we have (—:‘;-) = —(%) so we are done.

by hypothesis, so we are done.
If A=2, sothat D=8, then

The last sentence of the conclusion of Theorem 1 is now an easy corollary.

Remarks: If A=1, then u, = F,. (This was the case considered in [2].) If 7 is composite, then
the determination of congruence conditions on ¢ (mod 7) such that (Tq) = (g) = +1 may be achieved
by factoring # as a product of primes and then applying the Chinese Remainder Theorem.

Corollary 1: If P, denotes the n™ Pell number, the integer p>3, p=3 (mod 4), and g=2p-1
is prime, then g|u, and g <u,.

Proof: This follows from Theorem 1, with 4=2.
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We now present an analogous theorem regarding {v,}, namely,

Theorem 2: Let {v,} and ¢ be defined as in the Introduction. Let p be an odd integer such that
g=2p+1 is prime and gf¢. If A#2 (mod 4), let (%) =-1. If A=2 (mod 4) but 4>2, let
g = *1 (mod 8) and (%) =-1or ¢ =13 (mod 8) and (%) =1 If 4=2,let g==3 (mod 8). Then
qivp-i-l'

Proof: The proofis similar to that of Theorem 1 and is therefore omitted here.
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