ITERATED FIBONACCI AND LUCAS SUBSCRIPTS
D. A. LIND, University of Virginia, Charlottesville, Va.

Raymond Whitney [3] has proposed the problem of finding recurrence
relations for the sequences Un = FFn’ Vn = FLn’ Wn = LLn’ and Xn =
LFn’ where Fn and Ln arethe nt!' Fibonacci and Lucas numbers, respect-
ively. In this note we give the required recurrence relations for more general

sequences of the form Yn = FHn’ Z = LHn’ where the Hn are generalized

n
Fibonacci numbers introduced by Horadam.
We will make use of several identities. It follows from the Binet forms

for Fibonacci and Lucas numbers that

(1) 2F = F +L
2 F _,=3@ -F) .
(3) L2 - 5F2 = 4(1)" ,
(4) 2L, = 5F +L .

From these H. H. Ferns [1] has shown

(5) F . = %(\J5F§1 + 40T+ F)

n+i

n
(6) Loy = %(\stlzl - 20617 + L ).

Equation (5) implies

(7 F_ = %N5Ffl + 4D - F) .

n-1

We shall also require

(8) Fan + F F R

Fm+n+1 m+ n+l

©) L+t = FmIn * Frnlpu o

which are found in [2; Section 5]. Finally, it is convenient to define s(n) = n?

I
-t

- 3[n%3], where [ ] denotes the greatest integer function. Since s(n)
if 3{n while st) = 0 if 3In, it follows that
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5@ - (yFn =t
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First consider the sequence YIl = FHn’ where HIl obeys Hn+2 = HnJr_1

+ Hn" Then using (8), (7), and (5), we find

Yo T FHyyy = FHptHy = FHp 0P8 © P FHpH

=%‘FHn(\/5F%1 + 4(_1)Hn+1 - FHn+1) +"}FHn+1 (\;/51?%n + 4(_1)Hn + FHn)

n-+1
[ \/sz L M1 Hoty Y, \/5Y2+4(_1)Hn ]

H =F, then Y = U_ and we have
n n n n

[ VU2 4SO g ﬂ\/5U3+4(—1)S(1rlj ] (n > 0)

n+ n
whileif H = L , then Y = V_ and we find
n n n n
_ 1 2 S(Yl+1) 9 sin ]
Vo = V5V 40D v+ 4c0*® | >0

Now consider the sequence Zn = LHn’ where Hn is as before, Using

(9), (2), (3), and (6}, we see

Z g = LHpy = LHp o Hy = FE-10H) * T L A

) 1
= TLHnLHn-!-i - TLHHFHH+1 + FHn+1LHn+1

~ 1 i 2 Hn+1 2 7 Hn
= i Ly, HEV - 4DPM)/5VELE -4

4
-1 ] 2 Hy 1 _ Hy ]
L [Znﬂzn V(@2 - 4D )@ - 4D )
Nowif H = F , then Z =X and we get
n n n n

s{n+1) s(n)
Xy = Xy * VO, - 4050 4 |

n+2

andif H = L , wehave Z_ = W_ and
n n n n

n

W, = 1[‘W W+ x/(w2 -4@1)5(““))(\7&7;_4(-1)5(“)) ]
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