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1. INTRODUCTION AND RESULTS 

As usual, Chebyshev polynomials of the first and second kind, T(x) = {^(x)} and U(x) = 
{Un(x}} (n = 0,1,2,...), are defined by the second-order linear recurrence sequences 

Tn+2(x) = 2xTn+l(x)-Tn(x) (1) 
and 

U„+2(x) = 2xU„+l(x)-U„(x) (2) 

for n > 0, T0(x) = 1, Tx(x) = x, U0(x) = 1, and U^x) = 2x. These polynomials play a very impor-
tant role in the study of the orthogonality of functions (see [1]), but regarding their arithmetical 
properties, we know very little at present. We do not even know whether there exists any relation 
between Chebyshev polynomials and some famous sequences. In this paper, we want to prove 
some identities involving Chebyshev polynomials, Lucas numbers, and Fibonacci numbers. For 
convenience, we let T$k\x) and U^k)(x) denote the k^ derivatives of Tn(x) and Un(x) with 
respect to x. Then we can use the generating functions of the sequences Tn(x) and Un(x), and 
their partial derivatives, to prove the following three theorems. 

Theorem 1: Let Un{x) be defined by (2). Then, for any positive integer k and nonnegative inte-
ger n, we have the identity 

ai+a2+---+ak+\=n i-l ^ * • 

where the summation is over all k + 1-dimension nonnegative integer coordinates (al9 a2,...,ak+l) 
such that al+a2 + '-+ak+l =n. 

Theorem 2: Under the conditions of Theorem 1, we have 

Theorem 3: Under the conditions of Theorem 1, we also have 

From these theorems, we may immediately deduce the following corollaries. 

Corollary 1: Let F„ be the /1th Fibonacci number. Then, for any positive integer k and non-
negative integer n, we have the identities: 
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Y F >F F -SdZLrmfl) 
La _ Ial+1 Ia2+l ak+\+l ~ 2k - k \ "+k \2 f al+a2+---+ak+l = n 

Y F -F . . - . F - (~lT rr(k) f-3 
Zrf r2(a,+l) r2(a2+l) ^ ( a ^ + l ) - 9 * 11 w+M ? b 

G!+cr2+---+aik+1=?i ^ ' ^ V ^ / 

2^ 3̂(flf,+l) * ^3(a2+l) """ *\ak+l+l) = "T"["f̂ yi+Jt (~2l'X 

where i2 = - 1 . In particular, for k = 23 we have the Identities: 

X K+i-FM-Fc+1 = ±-[(n+2)(5n + 17)Fn+3-6(n + 3)Fn+2l 
a+b+c=n DU 

X JW^W^c+i) = ̂ [1 8^ + 3>F2»+4 + (» + 2)(5"-7)F2„+ 6] , 

X F3(a+1) o i 73(^l ) -^3(0+1) = ^ [ ( W + 2 ) ( 5 w + 8)^3W +9 ~ ^ + 3 ) F 3 w + 6 ] . 
a+b+c=n JKJ 

Corollary 2: Under the conditions of Corollary 1, we have: 

X (al + l)-(ak+1 + l)-Fai+l...FaM+1 
al+---+ak+l = n+2k+2 

_ (_i)n+U+2 M ,k + ft ^ 

Z («i +1) • • • (ak+1 +1) • F2{ai+l)... F2(aM+l) 
al+---+ak+l = n+2k+2 

k+l 

i-(2k+\v.to I * r-+4*+3-H2> ,24+1 

X (a, +1) • • • (a t + 1 +1) • F 3 ( a i + 1 ) . . . F3{aM+1) 
al+---+ak+l = n+2k+2 

m+2k+2 k+l 

2k~-
jn+2k+2 k+l fk + l \ 

fc.(2* + l)!£(-1)V h J^*?3-2*(-20. 

Corollary 3: Let Ln be the «* Lucas numbers. Then, for any positive integer k and eonnegative 
integer w, we have the identities: 

V+k+l k+l fi\bfi, , A / j ^ 
w+2^+l-/i [ " Y h X 4ar4a2°-s9,4%+1- 9-1 11 M J A PW+2 

•n+fc+1 k+l Si +\ 

«! + •••+%+ 1 = w+^+l ^ ^ • h=0 

where i2 = - 1 . In particular, for k = 2, we have the identities: 
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X 4 - 4 - 4 = ̂ [ ( » + 10)/W3+2(« + 7)F„+2], 

I L2a-L2b-L2c = Zp-[3(n + 10)F2„+5 + (n + 16)F2„+4i 
a+b+c=n+3 ^ 

£ L3a-L3b-L3c = ^p-[4(n + l0)F3n+7 + 3(n + 9)F3n+6l 

Corollary 4: For any nonnegative integer n, we have the congruence 
(II + 2)(5n + 8)F3w+9 s 6(/i + 3)F3n+6 mod 400. 

These corollaries are generalizations of [2]. 

2. PROOF OF THE THEOREMS 

In this section we shall complete the proofs of the theorems. First, note that (see [1]3 (2.1.1)) 

and 

C/flW=^=T[(,+V?^I)"+1-(,-V^"+1], 
so we can easily deduce that the generating function of T(x) and U(x) are 

and 

^O-fz^jr-lw---. (4) 
n=0 

respectively. Then from (4) we have 

dx ~(l-2xt + t2)2~to n ' 
**•('.«> = 2K2Q2

 = y ^(2) ( x ) . ,„+2 
^ 2 (\-2xt + t2f to ' ( 5 ) 

^ " ( l - 2 x / + /2)fc+1~„=o ' 
where we have used the fact that Un(x) is a polynomial of degree n. 

Therefore, from (5) we get 
CO ( \ ( CO Y+l 

I I £4,(*)-̂ (*) t̂ +1(*) k = !>„(*)•'" 
n=0 V,<ii+ —+<>i+i=» / \ n=0 / 

1 1 (TF(t, X) _ 1 Vs T T(k) ( \ fn 
~ (1 - 2xt + t2)M " *!(2/)* ^ ~ 2* • *! to }' ' 

(6) 
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Equating the coefficients of f on both sides of equation (6), we obtain the identity 

£ Uai(x).Ua2(x) ^ ( X ) = 1 0 & ( X ) . 
a1+a2+-aik+1 = « Z ' * • 

This proves Theorem 1. 

Now we prove Theorem 3. Multiplying both sides of (5) by (1 - x/)*+1 gives 

( . • " w r - ? ! ! ^ - ^ ' (7) 

Note that 

a-xtr^fi-xftfz1). 
Comparing the coefficients of f+k+l on both sides of equation (7), we obtain Theorem 3. 

To prove Theorem 2, we note that ^ = nU^x) and 

dGJt*x) _ t-t _ Y1 7<i)/v\ #»+i 

or 

F^rl>+w"w"" <s> 
Taking A: = 2m +1 in (5), then multiplying by (1 - t2)m+l on both sides of (5), we can also get 

(l-2xt + t2)2m+2 22^1.(2M + l)!we0 "+ 2 m + l W 

Combining (8) and (9), we may immediately obtain the identity 

E (,al + l)...(am+l + \yUai(x)...Uain+i(x) 
ax 4- • • • +aOT+i = W+2TW+2 

= 2™.(2m + l)!SH)*V* J^^3-2;j(x)-
This completes the proof of Theorem 2. 

Proof of the Corollaries: Taking x = -|? ~ , and -2i* in Theorems 1-3, respectively, and 
noting that 

Un(£ = inFn+l, U„(^fj = (-lTF2(n+1), t/n(-20 = ^ V 3 ( „ + 1 ) , 

T"{i)=1iL"' T"if)=tFL>"' T»(-2i)=tfL3»> 
F»+2 = F„+l + F„, 

(1 - x2)U'n{x) = (in- l ) ^ , ( x ) - «xt/„(x), 
and 

(l-x2)J7;(x) = 3xU>n{x)-n{n + 2)Un{x\ 
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we may immediately deduce Corollaries 1-3. Corollary 4 follows from Corollary 1 and the fact 
that 2|/^a+1) for all integers a > 0. 

Remark: For any positive integer m > 4, using our theorems, we can also give an exact calculat-
ing formula for the general sums 

k k 

Z Il^-M) and X U1^ 
but in these cases the computations are more complex. 
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