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B-112 Proposed by Gerald Edgar, Boulder, Colorado 

Let f be the genera l ized Fibonacci sequence (a ,b) , i . e . , f = a, 

f0 = b , and f , „ = f + f _.. Le t g be the assoc ia ted genera l ized Lucas 2 n+1 n n - 1 &n & 

sequence defined by g = f - + f , -. P rove that f g = bf0 1 + af0 oa 
^ J n n - 1 n+1 n°n 2 n - l 2n-2 

B-113 Proposed by Douglas Lind, Univ. of Virginia, Charlottesville, Va. 

Let (x) denote the fractional part of x, so that if [x] is the greatest 
integer in x, (x) = x - [x]. Let a = (1 + N/5)/2 and let A be the set {(a), 

(a2), ( a 3 ) , . . . } . Find all the cluster points of A. 

B-114 Proposed by Gloria C. Padilla, Univ. of New Mexico, 
Albuquerque, New Mexico 

Solve the division alphametic 

PISA 
FIBONACCI 

where each letter is one of the digits 1, 2, . . . , 9 and two letters may repre -
sent the same digit. (This is suggested by Maxey Brooke's B-80.) 
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B-115 Proposed by H. H. Ferns, Victoria, B.C. , Canada 

F r o m the formulas of B-106: 

2F .^ . = F .L . + F .L. 
1+3 1 3 3 1 

2L.^. = 5F .F . + L . L . 
i+3 1 3 1 3 

one has 

F 0 = F L 2n n n 

F Q = (5F 3 + 3F L 2 ) /4 3n v n n n 7 

L 0 = (5F 2 + L 2 ) /2 2n v n n ' 

LQ = (15F 2L + L 3 ) /4 3n v n n n ' 

Find and prove the genera l formulas of these types. 

B-116 Proposed by L. Carlitz, Duke University, Durham, N . Carolina 

Find a compact sum for the s e r i e s 

00 m n 
£ F2m-2nX ^ 

m, n=0 

B-117 Proposed by L. Carlitz, Duke University, Durham, N . Carolina 

Find a compact sum for the series 

°° m n 

E F 2 m - 2 n + l X y 

m, n=0 
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SOLUTIONS 
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TERMS OF A DETERMINANT 

B-94 Proposed by Clyde A . Bridges-, Springfield Jr. College, Springfield, II 

Show that the number N of non-ze ro t e r m s in the expansion of 

K = 
n 

aj bj 0 0 0 . . . 0 0 0 

- 1 a2 b2 0 0 . . . 0 0 0 

0 - 1 a3 b 3 0 . . . 0 0 0 

0 0 0 

0 0 0 

0 - 1 a - b 1 n - 1 n - 1 

0 0 - 1 a 

i s obtained by rep lac ing each a. and each b. by 1 and evaluating K . Show 

further that N = F , - , the (n + 1) s t Fibonacci number . 
n n+1 v ' 

Solution by F. D. Parker, St. Lawrence University, Canton, N .Y . 

Expanding by the l a s t column, we have K = a K ., + b 1 K 0 . Hence, ^ b J n n n - 1 n - 1 n -2 

if N i s the number of non -ze ro t e r m s in the expansion, we have N = N -n v • » n n_-j_ 

+ N 0 . But N = 1, N 0 = 2, so that N = F ^ . n -2 1 ' 2 9 n n+1 

Also solved by M . N . S . Swamy and the proposer. 
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A FIBONACCI FACTORIAL 

B-95 Proposed by Brother U . A l f r e d , St . Mary 's Co l lege , C a l i f o r n i a . 

What is the highest power of 2 that exactly divides 

F 1 F 2 F 3 • • • F100 ? 

Solution by Charles W . Tr igg , San Diego, Ca l i f o rn i a . 

For n > 3 , F k is divisible by 2n if k is of the form 2n~2 . 3(l+2m), 
F, is divisible by 2 but by no higher power of 2. Hence, the highest power 
of 2 that exactly divides F1F2F3 . . . F100 is 

[(100 - 3(/6 + 1] + 3[(100 + 6(/l2] + 4[112/24] + 5[124/48] 

+ 6[148/96] + 7[196/192] or 80. 

As usual, [x] indicates the largest integer in x. 

Also solved by Sidney K rav i t z , Dewey C . Duncan, and the proposer. 

Editorial note: The results in the above solution indicate that the answer may 
also be expressed as 

[100/3] + 2[100/6]+ [100/12]+ [100/24]+ [100/48] 

+ [100/96] = 3 3 + 3 2 + 8 + 4 + 2 + 1 = 80. 

LIMITED PARTITIONS 
B-96 Proposed by Phil Mana , U n i v . o f New M e x i c o , A lbuquerque, New M e x . 

Let G be the number of ways of expressing the positive integer n as 
an ordered sum aA + a2 + . . . + a with each a. in the set 1, 2, 3. (For 
example, G3 = 4 since 3 has just the expressions 3, 2 + 1, 1 + 2, 1 + 1 + 1.) 
Find and prove the lowest order linear homogeneous recursion relation sat is-
fied by the G . 

J n 
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Solution by the proposer. 
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Removing the fors t t e r m at (which is 1, 2, or 3) f rom all allowable sums 

for an n > 3 gives all allowable sums for n - 1 , n - 2 , and n -3 in unique fashion. 

Hence G = G + G + G^ Q for n > 3. T h e r e i s no lower o r d e r l inear ii n—j. n~~ u n~'o 
homogeneous r e c u r s i o n re la t ion for the G s ince 

Gi 
G2 

G, 

G2 

G3 

G3 

G4 

G5 

1 2 4 
2 4 7 

4 7 13 
t 0. 

DENSITY OF THE FIBONACCI NUMBERS 

B-97 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va. 

Let A = {a^} be an inc reas ing sequence of number s and le t A(n) d e -

note the number of t e r m s of A not g r e a t e r than n. The Schnirelmann densi ty 

of A i s defined as the g rea t e s t lower bound of the r a t i o s A(n)/n for n= l , 2 , 

. . . . Show that the Fibonacci sequence has densi ty ze ro . 

Solution by the proposer. 

Let a = (1 + ^5 )72 , and F = {F } _ be the Fibonacci sequence. It i s 
n _2 n n ~2 

easy to show by indiction that a < F for n > 0, so that F(n) <loga(n+2) . 

Then since 0 ^ F(n) /n , 

log (n+2) F(n) ^ .,,___ &av ' 0 < l im —1-J < l i m n ~ n-*°° n—° 
0, 

so that the densi ty of F i s 0. 

Also solved by C.B.A. Peck. 
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A COMPACT FINITE GENERATING FUNCTION 

B-98 Proposed by Douglas L ind, Universi ty o f V i r g i n i a , Char lo t tesv i l le , V a . 

Let F be the n Fibonacci number and find a compact express ion for 

the sum 

S (x) = FHX 2 + Fox3 + . . . + F x". n 
n"J 

Solution by G lo r ia C . Pad i l la , Universi ty o f New M e x i c o , Albuquerque, N . M . 

One eas i l y sees that 

n+1 n+9 
(x2 + x ~ 1) S (x) - -x + (F - + F ) x + F x . 

Hence 

S (x) = (-x + F ± 1 x n + l + F x n + 2 ) / ( x 2 + x - 1). 

Also solved by L. Ca r l i t z , Dewey C . Duncan, F. D . Parker, M . N . S. Swamy, 

Howard L. W a l t o n , David Z e i t l i n (who pointed out that the result is a special 

case o f formula (5) o f his paper " O n summation formula for Fibonacci and Lucas 

numbers" this Quar te r l y , V o l . 2 , N o . 2 , 1964, p . 105), and the proposer. 

COMPACT INFINITE SUM 

B-99 Proposed by Douglas L ind, Univers i ty o f V i r g i n i a , Char lo t tesv i l l e , V a . 

S2(x) S2(x) 
T(x) = Si(x) + ~YT + - 3 T " + • • ' ' 

where S (x) i s a s defined in B-98. 
TV ' 

Solut ion by David Z e i t l i n , M inneapo l is , Minnesota . 
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F r o m B-98 , we obtain 

. °Q ^ n 

( l - X - X * ) T ( x ) = _X2 ^ - ^ y -
n=0 

OO 

-E 
(n+1) F n + 1 x » + 1 

- + ex. 
(n + 1) n=0 v ; 

Let a and b be the roo t s of 

x 2 - x - 1 = 0. 

Then 

, oo n ax bx \—> F x e - e = \ n 
a-b *-A n! ' 

n=0 

and 

_ oo n+1 
x ( a e " - l ) e b x ) _ V ( n + 1 ) F n + l x 

a-b ^ - * (n+1) ! (n+1) ! n=0 v ; 

Thus , 

. ax bx 
r2\ TM = . v 2 e " e ) / a e a x - b e b x \ M a-b J" (1 - x - x*) T(x) = - x 2 \ a-b /-** - ^ / + e x ' 

Also solved by L. Carlifrz, Dewey C. Duncan/ M . N . S . Swamy, and the proposer. 
* * • • • 


