
ITERATED FIBONACCI AND LUCAS SUBSCRIPTS 

D. A . U N D , University of Vi rg in ia, Charlorfesvilie, V a . 

Raymond Whitney C 3 has proposed the p rob lem of finding r e c u r r e n c e 

re la t ions for the sequences U = FT? , V' = FT, . , W = LT , , and X = ^ n *n n ±Jn' n -hiJ n 
L p 9 w h e r e F and L a r e the i r " Fibonacci and Lucas n u m b e r s , r e s p e c t -x n n n 
ively* In th is note we give the requ i red r e c u r r e n c e re la t ions for m o r e genera l 

sequences of the form Y = F g , Z = L J J , where the H a r e genera l ized 

Fibonacci numbers introduced by Horadam. 

We will make u s e of s eve ra l ident i t ies . It follows from the Binet fo rms 

for Fibonacci and Lucas number s that 

(1) 2F ^ = F + L , 
n+i n n 

(2) -F = 4(L- - F ) , 
n - i l n n 

(3) L2 - 5F2 = 4 ( - l ) n , 
n n 

(4) 2L ^ = 5F + L o 
N n+l n n 

F r o m these H„ H„ F e r n s £11 has shown 

(5) F n + 1 = | ( v i 5 F ^ + 4 ( - l ) n + F n ) , 

(6) L n + 1 = ^ 5 l £ - 2 0 ( - l ) n
 + L n ) 

Equation (5) impl ies 

(7) F Q _ I = { ( s f o * + 4 ( - l ) n - F n ) . 

We shal l a lso r e q u i r e 

(8) F _,_ ^ = F F + F ^ .F , 4 , v ' m+n+l m n m+i n+l 

% m+n+l m n m+i n+i 

which a r e found in [2; Section 5]» Final ly, it i s convenient to define s(n) = n2 

- 3 f n 2 / 3 j 9 where [ ] denotes the g rea te s t in teger function,, Since s(n) = 1 

if 3Jn while s(n) = 0 if 3In, it follows that 
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,s(a) (-1)" (_l)Fn = ( . D 1 ^ 

F i r s t consider the sequence Y = FTJ , w h e r e H obeys H , = H ,_ 
1 n *% n J n+2 n+l 

+ H „ Then us ing (8), (7), and (5), we find 
Yn+2 = FHn-f2

 = F H n + i + H n = F H n + r l F H n
 + F H n + 1 * H n + i 

| F H n ( ^ + 4 ( V ^ - FH n + i ) + i F H n + 1 (X/SF^ + 4(-l)Hn + FH n) 
r n+ l 

M 5Y* 4 ( ~ l ) H n + 1 + Y ,_ V 5 Y 2 + 4 ( ~ l ) H n 

n+l n+l n 

H H = F 9 then Y = U and we have n n n n 

U n+2 2 U N / S U 2 + 4 ( ~ l ) s ( n + i ) + U ^ > / 5 U 2 + 4 ( - l ) s ( n ) 
. n n+i n+l n (n > 0) 

while if H = L , then Y = V and we find n n n n 

Vn+2 = f [ V n V , 5 V n + 1
+ 4 ( - 1 ) S ( n + 1 ) + \+/5K + 4<-l)i Mxiy (n > 0) 

Now cons ider the sequence Z = L J J , w h e r e H i s as before . Using 

(9), (2), (3), and (6), we see 

Zn+2 = L H n + 2 = L H n + 1 + H n = F H n + 1 - i L H n + F H n + 1 L H n + i 

= T L H n
L H n + 1 - | L H n F H n + 1 + ^ ^ + 1 

|LH L „ ^ + ̂ V(L?_ - 4 ( - l ) H ^ ) / 5 V5(LL - 4 ( - l ) ^ ) T ^ H n ^ H n + i ^ T V V ^ H n + 1 

Z JL +V(Z* , - 4 ( - l ) H n + 1 ) ( Z n - 4 ( - l ) H n ) n+l n n+i u 

Now if H = F , then Z = X and we get n n n n ° 

Xn+2 ~ h X X + \f(X\ - 4{~l ) s ( R + l ) ) (X 2 - 4 ( - l ) s ( n ) ) n+l n n+i n 

and if H = L , we have Z = W and n n n n 

n+2 2 W W + V & 2 T ^ 4 ( - l ) D ^ ' r x 0 ( W 2 - 4 ( - l ) O U i / ) n+l n n+i n 
^51+55^172 At i\sfaK 

See page 88 for Refe rences . 


