FORMULAS FOR CONVOLUTION FIBONACCI
NUMBERS AND POLYNOMIALS

Guodong Liu
Dept. of Mathematics, Huizhou University, Huizhou, Guangdong, 516015, People's Republic of China
(Submitted July 2000-Final Revision January 2001)

1. INTRODUCTION

The Fibonacci numbers F, (n=0,1,2,...) satisfy the recurrence relation F, = F,
(n>2) with I, =0, F; =1. We denote

Fmk)y= Y EF,..F, (nzh), (1)

Vy+vy e tve=n

+F _,

where the summation is over all k&-dimension nonnegative integer coordinates (v, v,,...,v,) such
that v, +v, ++--+v, =n and k is any positive integer. The numbers F(n, k) are called convolution
Fibonacci numbers (see [3], [1], [2]). W. Zhang recently studied the convolution Fibonacci
numbers F(n,2), F(n,3), and F(n, 4) in [4], and the following three identities were obtained:

Y EF,=((n-)F,+2nF, ), @
a+b=n 5
Y ERFE = ((r -9n-2)F,, +(n* ~3n-2)F, ,), ©
a+b+c=n 50
S FFEF, = %((4;13 —120% —4n+12)F,_, +(n* -6 =+ 6)E, ;). (4)

a+b+c+d=n

The main purpose of this paper is that a recurrence relation and an expression in terms of
Fibonacci numbers are given for convolution Fibonacci numbers F(n, k), where n and & are any
positive integers with n> k.

2. DEFINITIONS AND LEMMAS

Definition 1: The k™-order Fibonacci numbers F;,(k) are given by the following expansion
formula:

! )k o (k) g
=3 F®Op, )
(l—t—t2 s

By (1) and (5), we have F = F,, F(n, k)= F"*, and F® =0 (n< k).

Definition 2: The k™ -order Fibonacci polynomials Fn(k) (x; p) are given by the following expan-
sion formula:
1 Fa
— | =S F®(x; py". 6
() -2 ©

By (5) and (6), we have F* = F®) (1 1) (n> k).
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Definition 3: Let n, k, j be three integers withn>k>2, 0< j<k -1, and

i=1

k-1
Mk_l_j,j ={(xl,x2, X)X, =00r1(=12,...,k-1)and in = k—l—j}.

Forany (x},x,,...,x,_)) €M, _,_. ;, A%, %,,..., X,_y; k, n) is defined by

j’j’

! . J Y Vi
Aprey, [ (X0 Xy X5 Koo ) = (.k_—l_1+zl)(k—22 +z2)--- (%4‘2,‘_1),

where y,, V,, ..., V1> 215 255 -, 2 satisfies the following:

(@) Ifx,=1,then y, =n;if x, =0, then y, =n-1
(B) Vi:l<i<k-1;ifx;=1,thenz =-1;if x, =0, then z, = 1

(© Vi:l<i<k-2;ifx,=x,,=1o0rx,=0, x,,;, =1, then y,,=y,;if x,=x,,,=0or x, =1,

X, =0,then y, =y, -1

Lemma 1:
@ LFO(p)=24EE (55 p) (12
®) @+DER(x; p)=2x(1+ k)E(x; p) + pln+ 2k = DFR (v, p);
d d d
© —E80sp)-2x——FP(x p)=24F 5 p)- p—FE(x;:p) =0

Proof: By Definition2. O
Lemma 2: For k >2, we have:

d d
@ x— E®(x; p) + P;FJZ’ (x; p) =nFP(x; p);

d d
®) — FEP(x;p)-x - FR(x; p) = (- 1+ 20)ER(x; p).
Proof: By Lemma 1(b) and (c), we immediately obtain (10) and (11). O

Lemma 3: We denote
s(n, k, j):= > iy, ;00 %, %, k,m) (0<j<k-1),

(%5 Xy s s Xp_1) EMk—l—_/,j

(M
®
©)

(10)
(11)

where the summation is over all (k¥ —1)-dimension coordinates (x,, X,, ..., x,_;) such that (x;, x,,

o Xp) EM, then:

-1-j, j>
(@) (%— l)s(n, k,0)=s(n k +1,0);
®) (!’;—1+1)s(n—1,k,k—1)=s(n,k+1, k);

© (%—l)s(n, k, j)+(£;—1+l)s(n—l, k,j-D=s(nk+1,j) (A<j<k-1).
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Proof:
(a) (——l)s(n k,0)= (-;—- ) > Ay o Xgs s Xy Ky 1)

001, %g5s %) €My o

n n n n
={—-1]1 L1, —1{|—-1|| —-1} | ==
(-t miom= (135 -1) (35 0)- (5
=4 o(LL .. Lk+Ln)= Z Ay o Xy, X k41, M) = s(n, k +1,0).

(x5 X, X ) €My o

®) (—+l)s(n LEkk-1)= ("TIH) I UL A 2 )

(X5 X5 K1) €M 4y

. n-1 n-2 n—k
_( A +1) o,k.-l(O,O""’o;k’n_l) (k +1)(k l+1) ( 1 +1)

=20,(0,0,..,0,k+1,n)= > Ao (X, Xy, X K+ 1L m) =s(n, k +1, k).
(%, %, s X ) €M
(c) s(nk+1,j)= z Ay, /(B Xps o, X K+ 1, 1)
(xl,xz,...,x,‘)eMk_j,j
= z /’Lk_j’j(l,x2,...,xk;k+1,n)+ Z Ay 5.0 %, X k+1,n)
Lxy,enxp)yeMy ©,%,..x)eM,_;;

=(%.-1) > Aperej, (g s %5 K, 1)

(Xgsen X)) €My 5

n-1
+(T+l) z ﬂk_j’j_,(xz,...,xk;k,n—l)

(XX} €My_;

:(%—l)s(n, k, j)+(nT_1+l)s(n-—l, k,j-1. O

3. MAIN RESULTS

Theorem 1: For n>k =2, we have:

+k n+k-1 -
@ f;""(x;p)=2(xz—im(’;—_l“ )n(fl R )( +1)Fn(" Yty (12)
F(k)zl(L_l)F(k—l) Z("—l 1)F("“)_ 13
(b) n 5 k_l n +5 k_1+ n-1 ( )
Proof:

(@) By (10) and (11), we have
d
(x* +p):§F,,""(x; P =mEO(x; p)+ p(n-1+2k)FX) (x; p). (14)

By (14) and (7), we immediately obtain (12).
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(b) Taking x =7 and p =1 in (12) and noting that
FO =9 (3:1),
we immediately obtain (13). O
Theorem 2: For n>k >2, we have
FG p) = Z ( : jk_w( 2 ]js(n b )Fy (), 1s)
" 262 +p)) 20 +p) B

where s(n, k, j) is defined as in Lemma 3.

Proof (using mathematical induction):
I° When k =2, by Theorem 1, we have

FO(x; P)—Z( T )( "1)Fn_1(x;p)+ﬁ £, 2 (%, P)

X

= mll,o(k 2,mF, (x; p)+

_%C_Z%EAO’ 10,2, mF,_,(x; p)

—j » ;
_ Z (Z(x +p)) ( 2 ) Z Ay, ;63 2, mF, i (x; p)

Jj=0 2(x +p) (x)eM_,;,

1 x I-j
z,go(z(x%p)) (2<x +p>)s("2’)F“" (5.2) {16)

(16) shows that (15) is true for the natural number 2.

2° Suppose that (15) is true for some natural number k. By the supposition, Theorem 1,
and Lemma 3, we have

+ 1
;ff(klil)‘(x p)= Ti—)(‘k‘—l)F( /Z(x P)+§—(———-_ﬁ(n——+l) ,,(f)_k(x D)

= x k=i p J
] o(z(x +p)) (2(x +p)) (—_l)s(" ky )Fo (%; p)

J

=

k-1

1 . k-1-j p 1 '
Slan) (ap) (5o 1brhno
J=

e X k=J p j
i =0(2(x +P)) (Z(x +p)) (—“1)"(” k, Va5 P)

k—j
+Zk:( Zx ) ( 4 )(" 1+l)s(n Lk, j-DF,_,_;(x; )

2% +p)) (252 +p)

k
x .
() (- henkomcin
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+I:zj (2(x2x+ p))k_j(z(xpw))j(( )s(" k1)+( T )s(" LEJ- 1)) -5 P)

P “(n-1
+(2(x2+p)) ( T +1)s(n——1,k,k—l)F,lmk(x;p)

k
= (Z(x—szr_)] s(n, k+1,0)F,_,(x; p)

k- k=) ;
p , .
Z (2(" +P)) (2(x2+p)) st k41, DE (55 P)

) s(m, k+1,k)F,_,_.(x; )

-

k k— |
§(2(x +p)) 1(2(x2p+p)) KL D (5P - an

(17) shows that (15) is also true for the natural number £ +1. O

From 1° and 2°, we know that (15) is true.

Theorem 3: For n2k >2, we have
k-1k=1
Fo, k)= = (1) S st b, DF,, (13)
Jj=0

where s(n, k, j) is defined as in Lemma 3.

Proof: Taking x =+ and p =1 in Theorem 2, and noting that

i 1
Fouk=FP =EQ(L1) ad £ = (~2-; 1),

we immediately obtain (18). O

Corollary 1: For n>k >2, we have

(@ F(n2)=3((n-DF,+2nF,),

(®) F(n,3) =407 -3n+2)F, +(@n* —6n-4F,_  +(@4n* - 4)F,,);

(© F(n,4)=5(("-6n* +11n—6)F, +(6r° —24n* + 6n+36)F,_;

+(12n° - 247 — 48n+ 36)F,_, + (8n° - 32n)F, _,);

55 ((n* —101° + 350" — 50 + 24)F,, + (8n* — 60n° + 100n* +120n — 288) F;,_,

+(24n* —120n° — 60n* + 6601 — 144)F,_, + (32n* —80r® — 320n” + 440n + 288)F, ,
+ (16n* —160n* +144)F, _,).

Remark: By Corollary 1(a)-(c) and F, = F,_, + F,_, (n>2), we immediately obtain (2), (3), and
(4) (see Zhang [4]).

(d F(n,5)=
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