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1. INTRODUCTION

The identities
F2y+F = Fopps (1.1)

and

KL 1

are special cases of identity (5) of Torretto and Fuchs [7]. Interestingly, (1.2) is the only
identity involving cubes of Fibonacci numbers that appears in Dickson’s History of the Theory
of Numbers [1, p. 395], and Dickson attributes it to Lucas.

In [6], the following generalizations of (1.1) and (1.2), together with their Lucas counter-

parts, were given.

Frigia+Fe = FPop1Fonys; (1.3)
Fap 1 F3 gy + FapgoFo o — Fo_gp 1 = Fapp1FapqoFan. (1.4)

In fact, as was proved by Howard [5], (1.3) is equivalent to

F2 4 (-1t 1R = F, 4 Frg, (1.5)
occurring as [ on page 59 in [4]. In {1.5), replacing n by n+ k, and k by n yields

F2 i+ ()" F2 = FoFonts, (1.6)

equivalent to (1.5), and which we require in the sequel.
Recently, we were made aware of the identity

Fra—3F + F}_ =3P (1.7)

due to Ginsburg [3], and this prompted us to search for a more general identity that yields
(1.2), (1.4), and (1.7) as special cases. This identity is stated in the next section, and our proof
of it relies on a powerful method given recently by Dresel [2]. For instance, in the terminology
of Dresel, (1.1) is homogeneous of degree 2 in the variable n. As such, to prove it we need only
verify its validity for 3 distinct values of n.
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Quite often, after discovering a new Fibonacci identity, we expend energy trying to discover
its Lucas counterpart. Dresel’s duality theorem provides us with a way of achieving this quickly.
Indeed, the duality theorem produces a dual identity for any homogeneous Fibonacci-Lucas
(FL) identity.

The Duality Theorem (Dresel): Given a homogeneous FL-identity in the variable n, we can
arrive at a new dual identity with respect to the variable n by making the following changes
throughout:

(i) when j is odd, Fjn+ is replaced by Lijn1x/+/5,

(ii) when 5 is 0odd, Ljn+ is replaced by v5Fjp+k,

(iii) when 7 is odd, (—1)?™ is replaced by —(—1)7".

The justification for each step in the theorem is easily seen if we refer to the Binet forms. For
example, the dual of (1.1) is L2 ; + L2 = 5F5,41. We give further illustrations after the proof

of our main result, when we emploj the duality theorem to produce seven additional identities.
2. THE MAIN RESULT

We make use of the following identities.

F_,=(-1)""F,, (2.1)
Fosi+ Fo_p = LoFy, kodd, (2.2)

Fovp — Fp_p = Ly Fy, k even, (2.3)

Fop = Fp Ly, (2.4)

(-1)F R F2  — FyF2_p + FopFp = (— 1)t FZ Py Fy,. (2.5)

Identities (2.1) and (2.4) are well known, while identities (2.2) and (2.3) occur as Iz and Ip,
respectively, on page 59 in [4]. Identity (2.5), which appears as (5.2) in [2], can be expressed
more simply if we factor out Fj. However, in its present form, its relationship with our main

result is more transparent. Qur main result follows.

Theorem: Let k, m, and n be any integers. Then
FpF3 o+ (“L)Fm RS  + (1) Fy_F2 = Fym FF Fanyktm. (2.6)

Proof: Since (2.6) is homogeneous of degree 3 in the variable n, we need only verify its
validity for four distinct values of n. If k = m, or if one of k or m is zero, then (2.6) follows
immediately. Furthermore, if £k + m = 0, then (2.6) follows from (2.5). So we may assume
that km(k — m)(k + m) # 0. But then 0, —k, —m, and —k — m are distinct, and so we need
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only verify (2.6) for these four values of n. We perform the verifications for n = —k and
n = —k — m, and leave the remaining verifications to the reader.

Using (2.1), we find that F3,_ = = (-1)k=™HF}_  and F3 = (—1)**'F3. Then, for
n = —k,

m)

LHS = (-1)k™ g p3, o+ (1) F3,
=FF: . + (-1 Ry, F3
= FyemFy [Fi_p + (-1)™ T FE]
= Foom Py [Fi_p + (-1) ™1 F]
= Fy_mFixF_mFop—m  (using (1.6))
= FymFpF i F_(_2k4m)
= Fy_mFp(-1)™ T F, (1)~ 2™ H1p 0 0 (using (2.1))
= FiemnFp Fr Foopym
= RHS.

For n = —k — m we have

LHS = Fp, F3 4+ (1) P34+ (- )" P F3
= (-1)™*Fs + (-1)™Fg — Fy—nnF,,, (using (2.1))
= ()™ [Fg = Fp] = Fe-mFiym

= (=)™ [FE + (-D)M™HER) [FE + (-DMER] - Fe B,
= (1™ [F oy + (VP [FE + (-DFFE) — Foom P

= (=1)"FyemFrim [FE + (-1)**™F2] — Fy_mFp,,, (using (1.6))
= FeemFioam [(-1)™FF = [F7 1 + (D" L]

= FyemFoim [(~1)"FZ — FyFamtr|  (using (1.6))

= —FimFrotmFi [Fontk)4m + (=)™ Finyk)—m)

= —FpemFrymFrLgsmFm  (using (2.2) and (2.3))

= —Fy—mFiFrFapsom  (using (2.4))

= RHS, using (2.1).

This completes the proof of the Theorem. []
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Now, since (2.6) is homogeneous of degree 3 in the variable n, its dual identity, with
respect to n is

FoLd o+ (-1)FmHE 13 4 (1) R L8 = 5Fy i Fon Lantkim. (2.7)
Before proceeding we note that, since (—1)* = (aB)¥, (—1)*F}, has degree 3 with respect to

the variable k. Hence (2.6) and (2.7) are each homogeneous of degree 3 in k, and their duals
with respect to k are, respectively,

FmL?L+k + 5(_1)k+mLkFg+m + 5(_1)k+m+1Lk—mFg = Lk—mLkaL3n+k+m) (2'8)
and

25 F o+ (-1 L L L+ (1) Ly L2 = 5Lk Lk Frn Fantkbm-  (29)

Finally, since Fy,, = (=1)2™F,,, Fy—p, = (=1)""*+1F, &, and Ly_pm = (—1)™ %L s,

we see that (2.6)-(2.9) are each homogeneous of degree 5 in m. Accordingly, we find that their
duals in the variable m are, respectively,

5Ly FS o+ ()R LS+ 5(—1)"*™ L, F3 = Ly_mFyLmLantk4m,  (2-10)
L L3 o+ 25(=1)" "R FS o+ (1) ™ Ly L3 = 5Ly Fi L Fanthtm,  (2-11)
L L+ (—1)Ft™ L L2+ 25(=1) """ Fy_n F3 = 5Fg—m Ly Lin Fapthim,  (2-12)
25Lm F2 p +25(=1)F ™+ B3 4 5(—1)" " Fy L3 = 5F—m Lt L Lantk4m. (2.13)

ACKNOWLEDGMENT

We gratefully acknowledge that the suggestions of an anonymous referee have served to
considerably streamline this paper.

REFERENCES

[1] L.E. Dickson. History of the Theory of Numbers. Volume 1. New York: Chelsea, 1966.

[2] L.A.G. Dresel. “Transformations of Fibonacci-Lucas Identities.” Applications of Fi-
bonacci Numbers. Volume 5 (1993): 169-84. Ed. G.E. Bergum et. al. Dordrecht:
Kluwer.

[3] J. Ginsburg. “A Relationship Between Cubes of Fibonacci Numbers.” Scripta Mathemat-
ica December (1953): 242.

[4] V.E. Hoggatt, Jr. Fibonacci and Lucas Numbers. Boston: Houghton Mifflin, 1969; rpt.
The Fibonacci Association, 1979.

[6] F.T. Howard. “The Sum of the Squares of Two Generalized Fibonacci Numbers.” Ac-
cepted for The Fibonacci Quarterly 41.1 (2003): 80-84.

[6] R.S. Melham. “Families of Identities Involving Sums of Powers of the Fibonacci and Lucas
Numbers.” The Fibonacci Quarterly 37.4 (1999): 315-319.

[7] R.F. Torretto & J.A. Fuchs. “Generalized Binomial Coefficients.” The Fibonacci Quar-
terly 2.4 (1964): 296-302,

1

AMS Classification Number

2003] 223



