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INTRODUCTION 

The sum 

n 
S(m,n) = J ] k m F k 

k=i 

(where F, is the k Fibonacci number) has been studied for particular val-
ues of me The cases m = 0 and m = 1 are well known [1,2]„ The case 
m = 3 was proposed as a problem [3] by Brother Ue Alfred of St. Mary!s 
College, California; this problem was later solved [4] by means of transla-
tional operator techniques and linear recurrence relations [5], This method 
of solution [4] can be generalized for arbitrary positive integral values of m, 
but it usually will involve the time-consuming, error-inviting procedure of 
solving 2m + 2 simultaneous equations in 2m + 2 variables, which is already 
a complicated task for m = 3. 

The method outlined in this paper is much more elementary, and the 
work required in finding a particular sum is reduced to several simple inte-
grations. The procedure discussed below not only facilitates the computation 
of these sums, but it is also a useful tool in the solution of other problems^ 
such as the problem of Fibonacci Ifcentroidsfr proposed by the author [6], ce r -
tain aspects of Fibonacci convolutions, and the like. 

THEORY 
Consider the sum 

n 
W 2 k m F k = S(m,n) = Fn+1P2(m,n) + F ^ d n . n ) + C(m) 

k=i 
*This paper was originally presented at the Fibonacci Association Meeting of 

21 May 1966. 
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where F, denotes the k Fibonacci number (F0 = 0, F t = 1, F^+2 = Fk+t 
+ Fk), P^m.n) and P2(m,n) are polynomials in n of degree m, and C(m) 
is a constant depending only on the degree m„ 

Thus we can write 

(2a) P^rn^n) = a m n m + an^n3 1 1"1 + ••• + aln + a, 

(2b) P2(m,n) = b m n m + b m „ 1 n m 1 + . . . + b4n + b0 

Theorem 1. 
C(m) = -b0 

Proof. 
Take S(m, 0) = F ^ m , * ) ) + FoP^m.O) + C(m) from (1)) 

0 = P2(m,0) + C(m) but P2(m,0) = b0 from (2b)) . 

Inspection of the first few values of m (see Table I) leads us to the fol-
lowing determination of the polynomials (2a) and (2b). 

m 
(3a) 

m 
P^m.n) = £ ( - l ) J ( ^ M l 7 J n « H 

m 
(3b) 

ILL 

P2(m,n) ^ ( - ^ ( r ) ^ , ^ 

s, the 
where I . I are the binomial coefficients, and Mlsj and M 2 j are certain 
numbers, the law of formation of which is yet to be determined (refer to Table II). 

Theorem 2. 
n 

(4a) P^m + l,n) = (m + 1) J P^m.njdx + a{ 
o 

n 
(4b) P2(m + l ,n) = (m + 1) J P2(m,x)dx + bj 
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Table I 

LIST OF FIBONACCI SUMS OF THE TYPE 
S(m>n) ^ Z k ^ ^ k = F

n + i P 2 ( m ' n ) + F ^ O ^ n ) + C(m) 

0 S(0,n) = F n + 1 ( l ) + F n ( l ) - 1 
1 S( l ,n) = F n + l ( n - 2) + F n (n - 1) + 2 

2 S(29n) = F , (n2 - 4n + 8) + F (n2 - 2n + 5) - 8 

3 S(3,n) = F n + i ( n 3 - 6n2 + 24n - 50) + Fn(n3 - 3n2 + 15n - 31) + 50 

4 S(4$n) = F (n4 - 8n3 + 48n2 - 200n + 416) + F (n 4 -4n 3 +30n2 - 124n + 

+ 257) - 416 
5 S(5sn) = Fn+l(n5 - 10n4 + 80n3 - 500n2 + 2080n - 4322) + 

+ F (n5 - 5n4 + 50n3 - 310n2 + I285n - 2671) + 4322 

6 8(6,11) = F (n6 - 12n5 + 120n4 - 1000n3 + 6240n2 - 25932n + 53888) + 

+ F (n6 - 6n5 + 75n4 - 620n3 + 3855n2 - 16026n + 33305) -

- 53888 

7 S(7,n) = Fn+1(n7 - 14n6 + 168n5 - 1750n4 + I4560n3 - 90762n2 + 

+ 3772l6n - 783890) + F (n7 - 7n6 + 105n5 - 1085n4 + 

+ 8995n3 - 56091n2 + 233135n - 484471) + 783890 

8 S(8sn) = Fn+1(n8 - 16nT + 224n6 - 2800n5 + 29120n4 - 242032n3 + 

+ 1508864n2 - 627112On + 13031936) + F (n8 - 8n7 + 140n6 -
n 

- 1736n5 + 17990n4 - 149576n3 + 932540n2 - 3875768n + 

+ 8054177) - 13031936 
9 S(99n) = F ,,(n9 - 18n8 + 288n7 - 4200n6 + 52416n5 - 544572n4 + 

n+i 
+ 4526592n3 - 28220040n2 + 117287424n - 243733442) + 
+ F (n9 - 9n8 + 180n? - 2604n6 + 32382n5 - 336546n4 + 

n 

+ 2797620n3 - 17440956n2 + 72487593n - 150635551) 

+ 243733442 
10 S(10,n) = F (n10 - 20n9 + 360n8 - 6000n7 + 87360n6 - 1089144n5 + 

n+i 

+ 11316480n4-- 94066800n3 + 586487120n2 - 2437334420n + 

+ 5064892768) + F (n10 - 10n9+ 225n8 - 3720n7 + 53970n6 -
- 673092n5 + 6994050n4 - 58136520n3 + 362437965n2 -
- 1506355510n + 3130287705) ~ 5064892768 
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Table II 

LIST OF THE M1$j AND M2jj NUMBERS 

LFeb. 

M i.5 M< • 2 . 3 

0 

1 

2 
3 

4 

5 

6 

7 

8. 

9 

10 

1 

1 

5 
31 

257 

2671 

33305 

484471 

8054177 

150635551 

3130287705 

1 

2 
8 

50 

416 

4322 
53888 

783890 
13031936 

243733442 
5064892768 

(5a) aj = 1 - (m + l)f ( P ^ m . x ) + P2(m,x))dx 

(5b) bj = 1 - (m + 1) J (Pi(m,x) + 2P2(m,x))dx 
o 

Proofo 

P rove (4a) f i rs t . Using (3a) we have 

n 

(m + 1) { Pi(m, x)dx = (m + iX J QX 

/

xxx 

n 
m C 

Cm + 1) XVDXj d) ^ = E (-DV 3 (m + 1) n»+H 

= Pi(m + l ,n) - aj, 
H j=» 
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(aj is determined for j = m + 1, a value which is missing from the summa-
tion sign.) A similar proof establishes (4b). 

Now, 
l 

aj = PjCm + 1, 0) = Pi(m + 1,1) - (m + 1) J Pi(m9x)dx 
o 

and 
l 

bj = P2(m + 1,0) = P2(m + 1,1) - (m + l ) / p 2 (m,x )dx 
o 

and since S(m + 1,1) = 1 = P2(m + 1,1) + Pj(m + 1,1) + C(m + 1) (C(m + 1) = 
-bj by Theorem 1) then 

l l 
1 = (m + 1) J Pi(m,x)dx + aj + (m + 1) J P2(m,x)dx 

o o 

and the value of a* follows,, A similar manipulation yields the required value 
of bj . 

Corollary 1 

dPjdn + l ,n) dP2(m + l ,n) 
= (m + DPidn , ! ! ) ;— —— = m(m + l)P2(m,n) . dn ' ' 1 V ^ ' ^ ' A r 

dn 

Corollary 2 

drP!(m,n) drP2(m,n) 
= m(m - l) - • • (m - r + l)Pj(m - r, n); = m(m - 1)» • • 

dn dn 

• • • (m - r + l)P2(m - r , n) 
Corollary 3 

P2(m, 1) = a0 (refer to (2a, 2b)). 

Example 1 
n 

Problem. Obtain the sum \ J kF, • 
k=i 
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Solution. We know 

n 

E F, = F ^ + F - 1 (m = 0) . k n+i n 

k=i 

So the polynomials are Pt(0fn) = 1, P2(0sn) = 1. Now, applying Theorem 29 

Pi(l ,n) = J l d x + aj = n + aj and P2(l,n) = f Idx + b^ = n + bj 
o o 

i 1 
aj = 1 - J* (1 + l)dx = 1 - 2 = 4 and bj = 1 - / (1 + 2)dx = 1 - 3 = -2 

Thus, the required sum is equal to F (n - 2) + F (n - 1) + 2, 

Example 2 

Problem. Obtain the sum 
n 

k=i 

Solution, From Example 1, we know 

E k F k = F n + i { n " 2 ) + F n ( n " 1) + 2 

k=i 

So the polynomials are Pi(l ,n) = n - 1, P2(lsn) = n - 2„ Nowf applying 
Theorem 2 

Pi(2,n) = 2 J (x - l)dx + aj = n2 - 2n + aj and P2(2sn) = 2 J (x- 2)dxH-bg = n2~4n+bj 
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1 1 
J = l - 2 j ( x - l + x - 2)dx = 1 - 2 J (2x - 3)dx = 1 - 2(1 - 3) = 1 + 4 = 5 

bJ = l - 2 / ( x - l + 2 x - 4)dx = 1 - 2 J (3x - 5)dx = 1 - (3 - 10) = 1 + 7 = 

Thus, the required sum is equal to F (n2 - 4n + 8) + F (n2 - 2n + 5) - 8„ 

Theorem 3. 
If u, are the "generalized" Fibonacci numbers (i„ e„, numbers obeying 

the Fibonacci recurrence relation, but with different initial conditions) with 
the properties uk + 2 = \ + 1

 + \ » u0 = q, uA = p, [7] , then 

n 

E m k u k = u n + 1 P2 (m, n) + unPi (m, n) + K(m) , 
k=i 

where P2 and Pi are polynomials defined as above (3a9 3b) and K(m) = 
-(pb0 + qa0 ). 

In Theorem 3 we have stated a simple and useful result. The proof of 
this theorem is trivial, since u, = pF^ + qF, [7 ] . Two particular cases 
are most interesting. The Fibonacci case (p = 19 q = 0) has been discussed 
above; the Lucas case (p = 1, q = 2) is also quite simple (refer to Table HI). 

At this stage it seems clear that a study of the polynomials Pi(m9n) and 
P2(m,n) and of the numbers M y and M y pose by themselves an interest-
ing problem. The intuitive bounds 

M y + 1 > 2(j + l ) M y M y + 1 > 2(j + l ) M y (j > 1) 

hold for all cases shown on Table II and can be proven by total induction using 
the formulas developed for aj and bj • A very curious relationship exists 
between these numbers; this relationship, and the fact that these numbers are 
members of a whole class of numbers M y can be appreciated effectively in 
Table IV„ Horizontal addition of two consecutive M y numbers is the basic 
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Table IE 

LIST OF LUCAS SUMS OF THE TYPE 

T(m,n) = E k = 1 k m L k = L ^ P ^ n ) + L ^ f r ^ n ) + K(m) 

m = 0 T(0,n) = L n + 1 ( l ) + L n ( l ) - 3 

m - 1 T ( l , n) = L n + l ( n - 2) + Ln<n - 1) 4- 4 

m = 2 T(2,n) = L n + i (n 2 - 4n + 8) + Ln(n2 - 2n + 5) - 18 

m = 3 T(39n) = L ^ ( n 3 - 6n2 + 24n - 50) + L (n3 - 3n2 + 15n - 31) + 112 n+i n 
m = 4 T(4, n) = L fn4 - 8n3 + 48n2 - 200n + 416) + L (n4 - 4n3 + 30n2 - 124n n+l n 

+ 257) - 930 

m = 5 T(5sn) = Ln + 1(n5 - 10n4 + 80n3 - 500n2 + 2080n - 4322) + 

+ L (n5 - 5n4 + 50n3 - 310n2 + 1285n - 2671) + 9664 n 

p r inc ip le in the construct ion of Table IV; the r e s u l t s of success ive hor izonta l 

additions can be followed with the aid of the broken l ines . The following i l l u s -

t ra t ion should clarify the p r o c e s s ; 

1 _ 5 _ - 3 1 -
\ ^^ \ *" 

\ ^ - \ 
M+5=6 -^ _ _ 5+31=3£ 

1 ~~^ 6+36=42 
1 \ 

2+6=8 ^.8+42=50 
2<L _ _ ^ 8 - 50-

T h e s e z ig -zag re la t ionships imply the second-o rde r l inear difference equation 

(6a) M = M + M - (i - 3)3 

(i = 3, 4, 5 , - - « ; j = 0, 1, 2,--«- ) 

t he solution of which i s shown in Eq. (6b) „ 
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Table IV 

INTERDEPENDENCE CHART FOR THE M. . NUMBERS 

\ 
6 ^ _ x36 - _ 

-31 - -257- -2671 

/ \ 

\ / \ / 
2 8 8 - _ _ 2928 

\ -3216 
• - 3 5 4 0 

- 42 - _ _ _ "^ - - 3 2 4 - _ _ 
/ \ ^ - - 3 6 6 - _ _ 
7 X / \ ^ ^ - 3 9 0 6 

\ / \ / \ 
\ / 

/ 
x \ 

-50- -416-
/ \ 

-4322 

\ x i o ^ . 5 8 - ^ _ 
/ \ ^ - - 6 8 - _ 

/ \ / \ 

\ / 
/ •13-

\ / 
- 8 1 — 

4 6 6 - _ _ 
- - 5 2 4 - _ . 
- - 5 9 2 - _ 

/ \ / \ 
\ 

4738 
' - - 5 2 0 4 
" • ^ - 5 7 2 8 
- - - -6320 

•6 73* -6993 
/ 

1 6 ^ _ 
/ \ 

/ \ 
/ \ 

/ \ 
1/ \ 

\ \/ v 7 5 4 - ~ ^ _ _ X 7 6 6 6 ^ 
- - 8 4 2 0 

9 4 x - _ _ _ 
" - - 1 1 0 - _ _ ^ ~~ - 8 4 8 - _ _ __ 

/ \ " - - 9 5 8 - - _ _ ' ^ - - 9 2 6 8 
/ \ / \ ~ " ^ - 1 0 2 2 6 

' x / \ / N 
2 0 — — 1 3 0 - — 1 0 8 8 - - 1 1 3 1 4 

\ / \ / N ' / \ / 
X 2 4 ^ _ _ X 1 5 0 ^ _ _ _ X 1 2 1 8 - _ _ N 1 2 4 0 2 ^ 
/ \ ^ - - 1 7 4 - ^ _ _ _ ^ - - 1 3 6 8 - ^ _ _ ^ ~ ^ - 1 3 6 2 0 

/ \ / \ ^ - - 1 5 4 2 - _ ^ " ~ ~ " ^ - 1 4 9 8 8 
/ X / \ / \ ^ - 1 6 5 3 0 

/ 

/ \ 
[/ \ / 

29-
/ 

\ / \ / \ 
\ / \ / \ 

2 0 3 - — — 1 7 4 5 ^ — 18275 
X / \ / \ / \ / 

3 4 - ^ - _ _ _ 2 3 2 - _ _ _ 1 9 4 8 - _ _ _ 20020 
/ \ ^ - 2 6 6 - _ _ ^ ^ - 2 1 8 0 _ _ _ "~~-21968 

/ \ / \ ~ ^ ^ - - 2 4 4 6 _ _ _ ^ - - 2 4 1 4 8 
/ \ / \ ' \ ^ - - 2 6 5 9 4 

/ 

/ \ / 
/ 40-

x / 
\ / 
-306-

\ 
X 2752- / 

/ \ \ 
\ / \ / \ / \ / 

- 4 6 / ^ N . „ / N M „ / X _ / 

29346 

/ \ 
/ \ 

/ \ / 
/ \ / 

| / 
?7 — — 5 3 — 

3 4 6 - _ _ _ 3 0 5 8 -
^ - 3 9 2 _ _ _ ^ - - 3 4 0 4 -

/ \ ^ ^ - - ^ 3 7 9 6 -

\ 

32098 
^ - 3 5 1 5 6 

_ - - 3 8 5 6 0 
/ X

x ~ ^ - 4 2 3 5 6 x 

N / \ / \ 
. 445 — - X 4241^ N 46597 
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i-4 
(6b) M. . = F . ]VL . + F . M, . - V * (k + 1)^ F . Q , 

i,j l - i 2, j i - 2 i , ] L^ i - 3 - k 
k=o 

where F . r e p r e s e n t s the i ' Fibonacci numbero 

The interdependence of the fundamental set of number s M^ j and M2jj 

is noted f rom the formulas 

3 3 

(60 MlfJ = E ( - 1 ) h ( h ) M2,J-h a n d M 2 , j = E (h) M ^"h 
h=o ' h=o V ' 

The interdependence of the complete set of numbers M. . is evidenced with the 

fo rmula 1 : 

<6d) M^. = (i - 1)1 + £ (2j"h - 1) ( i ) M.jh 

h=o 

with j > 0, M. = 1, M. = i > 1. 
J * i,o 1,1 
David Zeit l in, in a pape r to be published in the Fibonacci Quar te r ly , 2 h a s 

shown that the following re la t ionship holds: 

j 

(6e) M. . = V h ! $ h F ^ . 
i.J ^ 3 h+i h=o 

w h e r e $ . a r e the Stirl ing n u m b e r s of the second kind, 

The polynomials V\ and P 2 a r e , s imi la r ly , specia l c a s e s of a m o r e 

genera l ca se of polynomials . 

AThe author i s indebted to Dr . Ve rne r E„ Hoggatt, J r . for pointing out th i s r e -
lat ionship through pe r sona l cor respondence . 

2The author acknowledges the r e f e r ee for th is in te res t ing r e m a r k . 
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m 
(7a) P.(mfn) = Y (~1)3M. . H n m ~ j 

1 L^ i s j I ] I 
j=0 X ! 

which are interrelated in the following ways? 

(7b) P.+ h(msn) = P . f r ^ n - h ) 

m (7c) P.(m3n) = P. .(m,n) + P. (msn) - (n + 3 - i) 

(i = 3, 4, 5, •••) 

These properties (7) enable us to obtain the following formula, thus generalize 
(1): 

(8) S (m 9 n -h ) = Fn^h + 1Pg^(m9n)+ Fn_hP1_i_h(m5n) + C(m) 

We have investigated sums of the form 

Ft + 2 m F 2 + 3 m F 3 + • • • + (n - l ) m F + n m F 
l L 6 n _ 1 n 

and it seems quite natural* that we apply our results to the "convolution type1 

sums of the form 

n m F i + (n - l ) m F 2 + (n - 2 ) m F 3 + . . . + 2 m F n - 1 + F n 

Theorem 40 

( 9 ) E ( n " k + 1 ) m \ - R ( m ' n ) = M s 5 m F n + i + M 2 3 m F n " P3*(m>n) 

k=i 

* Mathematicians1 beloved excuse* 
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where M and M a r e pa r t i cu l a r c a s e s of the M. . numbers (see 
o, m <i|,m i,j 

Table IV) and Pj^m, n) (the "conjugate" of the polynomial P3(m, n)) is defined 

as follows 

in 

(10) P*(m,n) = ^ M 3 j j H n 

A l i s t of t hese "convolution-type" sums i s provided in Table V. 

Table V 
n LIST OF SUMS OF THE TYPE 

k xvvu^ iv i V 1 3 j i n
 x

 n + 1
 X V i 2 , m x n 2 > " k + 1 ) ^ = R(m,n) = M ^ F ^ + M ? _ F„ - P 3 (m,n) 

k=i 

m = 0 R(0,n) = F ^ + F - 1 n+l n 
m = 1 R(l ,n) = 3F _,_ + 2F - (n + 3) n+l n 
m = 2 R(2,n) = 13F ^ + 8F - (n2 + 6n + 13) n+i n 
m = 3 R(3,n) = 81F ^ + 50F - (n3 + 9n2 + 39n + 81) 

n+l n 
m = 4 R(4,n) = 673F ^ + 416F - (n4 + 12n3 + 78n2 + 324n + 673) 

n+l n 
m = 5 R(5,n) = 6993F , A + 4322F - (n5 + 15n4 + 130n3 + 810n2 + 3365n + 6993) 

n+l n 

If Q(m,n) a r e the Weinshenk polynomials in n of degree m [ 8 j , then 

(11) P t (m,n) = Q(m,n + i - l ) and P . (m,n) = ( - l ) m Q ( m , - n + i - 1) 

The above re la t ionships (11) follow from the fact that P*(m, n) = (-1) P . (m, -n ) . 

The constant t e r m i s then C(m) = P i (m, l ) = Q(m, 1), and the or iginal sum (1) 

can be fur ther wri t ten as follows: 

(12) S(m,n) = ( - l ) m J F n + 1 Q ( m 5 - n + 1) + F n Q ( m , - n ) - Q ( m , l ) } 

The theore t i ca l i n t e re s t that these sums a rouse is beyond doubt the p r i -
m a r y motive for the i r scru t iny . Weinshenk [8 ] has applied some of these 
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r e s u l t s to a p rob lem of reflect ion of light. The p rob lem of centroids [ 6 ] can be 

dealt in a m o r e genera l manner with the aid of an auxi l iary function defined by 

(13) G(r , s ,n) = k * 

hi pa r t i cu l a r , G( l , 05n) = G has the following l imit ing behavior : 

G 
l im -S-JL = l im (G ^ - G ) = 1 G ^ n+i n 

n—>oo n n—> oo 

The p rob lems invest igated in th i s paper a r e far f rom being completely 

solved. Although we could have genera l ized the subsc r ip t s in all our sums [ 9 ] , 

we purpose ly avoided this* However, some quest ions of impor tance have not 

been answered. Some of t hese quest ions a r e : 

1. Could the theory of S(m,n) be extended to negative m ? (All we need 

to study is m = - 1 , s ince the r e s t of the sums can be obtained with the aid of 

t h e a lgor i thms developed in th is paper ; notice that 

P . ( - l , n ) = l im 
^ 2 P.(m,n) 

i ^ d n d n i 
m—*>o 

2. Could the theory of S(m, n) be extended to ra t iona l (and to real) [ l o ] 

m ? If th is is poss ib le , what can be said about complex m ? 

3. What is the possibi l i ty of studying sums of the type 

n 
S(r,s,n) = £ krFjJ 

k=i 

with the aid of s tandard techniques? 
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