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1. INTRODUCTION

The classical r-Fibonacci sequence (Ui)izo is defined by some given real numbers
Uy,Us,...,Ur—_1 and the difference equation

T
ZakU'__k = 0; ] Z T,
k=0

where ai,k = 0,1,...,r are arbitrary real numbers such that a, # 0,7 > 2. The characteristic
polynomial of this equation is given by

Q(z) =ap+ a1z +azz®+ - +arz”.

Many authors bave studied the r-Fibonacci sequence given above, see for example Mouline
and Rachidi (1998). Philippou et. al. (1982) and Philippou (1988) have related the Fibonacci
sequences to the one dimensional geometric probability distribution.

Now we introduce the double indexed Fibonacci sequence (DIFS) of order (n,m). Let
(Uij)i>0,5>0 be the double indexed sequence defined by the difference equations of order (n,m) :

n m
Z Z ALy ks Ui—kl,j-—-kz = 07 ] Z n)j Z m, (1)
k1=0 k2=0

where a; j,7 = 0,...,n,5 = 0,..., m are real numbers such that agy # 0 and a4, # 0. The
corresponding characteristic polynomial is defined by

Q(z,y) = ago + a10T + a1y + au1TY + - - + Gz Y™
Next, we recall that (X,Y") is a discrete random vector in two dimensions with values in N x N

and defined on a certain underlying probability space (2, A, P) with probability generating
function given by

g(z,y) = E($XyY) = Zzpijziyjy

i>0 5>0
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where p;; = P(X =4,Y = j),i > 0,7 > 0 is the probability mass function of (X,Y). For
example, the bivariate negative binomial distribution has the probability generating function

defined by
d T
o) = (5 ) @

—ax — by —czy

where a,b, c and d are real numbers such that 0 < a6 <1,0<b<1,0<d < land a+b+c+d =
1. For r = 1, we get the bivariate geometric distribution as a special case of (2). For more
details about these distributions and their applications see Edwards et. al. (1961), Feller
(1968) (page 285), Subrahmanian et. al. (1973) and Davy et. al. (1996).

Philippou et. al. (1989, 1990, 1991) and Antzoulakos et. al. (1991) have related the
special case of the above distribution when the crossed term in z and y is null (¢ = 0) with
extensions to some particular characteristic polynomials (see section 3).

This work is organized as follows: in the second section we develop the setting of the
difference equation given by (1). In section 3, we give examples of DIFS with their combina-
torial solutions. In section 4, we study the relationships of DIFS and the bivariate probability
distributions given by (2).

2. THE DIFS

Let (Uij)i>0,j>0 be the DIFS of order (n, m) as given by (1), that is,

n m

Z Z akl,szi-—kbj—kz = 07 12> naj > m, (3)
k1=0 k2=0

with the initial conditions: agoUpo = 1 and apm # 0 with U;; = 0if 4 < 0 or j < 0. Now
let Q(z,y) be the corresponding characteristic polynomial with order (n,m) of the difference
equation given by (3), that is,

Q(-’L’, y) = Z Z akl,kzzklykzr (4)

k1=0ko=0

with ago # 0 and ap,m 7# 0. Then we have the development of 1/Q(z,y) using power series,
that is,

1 i
Qlz,y) D Usja'y.

i>0,52>0
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From the equality Q(z,y)/Q(z,y) = 1, we get

n m
Z Z akl,kzil:klykz . Z Ui’j:l:iyj = 1,

k1=0k2=0 120,520

which gives the difference equations defined by (3) with specific initial conditions. The combi-
natorial solution of (3), (Ui;)i>o0,j>0, is then given by means of the development of 1/Q(x,y)
using power series.

There are two cases which the combinatorial solution of (3) could be deduced from ele-
mentary combinatorial solutions. Let Q(z,y) be a characteristic polynomial of order (n,m)
such that the following decomposition holds

T
Q(a"ay) = H Qk(fﬂ,y), (5)
k=1
where the order of each polynomial Q(z,y) is (ng,mi),k=1,...,7r withn=n; +---+n,

and m=my + -+ m,. Let Ui(f;) be the combinatorial solution of Q(z,y), that is,

1 ®) 5§ 2 _
Qk(:c,y) ZU Yy, k=1,...,r

1]

Let us establish the following result which gives the convolution of independent DIFS’s.

‘Theorem 1: If (U; ;) is the combinatorial solution of (3) with Q(z,y) verifying the decompo-
sition (5) then

1A=t i—(littir—2) § j—h J=(Gr+-+jr-2)

5535 S SIS 3D SRHD S

11 =013=0 ip—1=0 J1=0j2=0 Jr—1=0

(1) 2 (r-1) (r)
11 »J1 U12 ottt Uir—l,jr—l Ui—(i; Fodip_1),i =1+ Fir—1)-

Proof: One has,

Q(l‘ y) H Qk("z;y)

_ M) @ (r) ireering 14t
- Z Z U‘la]l i2,j2 """ Uip,],- ” : yh Ir,

LTTL P, T, P
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Set =41+ ---+1%and j=j1+ -+ jr. Then

i—iy i—(i14-tir—2) § j—h1 J—(r++ir-2)

S RSP IS S 3 SEU S

11=0142=0 ip—1=0 J1=0 j2=0 Jr—1=0

M @ (r-1) ()
Unm i2,j2 " " Utr LJr—1 " i=(1 4 +ir_1),j—(G1+-+ir-1)-

By the identification with
Ui
o) =2 Vs

one can deduce the result of the theorem. [
Let us now suppose that the characteristic polynomial, Q(z,y), of equation (3) can be

decomposed as
Q(z,y) = Q1(z) - Q2(y) (6)

where Q1(z) and Q2(y) are polynomials with respective orders n and m such that

1 _ i _ 1 _ @), i
G 2T Gy 2

Let us establish this result.

Theorem 2: The characteristic polynomial Q(z,y) of (3) is decomposed as in (6) if and only
if the combinatorial solution is given by

Ui; = Ui(l) U}z)

Proof: First

111
Q(z,y)  Qi(z) Q2(v)
= S UOUD iy,
0

Then, by identification with

1 .
q) = U

i,J
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the result follows. [

Let us introduce the notion of marginals of the DIFS. Let U;; be a DIFS of order (n,m)
as given by (3) and Q(z,y) be the corresponding characteristic polynomial as given by (4).
We define the marginal polynomials as polynomials in z or in y, that is, Q(z,1) and Q(1,y)
given by

n m
!
Qz,1)=> anz' =D o' an,
Lk =0 k=0
n

QLY = any* = v an.
Lk

k=0 =0

The associated equations are respectively
n m
Z Viei Z ai =0,
=0 k=0
m n

Z Wi—k Z ay =0,
k= =0

0

with V; = 37, Us; and W; =}, U;; which are the combinatorial marginal solutions.
3. EXAMPLES

(a) DIFS of order (1,1): Let U;; be the DIFS given by (3) with n = m = 1, that is,

1 1

3> ek g Uik ik =0
k1=0 kz’—‘o
This is equivalent to
aooUs;,; + a10U;—1,; + ao1Ui j—1 + a11Ui—1,j-1 = 0, (7)

with aggUpy = 1. The associated characteristic polynomial is then

Q(z,y) = ago + a10% + a1y + a117Y.

For the developement of 1/Q(z,y) using power series, we first need to establish the following
lemma.
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Lemma 1: Let a,b,c be real numbers and r be a positive integer. One has,

(1) if abc # 0 and (z,y) is such that |axz + by + cxy| < 1, then

min(i,)

1 L eNF i .
(1 —az —by —czy)™ - thy]atbj Z (a_b) G ;+j—kcr+j+r—k—1a
i,j k=0

(11) if a=0,bc # 0 and (z,y) is such that |by + czy| < 1, then

1

(1 — by — czy)T - Z(by)i(wy)j £+J'C:-|?jl+r—1’

3,
(i) if b= 0,ac # 0 and (z,y) is such that |az + czy| < 1, then

1

T ez —aagy ~ 29 (0 OOl
i,j

(iv) if ab # 0,c¢ =0 and (z,y) is such that |ax + by| < 1, then

1

T ez gy = 2@ OGO,

i’j

where C% = nli!/(n —i)! and the summation 2 s overi>0,52>0.
Proof:

(i) It is known that for [t| < 1 the expansion of 1/(1 —¢)" is 30,50 t" 1

az + by + czy, one has,

1
(1 —azx —by —cxy)™

Z(aa: +by + coy)"Chir_;-

n>0

Now by the multinomial formula, one has,

|
+ b + n_ k1 k2 ks ___I’_'“__
(ax Y czy) k1 +kzz+ks=n(a$) (by) (C‘Ty) kl'k2lk3'

1
= E: aklbkzckszkl'i'kaykz'l'kak 'Ijl'k :
k1+kz+ks=n 1hashas

2003]
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with the conventions that 0° = 0! = 1. Let us put ¢ = k; + k3 and j = k3 + k3. One can
see that 1 =0,...,n,7=0,...,nand 0 < k3 <4,0 < k3 < j, that is 0 < k3 < min(s, j).
Then for ab # 0

1 i ifc ks nl
(1—az —by — czy)" Z e Z (az)"(by) (%) (2 — k3)!(7 — k3)'ks!

n>0 i+j—kz=n

min(i,5)

) ; c\k  (i+ji—ks)l .
=2 (az)'y () > (E) (i—(kg)!zj—l::)!k3!ci+jl'"r‘k3_l’

i>0 §>0 k3=0

which coincides with the claimed formula.
(i) If @ = 0 and be # 0, one has

(by + czy)™ = > _(by)*(cay)"*Cy.
k=0

Then

n
}: Crit_y Y (by)*(cay)"~FCk

(1- by — cxy)T pord

=D (0w)* D (coy) CFLiChil e

k>0 ji>0

One can easily derive the other expressions of the lemma. 0O
Let us derive from Lemma 1. the expression of 1/Q(z,y) using power series. It is easy
to see that with the parameterizations agp = 1/d,a10 = —a/d,ap1 = —b/d,a11 = —c/d, (7)
becomes
Uij =aUi_1; +bU; j1 +cUi1 -1, 121,721, (8)

with the initial conditions: Uyy = d,Us¢ = ad, and Up; = bd. The associated characteristic
polynomial is

ax — by — czy

From the above Lemma 1 and for r = 1 (with for example ab # 0) one has

Q(z i ZU"” v
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with

min(i,j)

. e\b (i+j— k)
Usj = da'¥’ 3 (@) oo

min(i,j)

=aav Y (2) orci,,
k=0

which is the combinatorial solution of equation (8). For ¢ = 0, which means that the crossed
term is null, the solution is then U;; = da*d’C},;. This is the solution of the m-variate
generalized Fibonacci polynomial of order k (here m = 2, k = 1) given by Philippou et. al.
(1991) and Antzoulakos et. al. (1991).

(b) DIFS of order (r,r): Let @ be

Qz,y) = (1 - az — by — coy)"/d",
which is the characteristic polynomial of the DIFS of order (r,r) given by

ki +k -g: +k4—'r(_a) R 4m "—(k2+k4)71 (k3+ks) =lo. 9)
1 2 3 3

This is equivalent to

r—k1 r—k1—

Z Clcl Z( a)kzcrlnkl Z 2( b Ic3 C)'r k1—ko—k3

k1=0 ko=0 k3 =0

k3 (m)
C —k1—k2 Ul r+k1+ks,j—r+ki+ka =0.

From Lernma 1, one can deduce the combinatorial solution of the above equation. That is,

min (i,f)

(r) _ gripi AN -1 : ,
U = draiv’ ; (a_b) CECL i Critr o1y 120,520, (10)

This solution can also be derived from Theorem 1 since the characteristic polynomial has the
decomposition (5). Since the DIFS of order (r,7) is the r-fold convolution of DIFS of order
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(1,1), Philippou et. al. (1991) showed that the solution can be evaluated (for small values of
T) recursively as

1 J
T r—1
U =3 3 UnkaUlelichy 722,
k1=0k2=0

with U} = Uj; which is the solution of DIFS of order (1,1).
4. THE DIFS AND THE BIVARIATE PROBABILITY DISTRIBUTION

A random couple (X,Y) has a bivariate negative binomial distribution if its probability
generating function has the form given by (2), that is

(@9) = : T
9.y} = l—-ar—by—czy/) ’

with a,b,c and d such that 0 < a < 1,0 < b < 1,0 <d < landa+b+c+d =1
This distribution is the convolution of r independent bivariate geometric distributions. One
can recognize the associated stochastic DIFS given in example (b) which the combinatorial
solution given by (10) is the probability mass function associated to this bivariate negative
binomial distribution, that is for ¢ > 0,5 > 0,

min(i,j)

. . ivi c\k i _
P(X=iY =) =da¥ Y (=) CFClL,sCli o (11)
k=0

Equation (9) permits recursive computations of the above probabilities which are more con-
venient than those given by Edwards et. al. (1961) and Subrahmanian et. al. (1973). The
geometric case (r = 1) is given by equation (8).

The random variables X and Y have the marginal distributions which are negative bi-
nomial distributions with respectively the parameters (r,d/(1 — b)) and (r,d/(1 — a)), that
1S

P(X =i) = (I%E)TU,-; i>0, (12)

where (U;) is the marginal Fibonacci sequence satisfying

- gfatc *
Z Cr Uik =10, (13)
= b—1
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with Uy = 1. The same holds with P(Y = j). The relations (12) and (13) are less practical
for the evaluation of P(X = 1), since the following recursive scheme is more effective

P(X:z')zq( T_l)P(Xzi—l); i>1,

starting with the initial condition P(X = 0) = p", where p=d/(1 —b) and p+ ¢ = 1.
The covariance of X and Y is given by (see for example Subrahmanian et. al. (1973))

c+ab

Cov(X,)Y)=r—n— 2

It is easy to see that X and Y are independent random variables if and only if Cov(X,Y) =
0(c = —ab). We can express this result as follows.

Lemma 2: Fori>0,7>0 andr > 1, one has

min(i,j)

r—1 T— kk T—1
C’*r+1,— Cr+] 1= Z ( 1) Cz z+_7 kCz+]+r— -

Proof: Let g(z,y) = d"/(1 — az — by — cxy)". The independence of X and Y is given by

¢ = —ab, that is
(z,1) = 1—a\"/1-b\"
IV =1~ az 1—by

=(1-a) ) (ao)’Cri, - (1-0)" ) (byY Ol

i>0 i>0

= Z Uijz'y’
i,J

with
UU - (1 —a’)r(l_ )T i r+z ].C';!“:;J 1

By identification with (11) when ¢ = —ab, we get the result of the lemma. [
5. CONCLUSION

As in the case of the one indexed Fibonacci sequences, there is a relationship between
the probability distributions of discrete type and these sequences. In this work, some basic

2003) 299



DOUBLE INDEXED FIBONACCI SEQUENCES AND THE BIVARIATE ...

definitions, results and examples of DIFS are given. The link between stochastic DIFS and
the bivariate negative binomial distribution is established.

There are plenty of problems left to be solved such as: the combinatorial solution of (1)
with arbitrary real numbers (ai;), the roots of the characteristic polynomial.

Also the generalization to the multiple indexed Fibonacci sequences and their relationship
with multivariate probability distribution opens the door to a host of other quesitons.
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