ON THE #*»-ORDER F-L IDENTITY
Chizhong Zhou

Department of Computer and Information Engineering, Yueyang Normal University
Yueyang, Hunan 414000, PR China
email: chizhongz@yeah.net

Fredric T. Howard

Department of Mathematics,
Wake Forest University, Box 7388 Reynolda Station, Winston-Salem, NC 27109
(Submitted April 2001)

1. INTRODUCTION

For convenience, in this paper we adopt the notations and symbols in [3] or [4]:
Let the sequence {w,} be defined by the recurrence relation

Wntk = Q1 Wnyk—1 + *** + Gp—1Wn41 + QpWn, (1.1)
and the initial conditions
wWog = Coy,W1 = C1y-..y,Wg—1 = Ck—1, (1.2)

where a1, ...,ax, and cg,...,cx_, are complex constants. Then we call {w,} a k"~ order
Fibonacci-Lucas sequence or simply an F-L sequence, call every w, an F-L number,
and call

flz)=2zF —a1zF ' — o —ap_1z —ag (1.3)

the characteristic polynomial of {w,}. A number «a satisfying f(a) = 0 is called a char-
acteristic root of {w,}. In this paper we always assume that az # 0, hence we may consider
{wn} as {w,}TL. The set of F-L sequences satisfying (1.1) is denoted by Q(ax,...,ax) and
also by Q(f(z)). Let z1, ...,z be the roots of f(z) defined by (1.3), and let

vp =} + 25+ +zk(n €Z). (1.4)
Then, obviously, {v,} € Q(a1,...,ax). Since for k = 2 and a; = as = 1,{vn} is just the

classical Lucas sequence {L,}, we call {v,} for any k the k**-order Lucas sequence in
Q(a1, .. .,ar). In [1] and [2] Howard proved the following theorem:

Theorem 1.1: Let {wn} € Q(ay,...,ax). Then for m > 1 and all integers n,

k
W(k—1)m+n = Z(_l):’_lcm,jmw(k—j—l)m+ﬂ'
j=1

The numbers cm jm are defined by

m—1 k
[1 11 - a1(6'z) — az(6'2) - - - — @k (6'2)*] = 1+ Y (—1) e, jma’™,
=0 j=1
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where 0 is a primitive mt"* root of unity.
Yet in [2] he proved the following result:

Theorem 1.2: Let {w,} € Q(r, s,t). Then for m,n € Z,
Wntom = JmWntm — "I —mWn + 1" Wn—m.- (1.5)

Here {J,} € Q(r, s,t) satisfies Jp = 3,J1 =1, Jo = 7% + 2s.

It is easy to see that {J,} is just the third-order Lucas sequence in Q(r,s,t). Thus we
observe that the identity (1.5) involves only the numbers from an arbitrary third-order F-L
sequence and from the third-order Lucas sequence in Q(r, 3, ). This suggests the main purpose
of the present paper: we shall prove a general k*"-order F-L identity which involves only the
numbers from an arbitrary k**-order F-L sequence and from the k*"-order Lucas sequence in
Q(a1,...,ax). As an application of the identity we represent s, jm, in Theorem 1.1 by the k-
order Lucas numbers. Then to make the identity simpler we give the identity an alternative
form in which the negative subscripts for the k**-order Lucas sequence are introduced. As a
corollary of the identity we generalize the result of Theorem 1.2 from the case k = 3 to the
case of any k. In our proofs we do not need to consider whether the characteristic roots of
the F-L sequence are distinct. Also, we can use our results to construct identities for given k,
and the computations are relatively simple. We first give some preliminaries in Section 2, and
then in Section 3 we give the main results and their proofs. Some examples are also given in
Section 3.

2. PRELIMINARIES

Lemma 2.1: Let {v,} be the k*"-order Lucas sequence in Q(a1,. . .,ar). Denote the generating
function of {v,} by

oo
V(z) = Z’un:p". (2.1)
n=0
Then
k—(k—1aiz — (k- 2)azz? — -+ — 2ap_22"~2 — ag_ 151
V(iz) = .
(=) 1—a1z—asx?— - —apzk (2.2)

Proof: Let z1,. ..,z be the roots of the characteristic polynomial f(z), denoted by (1.3),
of sequence {v,}. Denote

f(x)=1—-a1x — asz® — - — az®.

Clearly,

) =2"fz™) = (1 — z12) ... (1 — zxz).
Whence

In f*(z) =In(1 —z1z) + - + In(1 — zx 7).
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Differentiating the both sides of the last expression we obtain

f (z): —I1 et —Zg
() 1-m=z 1—zz

[e.0) co
=— Z(z’f“ 4+ttt = — Zvn+1x“.
n=0 n=0
From (2.1) it follows that

f*’(-T) $(a1+2a2x+...+kakzk—1)
|74 =Yy — T - -k '
(113) Vo — T f*(-'l«') + 1— gz — a2z2 ——— akxk

Thus the proof is finished. O
From (2.1) and (2.2) it follows that

oo
(1—-a1x —agz®—--- — akmk) Zvnz”
n=0
=k —(k—1ayr — (k- 2)agz® — - — 2ak—25" % — ap_12F L.
Comparing the coefficients of z* in the both sides of the last expression for i = 1,...,k we get

the well-known Newton’s formula:

Corollary 2.2: (Newton’s formula) Let {v,} be the k**-order Lucas sequence in
Q(ay,...,ax). Then

a1V—1 + agv;—9 + -+ a;_1v1 + ta; = v; (’L =1,..., k)

Lemma 2.3: [4] Let {w,} € Qas,...,ax) = Q(f(z)), and z1, ..., zk be the roots of f(x). For
m € Z™, let

fm@) =@z —2z7)...(z—2zP) =2F — bzt — . —bp_17 — by (2.3)
Then {Wmn+rtn € Q(fm(z)). That is,

Win(ntk)4+r = D1Wm(nak—1)+r T+ + bb—1Wm(nt+1)+r + beWmntr-
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3. THE MAIN RESULTS AND PROOFS
Theorem 3.1: Let {w,} be any sequence in Qai,...,ar) = Qf(z)), and let {vn} be the

kth-order Lucas sequence in Q(f(x)). Let z1,. .., Tk be the roots of f(z) and fm(z) be defined
by (2.8) for m € Z. Then forn € Z,

Win(ntk)+r = D1Wn(npk—1)4r T + Ok 1 Wi (ng1)4r + Dk Wmntr, (3.1)
and by, ..., by can be obtained by solving the trianglular system of linear equations
blvm(i_l) + bz’Um(i_g) + 4 01U + b = U (2 =1,..., k). (3.2)

In other words, fori=1,...,k,

1

Um
Um 2 Uom,
Vom Vm 3 U3m
1 .
b; = bi(m) = | vem Vam Umn . Vam | - (3.3)
Vi-2)m U@i-3)m V(i-4m --- Um 1—1 Vi_1)m
Vi-1)ym Y@E-2)m V(@i-3)ym --- Vzm Unp Vim

Proof: In Q(fn(z)) the k**-order Lucas sequence is
Vo=@!)" 4+ (@)" = Uma(n € Z).

Thus (3.1) and (3.2) follow from Lemma 2.3 and Corollary 2.2. We use Cramer’s Rule on (3.2)
to obtain (3.3) O

Remark: In (3.1) taking » = —1 and then taking r = n we get cp jm = bj(m). Then cm jm
can be represented by the k*"-order Lucas numbers and it is more easy to caluclate Cm,jm’S-
For example, by using (3.2) or (3.3) we can obtain:

For k = 3,

Wn+2m = UmWpim + (U2m - Ui)/2 c Wy + (2'03m — 3upm vy, + 'U-?n,)/ﬁ * Wn—m;
For k =4,

Wn+3m =UmWn+2m + (U2m - 'Ufn)/Z s Wntm + (2'031", — SUmUam + 1)7?;1)/6 s Wyt

(6Vam — BUmUsm, — 3va, + 602, vam — Us)/24 - W _m;
For k =5,
Wn+4m =VmWn4+3m + ('U2m - 'qu,)/2 * Wrt2m + (2U3m — 3Umvam + 'U:ran)/G * Wnpmn+
(604 — 8UmUsm — 3U3y, + 602, vam — U, ) /24 - wo+

(24v5m — 30UmVam — 20023 + 200203, + 150,02, —
1003, vam + v3) /120 - wp_py.
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Theorem 3.2: Under the conditions of Theorem 3.1 we have

by—i(m) = (~1)FFDEDH Gy (—m) (i=1,...,k - 1), (3.4)
and
by(m) = (—1)*FDm+D g, (3.5)
Therefore for odd k we have
W (n+k)+r :bl(m)wm(n+k-—1)+'r + b2(m)wm(n+k—2)+r + -+
b(k—1)/2(M)Wmn+(k+1)/2)+r — % (bk—1)/2(—M)Wm@n+k-1)/2)+r+  (3.6)
et b2(_m)wm(n+2)+r + bl(—m)wm(n+l)+r - wm'n.+r)7
and for even k we have
Wi (n+k)+r =01(M) Wi (ngk—1)4r + b2(M) Wi (nak—2)4r + -+
bi/2-1(M) Wi (ntk/241)+r + Ok/2 (M)W (ntk/2) 4+ 3.7)
(—ak)™ (bg/2—1(—M) Wi (nik/2-1)+rt ’
R b2(_m)wm(n+2)+r + bl(—m)wm(n+l)+r - 'wmn+'r)-
Proof: Clearly,
by = b(m) = —(=1)*zT ... a7 = (=1)FF(—(=1)%ar)™.
Whence (3.5) holds. Let
f1(@) = & fue™) = (1 - 272) ... (1~ 2F')
=1- bl.’L‘ - b2.’L'2 — bk_liﬂk—l - bk.'z:k.
Then the k**-order Lucas sequence in Q(fy (z)) is
Vo =(@™)"+ + (5™)" = vomn(n € Z).
By Newton’s formula we have, for i =1,...,k — 1,
be—1V—m(i—-1) + bk—2V—m(i=2) + *** + bp—(i=1)V—m + tbp—i = —bgV—mi,
where b; = b;(m). It follows from Cramer’s Rule that
1 Vem
Ve 2 V-2m
V—_o2m Vem 3 VU—_3m
b .
bi—i = bg—i(m) = ’;,(m) V_3m V_2m Vom - V—im
V_(i—2)ym U—(i=3)m VU—(i=4)ym -+ V-m =1 U_(i_iym
V—(i-1)m V-(i-2)m V-(i-3)ym --- U-2m VU-m V—im
(3.8)
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Noticing (3.5) and comparing (3.8) with (3.3) we see that (3.4) holds. This completes the
proof. 0O

Corollary 3.3: Let {w,} be any sequence in Q(ay,...,ax} = Q(f(z)), and let {v,} be the
kth-order Lucas sequence in Q(f(x)). Assume that n,m € Z and m # 0. Then, for odd k we
have

Wnm(k—1) =01(M)Watm(k—2) + b2 (M)W ym(k—3) + -+
b(e—1)/2(M)Wn tm(k-1)/2 = 0% (Bk—1)/2(=) W sm@e—g) 2+ (3.9)
oo ba(—m) Wy g + b1 (—M)Wn — W),

and for even k we have

Wntm(k—1) =01(M)Wnpmk—2) + b2(M)Wnymee—3) + -+
br/2—1(M)Wnpmis2 + b2 (M)Wn o (/2—1)+

(3.10)
(—ak)™ (brja—1(—M)Wntm(k/2—2)+
oo+ ba(—m)Wrtm + bi(~m)wy, — Wh—y,).
Proof: For m > 0 the conclusion is shown by taking n = —1 and then taking r = n in

Theorem 3.2. Now, assume that m < 0. Then, —m > 0, and, by the proved result, for odd k
we have

Wi —m(k—1) =01(=M)Wn_m(k—2) + b2 (=) Wp_m(gk—3) + -+

- 3.11
bk—1)/2(—=M)Wn—mk-1)/2 — 05 " Bk—1)/2(M)Wn _m(k—3)/2F (3:.11)
- ba(m)wn—m + bi(M)wn — Wnim),
and for even k we have
Wn—m(k-1) :bl(—m)wn—m(k—2) + b2(—'m)wn—m(k-—3) +oeet
brj2—1(~M)Wn—mij2 + br2(~M)Wn_m(k/2-1)+
(3.12)

(—ak) "™ (bgja—1(M)Wp—m(k/2—2)F
w4 ba(M)Wh—y, + b1(M)wy, — Wogm).

Multiplying both sides of (3.11) by a}* and replacing n by n + m(k — 2) we can get (3.9).
Multiplying both sides of (3.12) by (—ax)™ and replacing n by n+m(k — 2) we can get (3.10).
Thus the proof is finished. O

Remark: Corollary 3.3 is a generalization of Theorem 1.2 (for k¥ = 3). By using the corollary
we can easily give the following examples:
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For k = 4,

Wnt3m = UmWntom + (Vam — V) /2 Wnim + (—04) ™ (VomWp — Wn—m);

For k = 5,

Wn+4m =UmWn43m + (’U2m - ’U,,?n,)/2 * Wn4-2m—

a? ((V—2m — v%,,)/2 * Wntm + VmWy — Wn—m);

For k = 6,

Wn+5m =UmWn4dam + ("}2m - vfn)/2 * Wn+3m + (2U3m — Jumvam + 'U73n)/6 * Wnom+

(_aﬁ)m((v—2m - Ugm)/2 ‘Wntm + VemWp — wn—m)-
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