ON RATIOS OF FIBONACCI AND LUCAS NUMBERS

G. F. Feeman, Williams College, Williamstfown, Massachusetts

Recently the author has conducted in-service training sessions in mathe-
matics for the elementary school teachers of the Williamstown, Massachusetts
public schools, During a session on the lowest common multiple and greatest
common divisor of two positive integers, two teachers observed that if the two
numbers are in the ratio 2:3, then the sum of the numbers is equal to the dif-
ference between their lowest common multiple and their greatest common divi-
sor, It is shown in [2] that this is the only ratio for which this relationholds.

Of course, one gets similar relations for other ratios,  For example, if
the two numbers are in the ratio 3:5, then twice their sum is equal to the sum
of their lowest common multiple and their greatest common divisor, Again it
is shown in [2] that this is the only ratio for which this relation holds. This is
not always the case since, for example, both ratios 5:7 and 4:11 yield the
result that three times the sum of the numbers is equal tothe sum of their low-;
est common multiple and their greatest common divisor,

If one specializes to the Fibonacci and the Lucas sequences, one gets
theorems of the type given below, in which families of such relations are ex-
hibited and formulas for finding all ratios satisfying these relations are obtained.

Let {Fn} be the sequence of Fibonacci numbers, where Fy = 1, Fy=1
and Fpyy = Fy+ Fpyy for n =1,

Let {L,} be the sequence of Lucas numbers, where L; =1, Ly=3
and Lp4y = Ly + Ly for n = 1,

The following known results are assumed. (See [1] or [3].}

(i) Neighboring Fibonacci numbers are relatively prime,
s n

(11) F%l"‘i = FnFn+2 + ("1) o

(1) Fon-y = FpFnet - Fpo1Fpe

(iv) Neighboring Lucas numbers are relatively prime,

(V)  Fy, = FyLy
(Vi) Ly = Fp + Fpi.
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For the remainder of the article, let a and b be natural numbers,
Denote by [a,b] the lowest common multiple of a and b and by (a,b) the
greatest common divisor of a and b,

Theorem 1: (1) If a and b are in the ratio Fy:Fyyy, then
Fpi(@ + b) = [a,b] + (-1)™a,b) for n = 2.
(2) Let c and d be relatively prime natural numbers with
b = (c/d)a. If Fp_y(a+b) =[a,b]+ (-1)%(a,b) for n = 3, then the number of
solutions for the ratio c:d is one-half the number of divisors of ¥,_,F,, and

among the solutions is the ratio F:Fp,.;.

Proof: (1) Suppose b = (Fn/F,,q)a. Then a = Fy .k, b= Fpk, (a,b) = k

and [a,b] = FpFpyk, for k a natural number. Then

Fper@+Dh) = Fpog(Fp+ Fpypk = Fp jFpepk = (Fpyy - F )P0k

1l

Fpet (Fp+ Fppq)k = FpFpiok

FnFntk + (Fhyy - Fp Fpigdk

[a,b]+ (-1)%@,b) , for n = 2,

(2) If b = (¢c/d)a, where c and d are relatively prime, then a = dk,
b = ck, (a,b) = k and [a,b] = cdk, for k a natural number. Then

Fp.t@ +b) = [a,b]+ (-1)™a,b) for n =3

implies

Fp_q(c + d)= cd + (-1)" ,

for which we wish to find all positive integral solutions, Solving for c, we get
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n
Fpqd - (-1) F2_, - (-)"
cC = —————— = Fn__1 Fo—
d - Fp, d-F,_
so that by (ii),
Fn-oFn

¢ = Fpoy *+ -
d - Fpoy

ase d >» ¥, forif O<d<Fn then ¢ < 0.

-1

: an obvious symmetry in these solutions so

thatif ¢ = A, d = |
ber of distinet solutions fo
Fp-sFn.

ion, then so is ¢ = B, d= A, Thus the num-

ratio c:d is one~-half the number of divisors of

Finally, if d = ¥Fpey, fhen

and the ratio ¥F,:¥,., is among the solutions. This completes the proof.

(1) ® a and b are in the ratio 21:34, then

Example: If n = 8, then Fy., =8, ¥, 4 =13, Fp = 21, and F,yy =34,

13(a + b) = [a,b]+ (ab) .

(2) If b = (c/d)a, then 13(a+b) = [a,b]+ (a,b) implies that

168

¢ =18+ 913

168 has 16 divisors, so there are 8 distinct solutions, They are: 14:181,
15:97, 16:69, 17:55, 19:41, 20:37, 21:34, and 25:27, among which is the
Fibonacci pair 21:34.

The following lemma is needed for the proof of the second theorem.,
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Lemma: Fypp gy = Fpiqlppe - LpLpyy for n = 2,

Proof: The proof is by induction, The identity is easily verified for n = 2,

Assume it is true for n = k, so that
Fok-1 = Freilikrs = LikLicey
Then

Fort = Fok + Fokoy = Frli + Frglies - LicDicey
= Frlg + (Fep - FidLics - LicDicrq
= Fglk + Firo(Lies = Lighy) - Frelps - Ll
= Frrolirs = Fieralaers - Felierr - (Liere = Digr ) Ly

= Frioljers = Lgtqliere + Lihg(Ligty = Fto = Fk)
But
Lkt = Fiyp - Fg = 0
by (vi), so that

Fopt1 = Freoligrs - Lkl s

completing the induction step and the proof,
Theorem 2: (1) If a and b are in the ratio Ly:Lyyy, then

Foii@ +b) = [ab]+ Fyyy(@,b) for n= 2,

(2) If a and b are in the ratio Fp_,:F,._;, then

Fn+1(a + b) = [a,b] + an"'i(a’b) fOI‘ n= 3 .

(8) Let ¢ and d be relatively prime natural numbers with
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b = (c/d)a. I Fpy(@a+Db)= [ab]+ Fyy_4(a,b) for n= 2, then the possible
ratios c:d are determined from the divisors of (F}4+; - Fop-;). Among

these ratios is Ly:Im+y. For n =3, Fp_o:Fp_y is also a solution,

Proof: (1) Suppose

L,

b = a .,
L+

Then
a = Lpyik, b = Lpk, (a,b) = k and [a,b] = LpLpyk

for k a natural number, Then

Fpe1(a,b) = Fpyq(lp + L)k = Fppglpok

Using the lemma, we get

Fpiq(@ + b) = (Fopog + Lnlnsydk

so that

Fl’H—i(a + b) = [a’b] + FZn—l(a9b) ’

as required.

(2) I

then

a = Fp 4k, b= Fpok, (a,b) = k and [ab] = Fp_ Fpok

for k a natural number. Then, using (iii),
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Fp1@ + b) = Fpy(Fpog + Fpp)k = FpyyFpk

(Fon-1 * Fp-1Fp-p)k

1l

[ab] + Fop_y(@,0)
as required,
(38) If b = (¢/d)a, where ¢ and d are relatively prime, then, once
again
a = dk, b = ck, (a,b) = k and [a,b] = ecdk ,
for k a natural number, The relation
Fpe(a + b) = [ab] + Fypq(a,b)

implies

Fpegle + d) = cd + Fypy
Solving this equation for c, we get

_ 2
Fppgd - Fopoy . Ft1 = Fapog
C = ~———re— 4 ————
d - Fnq o+l d - Fp+q

We seek positive integral solutions for ¢ and d. The possible ratios c:d
are determined from the divisors of (F%J,1 - Fon-1) -

Using the lemma, we show that ¢ = Ly, d = Ly4y is a solution, By
symmetry, ¢ = Lp;q, d = L, is also a solution, So let d = Lp4y. Then

Fotslney = Fony Foeslntg - Foeglnee + Lnlngg

Ln+g = Fnig Lnt1 = Fnq

CcC =

Fpt(Ln+y = Ipte) + Lnlnet ~InFneg © Inlnsg

n
Ln+1 = Fnay Lo+t = Fory
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The situation here differs from that in the second part of Theorem 1,
for not all solutions are obtained by considering the case d >Fp+,. For
example, let d = Fp_y, Then, using (iii),

Fp+yFn-y = Fon-1 FpeaFn-g = FpFpig + FpogFpoe

c = =
Fn-1 = Fniy Fpn-1 - Fn+y

“Fp+1Fpg + FnoyFno

Fn-
Fn-y = Fnty -

Thus the ratio Fp_y:Fp_; is a solution, This completes the proof of the

theorem,

Examgle: If n= 7, then Ln = 29, Ln+1 = 47, Fn_2 = 5, Fn_i = 8, Fn+1
= 21 and an_i = 233.
(1) and (2): If a and b are in the ratio 29:47 or 5:8, then

21(a + b) = [a,b] + 233(a,b) .
(3): If b = (c/d)a, then
21(a + b) "= [a,b] + 233(a,b)

implies that

~ 441 - 233 208
c o= 21+ T ——2 = 2l 4 F

The divisors of 208 are 1, 2, 4, 8, 13, 16, 26, 52, 104 and 208, The solu-
tions are 22:229, 23:125, 25:73, 29:47, 34:37 and 5:8. Among these ratios
are 29:4:7 = Ln:Ln+1 and 5:8 = Fn—2:Fn—1 .
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