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I n [ l ] the p rob lem of finding r e c u r r e n c e re la t ions for the sequences 

^ F F n K ^ F L n i ^ ^ L F n K ^ L L n } — w h e r e F n and L Q a r e the n Fibonacci 

and Lucas n u m b e r s , respec t ive ly — is proposed,, What follows i s an i nves t i -

gation of this p rob lem and some of i ts genera l iza t ions . 

Let r and s be any two nonzero e lements of a field F * = ( F , +,*)in 

which r i s defined in the usual way with the field opera t ions , +?
e. Define {U } 

and {V } by U = (r - s ) / ( r - s) and V = r + s for all i n t ege r s n„ 
i n J J n \ / / v / n & 

F u r t h e r m o r e , le t {H } be any genera l ized Fibonacci sequence consis t ing of 
in tegers — that i s H0 and H1 a r e in tegers and H = H + H for all 

i n t ege r s n„ Some r e c u r r e n c e re la t ions for sequences such as -[UJJ } and 

{ V J J } will be der ived h e r e . 

Let {g } be any sequence in n obeying the r e c u r r e n c e re la t ion g 

= (r + s)g - r s g for all i n t ege r s n. Then the re a r e constants C1 and C2 

in F * s u c h that g = Cxr + C 2 S for all i n t ege r s ns Define { x } s {Y } 

and {G } by X = Un , Y = Vn and G = g n for all in tegers ne L nJ J n n n ' n n n n tonn 
F r o m h e r e on, when n i s wr i t ten , unders tand that n can take on all in teger 

H n 
va lues unless o therwise indicated,, For convenience wr i te R = r and 

in S = s n 
Hr 

Consider the product G , 0Y . . . 
Jtrc, n+1 

Gn+2Yn+i = ^ n + 2 + ^n+^n+i + W 

= C x R n + 2 R n + i + C 2 S n + 2 S n + i + G 1 R n + 2 S n + i + C 2 R n + i S n + 2 

= C<R + C?S lo + R , S . .(C.R + C2S ) 1 n+3 L n+3 n+i n + r 1 n L VL' 

= G + (rs) n + 1 . G 
n+3 n 

Thus , 

H 
(1) G , = G Y J - (rs) *G 
v n+3 n+2 n+i v ! ..n 
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A coro l l a ry to (1) i s the re la t ive ly s imple r e c u r r e n c e re la t ion for { Y j . 

(2) Y , = Y Y , - (rs) n + 1 • Y 
v ' n+3 n+2 n+i x ' n 

When r s = ±1 , (2) is especial ly s imple ; 

r = | (1 + V5) and s = | (1 - V5) 

gives 

Hn+ 
( 3 ) L H n + 3 = L H n + 2

L H n + i " ( _ 1 ) n l L H n 

where L is the n Lucas number . n 
Consider the product Y G J * n+2 n+i 

Y ^ G ^ = CjR .R ^ + C2S S ^ + CtR , S , + C2R S , , n+2 n+i l n+2 n+i L n+2 n+i x n+i n+2 l n+2 n+i 

G , + R S , (CjS + C2R ) n+3 n+i n + r l n * n' 

But 

C l S
n + C 2 r n = (Ct + C2)Vn - (Cjr11 + C2sn) = g0Vn - g n 

Thus 

C-.S + C2R = g0Y - G 1 n L n &u n n ' 

and 

Hn+i Y• G , = G i o + (rs) (g 0 Y - G ) 
n+2 n+i n+3 x ' v&u n n ' 

That i s , 

<4) G n + 3 = Y n + 2
G n + i + <rs> " X " » V 
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Add (1) and (4) to get 

<5> 2 G n + 3 = G n + 1
Y „ + 2 + Gn+2Yn+1 " ^ V 

Now consider the product (r - s)2X Y A . * K f n+2 n+i 

<r - S > 2 X n + 1
X n + 2 = ( R n + 2 " S n + 2 > < R n + 1 " S n + 1 > 

= R n + 3 + Va " Rn+iWRn + S n > 
TT 

= Y - (rs) n+1Y . n+3 n 

Thus, 

H 
(6) Y = (r - s)2X , X' + (rs) n+1Y . 
v ; n+3 v n+2 n + l v ' n 

Some second-order recurrence relations can be obtained by using the 
following simple and easily verified identities -— which hold for all integers a 
and b — by putting a = H and b = H or a = H , 4 and b = H J * & n n+ l n+ l n 

•TT a T T 0 T T 
Ua+b = r U b + s U a 

Va+b = r X " (r " s)sbua = * \ + <r - B > r \ 
(r - s )Ua + b = r \ - B \ 

Some of the recurrence relations are 

(7) X , = R X _, + S X = S X + R X 
v ' n+2 n n+l n+i n n n+l n+l n 

Y 0 = R Y - ( r - s)S X 
n+2 n n+l n+i n 

= S Y , + (r - s)R X 
n n+i v n+l n 

= (r - s)R X , + S Y ' n n+l n+i n 
= -(r - s)S X ( + R , Y 

v ' n n+l n+l n 
From (7) it immediately follows that 
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(7f) 2X _,_. = X ^ Y - X Y ^ 
x ' n+2 n+i n n n+i 

2Y , = (r - s)2X X - Y , Y n+2 n+i n n+i n 

F o r a fixed Integer j define {Z } and {W } by Z = U H + j and 

W = V H +i. Thus , n n n T J ' 

(r - s)Z = p R - sh and W = r*R + s^S n n n n n n 

Now, 

(r - s)Z l o = r j R R - s3S , S 
v ' n+2 n+i n n+l n 

= R (r^R ^ - s^S , ) + S fr^R - s^S ) nv n+i n+r n + r n n ' 

- R S , (r3 - s j ) n n + r ; 

so that 

H 
(8) Z , = R Z + S Z - (rs) n S U. 

n+2 n n+l n+i n n - i j 

S imi la r ly , 

H 
(9) Z 1 = S Z + R Z - (rs) " R U. 
v ' n+2 n n+l n+l n n - i j 

Add (8) and (9) to get 

H 
(10) 2Z l o = Y Z _ + Y f Z - (rs) n Y U. 
x ; n+2 n n+l n+i n v ' n - i ] 

Also, 

W io = r J R , R + sJS , ,S n+2 n+i n n+l n 

= R ( A t , - s j S ,J + S , (rjR + s3S ) nKX n+i n+r n + r n n 

- R S (r j - s j ) n n + r 
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and 

(11) W n + 2 = (r - s ) R n Z n + 1 + S n + W n - (r - s ) ( r S ) \ _ U. 

Similar ly , 

H 
(12) W ^ = (s - r)S Z , + R , W - (s - r ) ( r s ) n R U. 
v ; n+2 v ' n n+i n+l n v fK ' n - i j 

Add (11) and (12) to get 

H 
(13) 2W ^0 = (r - s)2X Z ^ + Y , W + (r - s)2(rs) n X TJ. v ; n+2 v ' n n+l n+l n x / \ / n _ 1 j 

When r = (1 + N / 5 ) / 2 and s = (1 - \fE)/2, (10) and (13) become 

(14) 2 F H n + 2 + j = L H n F H n + 1 + j + L H n + 1 F H n + j - (-1) ^ H ^ F . 

2 L H n + 2 + j = 5 F H n F H n + i + j + L H n + i L H n + j + 5 ( - l ) " F ^ F . 

where F is the n Fibonacci number and L i s the n Lucas number . 
n n 

The techniques used above in deriving r e c u r r e n c e re la t ions a r e not en -

t i re ly inhibited when sequences of the type {Uf£ } and {Vj£ } , where {K } 

i s a sequence of in tegers obeying a l inea r , homogeneous r e c u r r e n c e re la t ion 

with constant coefficients, a r e considered. Let {K } obey the r e c u r r e n c e 

re la t ion 

m 
K = V p . K , 

n+m Z-J J n+m-j 
3=0 

where m i s a fixed in teger , and with p . , K being in tegers when n is non-

negative. Then {Vj£ } and {Uj£ } a r e defined for n nonnegative; if p 

± 1 , then the definition appl ies for all n. Repeated application of the identity 
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a b 
U u = r Uu + s U gives U a s a l inear combination of U ., 

a+b b a b a1+a2+- • • a m a j ' 
j = l , 2 , - . . , m , with the coefficients being products of powers of r and s. 

By putting a. = p.K _., when n + m - j i s nonnegative, and by util izing 

repeatedly the ident i t ies 
U = - ( r s ) UU -n ' n 

U2 n = U V 611 n n 

U (2k+l)n ~ U n 

k - i 

( rs)1 3 1 + J ] ( r s ) j n 

3=0 

V. 2(k-j)n k > 1 

th m o rde r r e c u r r e n c e re la t ions a r e easily produced for {U^ } . {Vj^ \ may 

be t r ea ted s imi la r ly by repea ted application of the identity y ., = r a V , - (r -

s)s Uo and by uti l izat ion of the identi t ies a 
V = ( r s ) " n V -n v ' n 

V, 2kn V? - 2(rs) kn 
'kn 

k- i 

V TT , n n,k Y ^ / n n j = V (~r s ) + > (-r s )J 
n nv ' L~d v ' (2k+l) 

3=0 

<r " S>Ua+b = r X - sbva 

v. 2(k-j)n k >: 1 

A special ca se of i n t e re s t occurs when m = 3 and p. = 1, j = 1 ,2 ,3 . 

Lett ing A = r n and B = s n , D = U K and E = V K , then U , = 
&

 un n ' n ^ n n ^ n ' a+b 
aTT bT T r UK - s U g i v e s D a 

(15) D = A A D + A B D , + B B J ) 
n+3 n n+i n+2 n n+2 n+i n+i n+2 n 

= A A D + B B D + A B D 
n n+l n+2 n n+2 n+l n+i n+2 n 

and 

2D , , = 2 A A D , + B 0E D , + B , E , D n+3 n n+i n+2 n+2 n n+i n+2 n+l n 

Simi lar ly , 
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2D = 2B B ,D + A E D + A E D . 
n+3 n n+i n+2 n+2 n n+i n+2 n+l n 

Thus, 

4D = 2(A A t + B B , )D + E E T) + E E D 
n+3 n n+i n n+r n+2 n n+2 n+i n+l n+2 n 

But 

so that 

A A , + B B L •= A (A , + B , ) - B , (A - B ) n n+i n n+i n n+i n+r n + r n n 7 

= A E i4 - B M ( r - s)D n n+i n+i n 

= B E , + A j (r - s)D , 
n n+i n + r n 

2(A A , + B B J ) = E E , + (r - s)2D D ' 
v n n+i n n+r n n+i v ' n n+l 

and 

(16) 4D = (E E , + (r - s)2D D , )D ^ + E E J D ^ + E E , D 
v ' n+3 v n n+i v ' n n + r n+2 n n+2 n+i n+l n+2 n 

Also, V a + b = r a V b - (r - s)s U a and (r - s)Ua+fc> = r a V b - s VR give 

<17> En+3 = A n A n+i E n+2 " A n B n+2 E n+i + B n+i B n+2 E n 

= A A E + B B E . - A B E 
n n+l n+2 n n+2 n+i n+i n+2 n 

and 

2E 0 = 2A A E 0 - (r - s)B D E , - (r - s)B , 0D , AE 
n+3 n n+l n+2 ^ ' n+2 n n+i v ' n+2 n+i n 

Simi lar ly , 

2E 10 = 2B B E , + (r - s)A , D E + (r - s)A D E 
n+3 n n+l n+2 v ' n+2 n n+l v ' n+2 n+i n 

Thus , 
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4E 4E , = 2(A A + B B )E A + (r - s)2D D E 
n+3 v n n+i n n+r n+2 l ; n n+2 n+i 

+ (r - s)2D ,.D E x ; n+l n+2 n 

and 

(18) 4E ^ = (E E ^ + (r - s)2D D )E + (r - s)2D D E 
n+3 n n+l v ' n n+i ; n+2 v ; n n+2 n+i 

+ (r - s)2D ,,D , 0E . v n+l n+2 n 

Given D0, Dl f D2, E0, Et and E2, (16) and (18) completely de te rmine {D } 
and {E } , for n > 0, 1 nJ 
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