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1. INTRODUCTION 

It is well known that the /1th Fibonacci number Fn is given by the Binet-Moivre form Fn = 
{an - pn) IV5, where a,0 = (l± J5) 12. JVlobius [2], however, gave a different way to character-
ize a Fibonacci number. Let z be an integer with z > 2. Then z is a.Fibonacci number if and only 
if the interval [gz-l/z, gz + l/z] contains exactly one integer^ where g=a = (l + 45)/2 is the 
golden number. 

In this paper we shall give some criteria about a more general case. 

2. CRITERION 1 
As usual, let a - [aQ; a1? a2?...] denote the continued fraction expansion of a, where 

a = a0 + l/al9 tfo = LaJ> 
a„ = an + l/an+l9 an = la„] (n = l,2,...). 

The n^ convergent pnlqn- [a0; al9..., a J of a is given by the recurrence relations 

Pn=anPn-l+Pn-2 ( " = 0,1, . . .) , P-2 = °? P-l = \ 

qn = an%-\+%-2 (w = o,i,...), q~i = \ 9-1 = 0. 
Let the sequence Gn be defined by G0 = 0, Gx = 1, Gn = aGn_1 + Gn_2 (w = 2,3,...). Gw is called 
the nm generalized Fibonacci number. The Binet-Moivre form of G„ (w = 0,1,2,...) is given by 

n a~p 3 

where a and /? are the solutions of the equation x2 - ax -1 = 0. Assume that a > /?. Then the 
continued fraction expansion of a is given by 

a + ̂ a2+4 r , 

andGn = ^II_1=/7lf_2 («>0). 

Theorem 1: Let a = (a + va2 +4)/2 = [a;a,a,...] with a > 2 (or a = l and«>2) . Then ^ is a 
generalized Fibonacci number is and only if the interval 

r i _L 11 
ga , qa +— 

[̂  aq ^ aq\ 
contains exactly one integer/?; explicitly q~qn = Gw+1 and p = pn. 
Remark: In fact, 

pn-l<qna- — <pn<qna + — <pn + l. aqn aqn 
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Proof: In general, by [3], 

1 
?„(«»+r?n+?»-i) ^ an+lq2„ 

because an+l = [an+l; an+2,...]. When a - (-J5 +1) 12 = [1; 1,1,...] and n > 2, a more precise upper 
bound is possible. Namely, from 

n+l qn 2 2 ' 
weMve\a-pJqn\<l/(2q2). 

Returning to a = (a + ̂ Ja2 +4)12 = [a;a,a,...]? if g = #w (=G„+i) and p = pn, then \a-p/q\ 
< II {aq2), which is equivalent to 

1 , 1 
^ aq r ^ aq 

Furthermore, 
pn +1 >g„a +1 >qna + and pn-l<qna-1+ <q„a . 
rn ^n aqn ™ aqn

 rn ™ aqn ^n aqn 

Notice that when a-\ and n = 0,1, the interval contains two integers. In fact, 

qna = a-l<l<2<a + l = qna +—. 

On the other hand, suppose that plq satisfies \a-plq\< II{aq2). We shall follow a similar 
step to the proof of Theorem 184 in [ 1 ]. Assume that p I q = [h0; hh..., bn]. Then 

p - «(-ir t (o<.<I). 
Set 

q q2 

^ ~~ ^ r* ? l . C , W —• ~ ^ , 

where PJQn= p/q = [b0;bh...,bn]. Then 

g(-ir = p n = (-iy 
q2 a Qn Qn^Qn + Qn-lY 

Letting e = Qn l{o)Qn + Q,^), we have 

a, = I - % L > f l - l ^ l (a>2). 
* & 

Notice again that we can set a = 2 instead of a = 1 when a = (V5+ 1) /2 = [1; 1,1,...] and n > 2. 
Therefore, by Theorem 172 in [1], Pn„% /Q1„1 and PnIQn are two consecutive convergents to a. 

3. CRITERION 2 
As Mobius proved, unless a is the golden number, the number of integers included in the 

interval \qa-^,qa + ̂ \ may be more than one. For the generalized a, the following criterion 
holds. 
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Theorem 2: Let a = (a + V« 2 +4) /2 = [a;a, a,...]. Then the solutions (p, q) of the inequality 
qa-l/q < p<qa + \lq using positive integersp and q are as follows: 

(p„, <in\ • • •»(«&> ' f t ) . ( X + # , - 1 , q„+q»-x), (J>„H - pn, qn+i - qn) (» * o), 

where f = L ^ J • 

iVoc/; Let q be an integer with q„<q< q„+l. First, we will show that if | qa - p \ < 1 Iq then 
the form of q must be iq„ or qn+l -iqn (i = 1,2,..., aB+1 - 1 ) . By Lemma 2.1 and Theorem 3.3 in 
[4], we have 

{wjQr} < {u2a} <•••< {uq ^a) if n is even, 

{«!«} > {u2a} >•••> {«9n+|_,a} if « i s odd, 

where{M1,M2,...,Mgn+i_1} = { l , 2 , . . . , ^ n + 1 - l } i s a s e t w i t h ^ = 7 ^ (mod qn+l) (/' = 1,2,.. . ,?„+1-1). 
Explicitly, 

{?„«} < {2^n«} < • • • < {a„+iq„a} < {(q„ - qn^)a} < {(2q„ - q^d) 

<•< {(?»+l - 2 ? n +?„-l)a} < {(?»+! - ? „ +?„-l)a} < {(?„+! -«„+!?„)«} 
< • • • < {(?„+i - 2?„)a} < ((?„+! - ? „ ) « } , 

if Mis even; similar if n is odd. Since 

II (?„ - ?»-i)« II = I (?« - ?«-i)« - (P» - /V-i) I = 
a „ + , + l > . l 

«»+!?«+ ?»-! ?n 
and 

II(*H-I - ? » + ?»-i)«ll = IfaUi - f t + 9»-i)a-(P„+i - A + />„-i)l = "̂ f1-
+ a„x 1 + l n+l 1 

there does not exist a q satisfying qa-l/q <p<qa + \lq unless the form of q is q = iq„ or 
<1 = <ln+\-i(ln Q = !>2,•••>a»+i-!)• 

a - *9» a - AL 

?» 
1 1 

?»(«„+#«+?„-i) k2q, 2^2 
n 

holds if and only if 

When a = [a; a , a , . . . ] , we have 

k*-l<*nH + 
g«-l 

yfa <yfa = Ja, + 3=1 
<Ji 

< J « 3 ^ < - < > 4 ^ < - U + ^ - -ft 

Since [Vtf J = [ « / Va J = 1 (a = 1) and al4a < Va + 1 (a > 2), we obtain 

L^j=| ?«-
* . 

a 
L£. 

Let a ^ > 4. Then, since an¥l > i + 2 > i2 / (i -1) for i = 2,3, . . . , an+l - 2, we have (i - l)aw+2
an+i ^ 

|,2«IH-2> yielding ((/ - l ) ^ + l)f^+1 > (i2aw+2 +/ + l)qn. Thus, 
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II (?»+!-'?„)« II: 1 - + - ' i a M 4 . 7 + l 1 c»+2 

a»+2«ii+l + ft* ^4-lfti + ft,-l 0W2^ + 1 + ft, ftn-1 - nn 

Since 

a > a + i - i = ^ - i > ^ - i = ^ n+l 
a ?1 ?» ?» 

for n > 0, we have 

yielding 

I(?„+! -tf»)«-(Pn+l ~Pn)\ = —^ <-

a- Pn+\~Pn 

mn+\+<in %+i-in 

1 
(?„+!- In? 

Since 

for « > 1 , we have 

a<a + l = P o _ + l<P>L + i = 2n±L + i 
% <ln In 

ll(*H4 - («»+! - l)^„)«ll = l(?» +?„-l)« ~ (Pn + /V-l)l: a-\ 1 
°^n

+an-l 9n+9n-i 
yielding 

a- Pn+Pn-l 1 
(tf»+?»-l)2 

For w = 0, 

a = | a - ( a + l) |<l = -y-
<7o2 
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