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Consider the two-state Markov chain with transition matrix 

P =' 3! / 1 - a a \ 
h \ b 1 - b J 

where 0 < a < 1, 0 < b < 1 and 0 < a + b < 2. The branch probabilities 
may be displayed (Fig. 1) on a tree diagram for this chain. 

Figure 1 

The above matrix P has a fixed vector a = (at, 1 - at) and limiting matrix 

A = lim 
n-*oo 

/ at 1 - at \ 

\ oil • 1 ~ al I 

for 0 < a^ < 1. The entries ĉ 1 and (1 - o )̂ maybe interpreted as the limit-
ing proportion of times that the process is in state s1 and s2, respectively, 
as the number of steps, n, increases indefinitely. 

For example, the Markov chain transition matrix 
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St / 1 / 3 2 /3 \ 
s2 \ 1/4 3/4 / 

2 

2/3 
3/4 

has fixed vector 

a = (n - nj 
and the p r o c e s s would be expected to be in s ta tes sA and s2 in a r a t io of 3: 

a s the number of s teps i n c r e a s e s indefinitely. 

Fo r the specia l c a s e 

P = 
s i 
s2 (° l ) 

\ b 1 - b / 

(0 < b < 1), the fixed vector a is 

/ _ b ^ \ 
tt " I 1 + b '1 + b J 

using the indicated b ranch probabi l i t ies from the m a t r i x P . However, we 

dele te the b ranch probabi l i t ies f rom the t r e e and display only the t rbaret T 

b r anches of the t r e e (Fig. 2). 

F igure 2 

Instead of read ing "out" the t r e e ( i . e . , left to r ight ) , we r e a d " a c r o s s " the 
t r e e ( i . e . , f rom top to bot tom), so that in the f i r s t s tep , si appea r s once 



= u^, where u^ i s the (n + 1) Fibonacci number in the sequence u0 = 1, 
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and s2 appea r s twice; in the second s tep s 1 appea r s twice and s2 appea r s 
t h r e e t i m e s , and so on. 

Denote by N( l , n ) the number of t imes that s 1 appea r s in the n s tage , 

with N(2,n) defined s imi la r ly , (n = 0 , 1 , 2, 3 , • • • ) . It i s apparent that N( l , n ) 
vst 

„ , _. i s tne in + l 
n n 

n1 = 1, u2 = 2, u3 = 3, u4 = 5, e tc . Similar ly , the total number of en t r i e s 

in the n s tage i s given by N( l , n ) + N(2,n) = u and a l so r e a d N(2,n) = 
u in - N(l,n) = u i o - u = u , . Thus , continuing to r e a d " a c r o s s " the t r e e , 

n+2 v ' ' n+2 n n+i ,, & ' 
the propor t ion of t imes that s2 appears in the n s tage i s 

N(2,n) Un+l 
N( l , n ) + N(2,n) u n + 2 ' 

and this propor t ion has a well-known l imit ing value 

V5 - 1 T n+i 
a = — = h m 

2 u 
n - ^ oo n + 2 

Thus , cons ider the case 

s 

I M5 - 1 3 - ^ 5 I 
\ 2 2 / 

The fixed vector i s 

a s (^3__JW , ^ _ l ) = ( . 3 8 2 . . - , . 6 1 8 - . . ) , 

and so the p r o c e s s would be expected to be in s ta te s2 approximately 61.8% of 

the t i m e , a s n i n c r e a s e s indefinitely, us ingthe indicated branch probabi l i t ies . 

On the other hand, using only the cor responding " b a r e " t r e e , the l imi t ing p r o -

port ion of t imes that s2 will appear in the n "column" (stage) will be the 

s a m e propor t ion , a s the number of s teps i n c r e a s e s indefinitely. 
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• • • * • 

CORRECTIONS 

Please make the following corrections on the paper, nOn Summation For-
mulas and Identities for Fibonacci Numbers," Vol. 5, No. 1, pp. 1-43, Fibon-
acci Quarterly: 

Page 22: In Eq. (4.3), change b = 0 to read b £ 0 . 
In the reference on the last line, add parentheses around 120 

Page 36: In the first line of Eq8 (5e23), change c. to read c. . 0 
a - j - ! j - ! 

Page 38: In the second line, insert brackets around the reference. 
In the first line following Eq. (6.3), change i = 1) to i = 1,2 

Page 39: In the first line following Eq. (6.5), add brackets around reference. 
Page 40: In EqQ (6.15), change Pt(m,n) to read P^mj-n) . t>* Z , 

* * * * * 
NOTICE 

George Ledin, J r . has been appointed by The Fibonacci Association to collect 
and classify all existing Fibonacci Identities, Lucas Identities, and Hybrid 
Identities. We request that readers send copies of their private lists (with 
possible reference sources) to 

George Ledin, Jr . 
445 Monticello 
San Francisco, Calif. 94127 

for inclusion in the planned booklet. 

* * * * * 

Verner E. Hoggatt, J r . , 
Director 


